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NPEAUCNOBUE

[pencraBuTeasaM CaMbiX pasiMyHbIX CELHaJbHOCTEH
NPUXOAKTCS pellaTh 3aAaud, B KOTOPHIX pacCMaTpHBAIOTCS
Te WM HHble KOMOGHMHALMH, COCTABJAEHHbIe U3 OYKB, LH(P H
HHBIX 06beKToB. HauaabHUMKY llexa Hafo pacnpeiesuTb Hes
CKOJBbKO BHAOB pabOT MeXAY HMeEIOLHUMHUCS CTAHKaMH, arpo-
HOMY — Pa3MeCTUTb IIOCEBBHl CEJbCKOXO3sACTBEHHBIX KyJbs
Typ llda HECKOJBbKHX MNOJISX, 3aBelylolleMy yueOHOH 4acTbio
IIKOJBl — COCTABUTb pPACHHCAHHE VPOKOB, YUEHOMY-XUMH-
Ky — paccMOTpPeTb BO3MOXKHblE CBSI3U MeXJy AaTOMaMH K
MOJIEKYJ1aMH, JIMHTBHCTY — Y4eCTb DasJH4Hble BapHaHTHI
3Hauelu#i 6YKB He3HaKoMOro ssbika u T. A O6GnacTb Mare-
MAaTHKH, B KOTOPOI H3y4aIOTCA BONPOCH! O TOM, CKOJIBKO pPa3+
JUUYHBIX KOMOMHAUWH, MOAYMHEHHBIX TE€M HJIHM HHBIM YCJI0+
BHSIM, MOJKHO COCTABUThL M3 3afaHUBIX 00bEKTOB, Ha3bIBAETCH
KombuHaTopurod,

Kom6unatopuka Bo3Hukaa B XVI Beke. B xusnu npusu-
JIECHPOBAHHBIX CJ0EB TOrjalunero obuiecTsa 60JblIOe MeCTO
3aHMMAaJM a3apTHble urpbl. B KapTel u KocTu!) BbMrpLIBA-
JUCh M HPOUI'PBIBAIUCH 30JI0TO U OPH/IIMAHTH, ABOPUBI H
MMeHusi, TOPOJAUCTbie KOHH U noporue ykpauueHus. upoko
ObLIM pacnpoCTPaHeHbl BCEBO3MOXHBIE JjoTeped. I[lousTHo,
YT0 TNepPBOHAYAJIbHO KOMOMHATOpHblE 3aJa4yd KacaJqilch B
OCHOBHOM a3apTHBIX HI'P — BONPOCOB, CKOJIBKUMHU cnoco6aMu
MOXHO BHIODOCHTb JAaHHOE YHCJAO OYKOB, Gpocas ABe HJH
TpU KOCTH, WJIM CKOJAbKHMH CcHoco6aMM MOXXHO TNOJIYYHThb
JIBYX KopoJeH B JaHHOH KapToyHON Hrpe. DTH U Apyrue
npo6JaeMbl a3apTHLIX UIp ABHUINMCHL ABHXKYIIEeH CUIOH B pass
BUTUM KOMOHHATOPUKHM M Dpa3BUBaBLIEHCS OMHOBDEMEHHO C
Hell TeopuH BeposTHocTeH.

OxHUM M3 NEPBBIX 3aHAJCS NOACUETOM YMCAA Pa3IUyHbIX
KOMOUHALMA NpH HTPe B KOCTH HTAAbAHCKHI MareMmaTuk

1) Tlpn urpe B KoCTH 6pocajoch HeCKONIbKO KYGHKOB, Ha rpaHax
KOTOphIX cTostan UuHdpel oT | 1o 6. BuurpuiBai TOT, KTO BHIGpachizan
Goabite 04KOB, BLUIH M ADPYrHE BApHAHTLI UIPH,
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Tapragbsi. OH cocTaBus TabJ/ully, MOKa3blBABIIYIO, CKOJIbe
KHMH crmoco6aMyu MOTYT BbImactb r Koctefi. ORHaKo mpu
3TOM He YUHTBbIBAaJOCb, YTO OJHA M Ta X€ CyMMa OUYKOB
MOeT OBITb MOJy4YeHa pasHbIMM crmocoGaMu (Hanpumep,
1434+4=442+42).

Teopernueckoe nucciaenoBaHHe BOMPOCOB KOMGHHATOPHKH
npeanpunaan B XVII Beke dpanuysckue yuensie ITackanb
1 ®epma. McxoAHBIM MYHKTOM MX HCCJENOBAHUH TOXe ObLIM
npo6aeMbl  aszaprHbix  urp. Oco6GeHHo GoablIyIO pOJb
ChIrpasia 3Aech 3ajlaya O pas3fieie CTaBKH, KOTOPYIO NpPeAo-
xua Ilackano ero apyr weBaabe ne Mepe, CTPacTHbIN
urpok. Ilpobsema coctosina B CiaeaymolLleM: «MaTy» B op-
JSIHKY BeNeTCsl A0 IUECTH BBIMTPAHHBIX NApTHH; OH ObL1
NpepBaH, KOrAa OJMH HTPOK BBIMIPAJ 5 mapTui, a Apyrok —
4; KaK pasjenuTb cTaBKy? BblO SICHO, UTO pasjea B OTHO-
weHnn 5:4 HecnpaBeAsuB. [IpuMeHHB MeToAb KOMOGHHATO-
puky, [lackanp perwmsa zajgauy B o6LieM cayyae, Koraa ofs
HOMY HTPOKY OCTaeTCsl IO BHIUTPHILIA r HAPTHH, 4 BTOPOMY
s naptuil. Jdpyroe pewenne 3anauu naa ®epma.

HanbHeiiee pasBuTHe KOMOGHHATOPHKH CBSI3aHO C HMes
HaMu Slkosa Bepuynam, JlefiGuuua u diepa. OmHako u
Yy HHX OCHOBHYIO PO.Ib HUIrpa/i NPHIOXKEHHS K PasjHyHBIM
urpam (s10To, comurep u Ap.). 3a mocaeaHue roabl KOMOHHA~
TOPHKa NepeKMBaeT HepuoA OYpHOTO pPasBUTHS, CBA3AHHOTO
¢ oOLMM NOBHIUEHHEM MHTEPeCa K NpobjaeMaM IHCKPeT-
HOA marteMaTukn. KoMOGHHATOpHBIE METOAB HCMOMb3YIOTCA
AT pelIeHHsi TPAHCHOPTHBIX 3ajay, B YacTHOCTH 3ajad
IO COCTaBJEHMIO DACNUCAHMH; JJsi COCTABJEHHS NJAHOB
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NPOU3BOACTBA M peajH3alH NPOAYKUHH. YCTaHOBJIEHBI
CB3H MeXAYy KOMOHHAaTODHKOH M 3ajayaMH JHHeRHOro npo-
rpaMMHpOBaIHs, CTaTHCTHKH M T. A. KomO6uHatopuka Hc-
NnoJb3yeTcs A5 COCTAaBJAEHHA M AEKOAHMPOBAHHA WHGPOB H
LJIs1 pelleHHsi ApPYrux mpobJeM TeopHH HH(OPMALHH.

3HauNTeNBHYIO DPOJb KOMOGHHATOPHBIC METOAHB HrPaIOT H
B YHCTO MaTeMAaTHUYECKHX BONpPOCAX — TEOPHHM TPyNl H HX
npencTaBieHUui, H3yYyeHHH OCHOBAHHH TEOMCTPHH, Heacco-
LHaTHBHLIX a/arebp H T. A.

Ha pycckoM si3biKe oueHb MaJ0 KHHUT MO KOMGHHATOPHKE.
[TomnuMO coBceM 3/1eMEHTApPHBIX KHUT THIA LIKOJbHBIX YYeGHH-
KOB, MOXKHO YKa3aTb JIHIUb Ha epeBoiible KHUTH M. Xoama
«Kom6uHatopHeii aHamuss, WJI, 1963; k. Puopnaia
«BBeznenne B KoMGHMHATOPHEH aHaaus», MJ1, 1963, u I'. JIx.
Paifizepa «KombuHaTopHasi mateMaThKa», «Mup», 1965.

B npepnaraemoii BHUMaHHIO yHTaTe sl KHUre 0 KOMOHHa-
TODHBIX NMpoG/aeMax paccKasblBaeTcsl B IaHUMATeNbHOH, Mo-
nyaspHoii ¢opme. Tem He MeHee B Helt pasbupaloTcs H He-
KOTOpHE J[OBOJIbHO CJOXHBIE KOMOHuATOpPHBIE 3ajauH,
Jaercs TIOHSATHE O METORAaX peKYpPpeHTHBIX COOTHOWeHHH H
[IPOH3BOAALINX DYHKIHH,

[lepBas ryiaBa KHHMTH NMOCBsIL{eHa OOGLUIMM NMpaBHJIaM KOM-
GHHATOPHKH — NpaBH/IaM CYMMbl H IpousBeficHus. Bo Bro-
pofi rJaBe H3y4aloTcsl pa3MeLleHHs, TepecTalloOBKH U coyeTa-
HHSI. DTOT TPAAMUMOHHBIH IIKOJBLHBIA MaTepHaJ CONPOBOXK-
jAaeTcsi pa3bopoM HeKOTOpBIX 3allMMaTeJbHbIX [IPHMEpOB.
B raase IIl M u3yyaem KOMGHHATOpHble 3a7aul, B KOTO-
pBIX HAa paccMaTpuBaeMble KOMOGHHALHK HAJATAIOTCA Te HJH
HHbHe orpaHuyeHHs. B raase IV paccmoTpeHbl 3ajaud Ha
pasbHeHHs 4ucesa M PacCKa3aHO O TeOMEeTPHYECKHX METoJax
B KOMOHHaTopHKe. ['1aBa V mnocssillieHa 3ajauam O cayudaii-
HBIX OJyXXAAHUSIX M pasjHYHbIM MoAHdUKauusaM apudMeTH-
YeCKOro TpeyroJbHuka. B raaBe VI pacckasaHo o pekyp-
PEHTHHIX COOTHOLUEHHSiX, a B ryaBe VII — o mpousBoasuix
GyHKUHAX, H B YACTHOCTH O GHHOMHAJbHOH (opmy.ie,

K KHure npu/joKeHO HECKOJbKO COTEH 3ajay MO KOM-
OMHATOPDHKe, B3fITHIX ABTOPOM M3 DA3JHYHLIX HCTOYHHKOB.
MHoro 3afau 3aMMCTBOBAHO M3 KHHTH YHTBopTa «Bri6op
u cayuai» (Whitworth W. A., Choice and Chance, London,
1901), ynmoMsaHyTolt kHuru PuopnaHa, kuurn A. M. Sraoma
u M. M. flrnoma «HesnementapHbe 3ajaud B 3JeMeHTap-
HOM M3J0xkeHHM», [octexuszat, 1954, pasauuHbIX Cc6OpHH-
KOB 3aJa4 MaTeMaTHYeCKHX ONHMIHAX U T, [.



FAABA I

OBLME NPABUIIA KOMEMHATOPUKH

CyeBepHble BenocMneMcThl

«Onsath BocbMepKals — ropecTHO BOCKJAHKHYJ Npeicea~
TeJb KaAy6Ga BeJOCHIEeJHCTOB, B3TVISHYB Ha NOTHYyTOe KOJaeco
CBOero BesocHmnena. «A pce mouemy? Jla noroMmy, YTO IpH
BCTYIVIEHHH B KAy6 MHe Bbijaan GuieT 3a nomepom 008,
M Tenmepb Mecsiiia He MPOXOAHUT, YTOGH TO HAa OJHOM, TO 13
JIpYyroM KoJece He mosiBUiach BocbMepka, Hano meHATL HO»
Mep Guiera. A uToGH MeHs He OOBHUHS/IM B CyeBepHH, PO~
Beiy-Ka 1 TepeperucTPanluio Bcex 4aeHOB Kayba u OYAY,
BBIJaBATb TOJbKO GHJIETH ¢ HOMepamH, B KOTOpble HH OfHa
BOCbMEpPKAa He BXOJHUT»,

CkasaHo — clelaHO, U HA APYroH AeHb OH 3aMeHHJ BCe
ounersl. CxoavKo uaenoa Ovino 8 Kaybe, ecau U38eCTHO,
4TO UCNOAL30BAHLL BCe TPEX3HAUHbIe HOMepa, He coOdepica-
wue nu oonol socomepku? (Hanpumep, 000 ncnoabsoBay,
a 836 Hert.) ' '

J1s pelueHHs1 3TOM 3afayl ONpeNeIHM cHauaga, CKOJbKO
OJJHO3HAUYHEIX HOMepOB He COZEPXKHT BOCbMepKy. SIcHO, 4TO
Takux HomepoB gaeeatb 0, 1, 2, 3, 4, 5, 6, 7, 9 (Homep 8
npomnyckaetcs). A Tenepb HaiijeM Bce ABY3HauyHble HOMeDa,
He cojcplKalllie BOCbMepOK. X MOXHO cOCTaBHTH TaK:
B3ATL JI060A U3 HaliaeH-
HBIX OJHO3HAUYHBIX HOMe-
pOB H HamHcaTek Mocuje
Hero o6yl H3 HeBSITH
JomycTUMHX uugp. B
pesyJbTaTe M3 KaXKAOro
OIHO3HAYHOTO  HOMepa
IIOJYYUTCA JAeBATb [JBY-
3HaUHBIX. A TakKk Kak
OAHO3HAYHEIX  HOMEpOB




Tome ¥, Tu fudyuutres 9-9==81 paBy3HauHblli HoMep Ge3
BOocbMepOK. Bot oHu:

00, 01, 02, 03, 04, 05, 06, 07, 09
10, 11, 12, 13, 14, 15, 16, 17, 19
20, 21, 22, 23, 24, 25, 26, 27, 29
30, 31, 32, 33, 34, 35, 36, 37, 39
40, 41, 42, 43, 44, 45, 46, 47, 49
50, 51, 52, 53, 54, 55, 56, 57, 59
60, 61, 62, 63, 64, 65, 66, 67, 69
70, 71, 72, 73, 74, 75, 76, 77, 79
90, 91, 92, 93, 94, 95, 96, 97, 99

Hrak cymecrsyer 92=81 nBysHaunbiii HoMep Ge3 nHppLI
8. Ho 3a KaXZAbIM H3 HHX CHOBAa MOXXHO TOCTABHTb JIOGYIO
U3 JeBATH JONYyCTHMbIX uudp. B pesyibrate noaydyuM
92.9=9%=729 TpexsHAayHBHIX HOMepoB. 3HauuT, B KJybe
6bii0 729 BesocunegucToB. A ecnM B3fATb He TPeX3HauHHe,
a 4YeTbipexaHauHble HOMEpa, TO HOMepoOB, He cojepxKalllux
BOCbMepOK, GyjgeT 94=6561.

B apyrom k/ayGe BenoOCHNEAMCTL OBLIH elile CyeBepHee.
Tak Kak uuci10 0 moxoxe Ha BHITSIHYTOe KO/€CO, OHH OTKa-
3aJUCb H OT 5TOH uHdpPH U OGXOAWAHCH BOCEMbIO LHO-
pamu: 1, 2, 3,4, 5, 6, 7, 9. Ck0a16K0 41€H08 COCTORAO 8 KAY-~
be, ecau Homepa 6useTos GoLAll TPEX3HAUHbIMU?

dTa 3ajaya NOX0Xa Ha PelUeHHYIO BhILIE, TOJbKO BMECTO
9 undp y Hac Bcero 8. [ToatoMy U B OTBeTe Haf0 3aMeHHTb
9 Ha 8. MHbiMu cioBaMH, B KayGe 6bu10o 82=D512 ujeHos.

Pasmellienus ¢ NMOBTOPEHUAMM

3ajaya O BCJIOCHNEAHCTAX OTHOCHTCS K CAEAYIOLIEMY
THIy 3ajady. JlaHbl NpeaMeTHl, OTHOCSULMECS K 7 pas/uy-
HbIM BHJaM. M3 HHX COCTaB/ISIIOT BCEBO3MOXHBIE paccTa-
HOBKH IO R TMpeAMeTOB B KaXAoH, WM, KaK GyaeM B AaJb-
HelillleM KPaTKO rOBOPHTL, kK-paccranosku. I1pu atoum B pac-
CTAHOBKH MOTYT BXOJHTb W NIpeAMeTbl OJHOTO BHAA, a ABe
pPacCTaHOBKH CYMTA!OTCA pAa3NHUHBIMH, €CJH OHH OTJIH-
4aloTcs APYT OT APyTra WAl BUAOM BXOJSIUHX B HUX MpeEAMe-
TOB, MJH TNOPAJKOM 3THX TNpeiMeTOB. Hado Halitu obwee
YUCA0 TAKUX PACCTAHOBOK.
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PaccTaHOBKH ONMHMCAHHOTO THIa HasblBaloTcs R-pasmetye-
HUAMU C NOBTOPEHUAMU U3 IAEMEHTOB 1 8u008, a 4HCI0
BceX TAKHX PaccTaHoOBOK o0o3HadaoT A,. B mepso#t 3a-
naye O BeJOCHNEAMCTAX YHCJO BHAOB 3J1EMEHTOB PaBHAJOCH
9 (mbl Gpajau Bce ULH(PB, Kpome 8), a B Kaxpoe pas-
MellleHHe (KaXXAbli HOMEp) BXOAMJO MO TpH 3/eMeHTa.
Kak 6bli0 NMOKa3aHO, B 3TOM cJaydyae YHCJIO pa3MelllenHi
paBHo A5 =93 ECTeCTBEeHHO NMPEANOJOKHTD, UTO €CTH UHC-
JIO BUAOB PaBHO 7, a B KaXJoe pasMelleHHe BXOAHT R aqe-
MEHTOB, TO MOXHO COCTaBHTb n* pasMellleHHH ¢ TOBTO-
pEHHSMH.

Hrak, Mpl XOTHM [OKa3aTh, YTO UHCAO R-Da3MEILCHHA ¢ NOBTOpe-
HHSAMH U3 3/CMEHTOB f BHIOB PaBHO

At = nk, )

IloKa3aTeabeTBO MPOBOAHTCH C MOMOLIbIO MaTeMaTHUECKOR HHAK-
UHA no k — 4HCJy aJeMeliTOB B pa3MelieHHH NMpH (QUKCHPOBauiioM 3Ha-
ueHuu n. [lpu k=1 oTser siced — KaxkA0e pasmclucHue (C MOBTOpCIHS-
MH) COCTOHT TOJIBKO H3 OAHOTO 3JeMeliTa, H pPa3Hbie pasMCLUCHusA MNo-
JqyualTes, ecn O6paTb 3/JeMEHTBl pa3jnuHbx BHAoB. Ho Talf K4K UHCI0
BHJOB PaBHO f, TO M uHEJO pasmMeliennuit pasuo n. Hrax, A, ==n B co-
OTBeTCTBHY ¢ Gopmymaod (1).

[IpeanonoxxuM teneps, YTO yXKe N0KA3al0 PaBeHCTBO Aﬁ"l =n*"1,
M PaccMOTPHM KR-pa3MCILCHHSI ¢ MOBTOPCHHSIMM. Bce Takue pasmelleHHs
MOXI0 MOJY4HTh caeiyowum obpasom. Bosemem mwodoe (E— 1)-pas-

MelueHHe (c nosTopenusiMu) (ai, ..., Qr-1) M MPUNHLIEM K HEMY 3Je-
MEHT ax OJHOTO M3 HMCIOLIHMXCA 7 BHIOB. MBI MOMyuHM HEKOTOpOe
k-pasmewmientne (@i, ..., Qr—-i; @x). [IpH 3TOM #CHO, 4TO M3 KaXI0r0

(kR — 1)-pasmelcHns NOJYYHTCH CTOMBLKO K-pas3Meilielifi, CKOJBKO eCTh
pas/uuiibiX BHJIOB 2/J€MCHTOB, TO eCTb n pasmeiuenufi, OuesujHo, YTO,
AeflcTBYA onucaiHbiM 00pasoM, Ml He NPOCYCTHM HH OHOrO K-pasme-
HICHHA ¥ HH OfHOTO He HOJYYHM ABaxabl (ecanm (a;, ..., dz-1) ¥~
#F(by, ..., br—r) unn ccnu ax = by, 10 (ay, .... -y, ar) = (by, ...
«vvy brey, br)). Tloatomy uncso k-pasmelieHuil ¢ NOBTOPERHAMH H3 SJe-
MEHTOB n BHAOB B n pa3 GoJjblle, yem uuciao (kK — 1)-pasmeluenufi ¢ no-
BTOPEHHSIMH U3 3JCMEHTOB TeX Ke BH0B. Takuu oGpasom, 4, =nA/f,_1-

Ho Mbl cuniTaem yxe 10Ka3amHBIM, 4TO A§“1=nk"1. [Tostomy

k-1 k

b _
A,=n-n = n",

Tem cavuim pabenctso (1) noKasamo aas Beex 3uavennft k.

@opmyna (1) BcTpeuaeTcs B 1ea10M psj€ BOMPOCOB, Mbi
pacckaxkem ceffuac 0 HEeKOTOPBIX H3 HHX,
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Cucrembl cuMcneHms

Hapsagy ¢ necATHyHOA cHCTEMOH CUMC/IEHHS TpHMes
HHAIOTCS W JpyrHe — NBOHWYHAfA, TPOMYHAs, BOCbMeEpHYHAs
u T. 4. (cm. kuury C. B. ®omuHa «CHCTEMBI CUMCJEHHA»,
«Hayka», 1963). B n-uuHOf cucTeMe CUMCAEHHS HCNOJb-
aytotest n uudp. INoacuntaem, ckoJbKO B n-HYHOA cHCTEME
HaTypa/bHEIX 4YKCes, 3aMMCHIBAEMBIX poBHO R 3HakaMu').
Ecau ponyctuTh 3amucH, HauMHawllHecs ¢ HyqAs, TO KaXjaoe
k-3HauHOe uMC/I0 B N-MYHON CHCTEMe CUMCJAEHHs MOXKHO pace
CMaTpHUBaTb KAaK pa3MellleHHe ¢ TOBTOPEHISIMM, COCTaBJEH-
Hoe u3 Rk uudp, npuuem uuopsl 6bidaoT n BULOB. [To dop-
MyJae (1) mosyuaeM, YTO KOJHYECTBO YHMCEJ, MMEIOLIMX Ta-
KYIO 3alHCh, PAaBHO n*, '

Ho nns HaTypanbHbIX uHcenl He NPUMEHSIOT 3amMcef,
HayMHawoWnxcs ¢ HyJs. [ToaToMy U3 noJy4yeHHOro 3HaueHHs
nk Hano BbIYECTb KOJMMUECTBO YMCE], M-HUHAS 3aMHCH KOTO=
pHX HauHMHaeTcsi ¢ HyJas. Ecam oT6pOCHTE y 3THX 4HCe]
nepBylo UM(PYy — HYJ/Ib, TO NoJAyuuM (R — 1)-3HayHOe YHCIO
(6HITh MOKeT, TaKXKe HauHMHalolleecs ¢ Hyas). Takux 4uced
no dopmyne (1) Gynmer n*~!. 3HauuT, o6llee KOJHYECTBO
k-3HAuHBIX 4HCeN B N-MYHOA CHCTEME CUMCJAEHHS PABHO

nk— pf-l1=pt-1(n—1).

Hanpumep, B aecsiTHuHOf cCHcTeMe cuuciens uMeeMm 10%.9=9000 ve-
Thipex3HauyHbelX yucen — u3 10000 gucen ot 0 no 9999 napgo ot6pocurh
THICAYY uyuces, a UMeHHO yHcaa oT 0 mo 999.

[TonyyeHnyio Hamu GopMyJNy MOMKHO BbIBECTH M HHBIM CHOCOGOM.
Beab B k-3HayHOM YHCJle, 3aMHCAHHOM [Q A-HYHOM CHCTEME CYHCJ/EHHs,
nepsofl uugpoit Moxer 6biTh Mobas u3 uudp 1, 2, ..., n— 1. Bropo#
Xe H JanpHefilunmu — Jao6beie M3 uudp 0, 1, 2, ..., n— 1. Takum 06-
pa3oM, Ha NepBOe MeCTO Y Hac n— | KaujaujaaToB, a Ha OCTajibHble
k — 1 Mect — no n xanauzartos. OTClORa Jerko moJyyaeM, YTO HCKOMEIX
yuces MOXeT ObTh (n— l)nt~l,

CekpertHblit 3aMOK

Jas 3anupaHust cefioB W aBTOMaTHYeCKHX KaMmep Xpa-
HEHHs1 TNpPHMEHSIIOT CeKpeTHHle 3aMKH, KOTOpble OTKpbi«
BalTCAl JHWBb TOTAa, Korja HaGpaHO HEKOTOpoe <«TalHoe
C/IoBO». DTO CJOBO HAGHPAIOT ¢ MOMOLLbIO OJHOTO HJH He-
CKOJIBKMX AHCKOB, Ha KOTOPbIX HaHeCeHH GYKBbl (M/a1H L~
put). Iycre na Ouck Hanecenvt 12 6yks, a cekperroe cA080

1) Papgu yno6ctsa Mbl OTHOCHM 3jech O K HartypaJbHBLIM uHCJA2M,

12



cocrour u3 5 6Gyke. CKOAbKO Heydaurbix NONLITOK MOCeT
BbiTb COCNAHO HeA0BEKOM, He BHAIOWUM CeKpeTHo20 cA08a?
Mo ¢opmyne (1) obwiee 4yuca0 KOMOMHALME PaBHO

125 =248 832.

31auuT, Hey#auHbIX NOMBITOK MoXeT ObiTh 248 831, Bmpos
yeM, 06bIYHO fenawT cefidbl Tak, YTO NOC/ae NePBOH Ke Hes
y/1ayHO#H NOMBITKH OTKPHITh HX Da3[aeTcs CHTHA/l TPEBOTH.

Kop Mopae

IMpu mepenaue coobieHufi no teqaerpady HCIOAb3yeTcd
KoZ Mopse. B 3toM Koae OyKebl, UM(pLI H 3HAKH NpeNHHAa-
HHs 0603HavaloTcs ToukaMu ¥ tupe. IIpy aToM aasa oXHHX
GYKB HCNOJb3yeTCsl ORMH 3HAK, Hanpumep E., a Ajas HeKO-
TOpPHIX MPHXOAMTCS HCNOJAB30BATb NATH 3HAKOB, HalpuMep

OTKkyna e B3si10ch yHca0 5? Hebas 1M 060HTHCH MEHbA
KM YUCIOM 3HAKOB, CKaXeM, NepefaBaTh BCe COOOLLEHHs
¢ NOMOIBI0 KOMOHHALMHA, cofepXalux He GoJee deThipeX
3HakoB? OkasbiBaeTcsi, UTO He/lb3s, M OTBeT 3TOT Aaet
HMelno ¢opMysaa A 4hcaa pa3MelleHHH ¢ MOBTOPEHHSIMH.
M3 ¢dopmyanl (1) caenyer, urto A} =2. VIHBIMH c/10BaMH,
TONILKO JBe OYKBE MOXHO NepefaTb ¢ MOMOLLbIO OXHOTO
sHakKa (E- m T—). C nomolupio JBYX 3HAKOB MOXKHO mepe-
natb 22=4 GyKBbIl, TpeX 3HaKOp — 2°=8 GYKB M ueThIpeXx
3HaKoB — 2%=16. [lostomy oObiee umci0 GyKB, KOTOpHIE
MOKHO NepejaThb YeTHIPbMS 3HAKAaMH, PaBHO

24+4+48+416=230.

A B pycckom andasute 32 GyKBBI, 1a ellle Ha4O NepeaaBaTh
UAQPL ¥ 3HAKH NpeNHHaHUA. SICHO, UTO CHMBOJIOB M3 YETHI-
pex 3HaKkoB He xBaTaeT. A ecqu 6paTb M CUMBOJH 113 5 3Ha-
KOoB, To K nojJyueHHbiM 30 mpubaputrcs eile 32 cuMBoja.
IToyueHHBIX 62 CHMBOJIOB BIOJIHE AOCTATOYNO AT TeJle-
rpagHupoBaHus.

IlpuMensioT anasi TejerpagupOBAaHHS M MATH3HAUHBIA
KOjl, B KOTOpOM Ka)Xjasi OykBa u3o6parkaeTcsi B TOUHOCTH
NATLIO CHUMBOJAMH. 34ecb yXKe BMeCTO TOYeK H THPe HC-
MO/Ib3YIOT MepeMeHbi HallpaBJeHHs TOKA, WM HOCBUIKY TO-
KOBOTO M 6ecToKoBOro curHaja. [Ilpum mosb3oBaHuM 3THM
KOJAOM HMeeM. poBHO 2°=32 koMOuHauuu. Mx xBaTaer Ass

13



nepenaud 6ykB. A AJd nepefaun LH(pP, 3HAKOB NpeNHHAHHA
II T. A. UCHOJB3YIOT Te e KOMOHHALMH, 4TO H ;a5 OYyKB.
[Tostomy TeserpacdHble annapaThl NATH3HAYHOTO KOAA HMEIOT
cnelHa/bHOe YCTPOHCTBO AJs1 MepeBofa ammapata ¢ OyKB
Ha uudpbl H 06paTHO.

Mopckon cemadop

Ha ¢aore wHorza npumensaior cemadop (iaxKKaMH.
Kaxpofi 6ykee mpH -3TOM COOTBETCTBYeT ONpeje/lieHHOe IO-
JoxeHue ¢aaxkoB, Kak npasusio, ¢paaxkkn Haxojaatcsa MO
pasHble CTOPOHBI OT Teja curHaabliuka, OpHako mpu nepe-
Jaye HeKOTOpHIX 6YKB (6, 1, K, X, 10, 1) 06Ga ¢aaxKa pac-
NOJIOKEHBl N0 OAHY H Ty Xe cropony. [louemy mnpumioch
CHesaTe TaKoe HCKJaIoyeHne? OTBeT Ha 3TOT BONpOC AaeT
Ta XKe ¢opmyaa pasMelleHHl ¢ mOBTOpeHUAMH. [lejo B ToM,
4TO Da3;JIMYHBIX MOJOXKeHUH KaxJAoro ¢Jaxkka naTb-— BHH3
OTBECHO, BHH3 HAKJOHHO, TOPHU30HTAJbHO, BBEPX HAKJIOHHO
1 BBepXx orTBecHo. Tak Kak y Hac aBa (aaxka, 10 00-

ee Y1cja0 KOMOHHAUHH OCHOBHEIX MOJIOXKEHHH paBHO Al=
=52=25. [Ilpu aToM ellle Hafo OTOPOCHTL MNOJOMKEeHHE,
Kornga of6a ¢Ja)KKa HampaB/ieHbl BHH3 — OHO CJIYXKHT AJSA
pasfesenus cjaoB. Bcero mnoayuaem 24 KoMGHHALHH, 4 ITOTO
HEJOCTaTOYHO AJIS Mepejaun Bcex GYKB PYCCKOTO ajgaBuTa.
[Tostomy pasi HeKOTOpHIX GYKB H NMPHIIOCH HAaNpPaBHTb 06a
(1aKKa B OfHY CTOPOHY,

3nekTpoHHas uMppoBas BLIUMCIMTENLHAA MalIMHA

DJIeKTPOHHBIE BLIUHC/AHTENbHBIE MAUIMHE MOTYT DellaTh
caMble pasqauuHble 3ajaud. Ha opguoii M Tol Ke MailinHe
MOXHO pasrafpiBaTh HAaANMHCH Ha He3HAKOMEBIX f3blKax, fae-
JaTh pacueT NJOTHHB H 06pabaThHiBaTh JaHHbie O ABHXKEHHH
pakeTbl. UeM o6bsAcHSIeTcsl TaKasg TMOKOCTb B HCMOJIb30BAHUH
MAaWHHLI? ['TaBHEIM 06pa3oM TeM, 4TO Bce 9TH 3a7aYH CBO-
OATCS K BBIUHCJAEHMAM, K JeHcTBHAM Hazx ydMcaamu. Ho mo-
yeMy e MallHHa MOXeT pellaThb CTOJbKO 3ajad, fa elle
[IPH CaMBIX DAa3JHYHBIX YUCJAOBHIX AaHHBIX? CKOMBKO pas-
JHYHBIX KOMOMHAUMH 4HCeJ MOXKHO NMOMECTHTb B MAalUHHY?

Jsis oTBeTa Ha 3TOT BONPOC BO3bMeM, HalpHMep, Ma-
wnny «Ctpenas. OnepaTuBHAas NaMATb 3TOH MaUIMHB CO-
CTOHUT H3 2048 sueek, B KaxXKHOH U3 KOTOPHIX 43 ABOMUHBLIX
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paspajga. Kaxawit pazpan moxer cozepxath Hau 0, uau 1.
Bcero mbl nmeem 43-2048>87 000 pa3nHyHbIX MecT, a UH-
CJI0 THNOB 3anoJileHuit syeek pasHo AByM (0 uau 1). Ilo
dopmyne (1) noayuaem, uro wmamuHa «Crpesna» MoOXeT
HaxofuTbcsl 6Godee yem B 287090 paspHyHBIX COCTOSIHHSX.
Tpyaso npeicraButh cebe, Kak BeJdHKo 310 uyHcjo. Hocta-
TOYHO CKa3aTh, YTO YHCJO HeHTPOHOB, KOTOphle MOXKHO
IJIOTHO YN4KOBATh B IIap C PaiAMyCOM, PaBHbIM PacCTOAHHIO
A0 caMoil ynajeHIOH M3 H3BeCTHBHIX HaM TyMaHHoctell, He
Goasbiie Yyem 250,

Ecau B3iTh OAHY-eIHHCTBEHHYIO fvefiky NaMATH, TO 1O-
Hajobunach 6B JAeBATHJAETHAS pa6oTa CTOTHICAYHON apMHH
MAaIIHHUCTOK, YTOGbl HaleyaTaTh BCE YHCA4, KOTOPbie MOTYT
NOSIBUTLCSL B 3TOH sAyeilke (cCuMTas, YTO MAIUMHHCTKH pabo-
TalOT CeMb YacOB B JeHb H Ha 3anucb OJHOro 43-3Ha4yHOrO
ydcaa Tpatart 10 cekynn).

lFeneTMyecki ko

3ameyaTeNlbHBIM OTKpbITHeM GHosornH XX Beka Obiia
pasrajka TeHeTHUCCKOro Kojaa. ¥Yaajoch BHSCHHTb, KaKHM
0o6pa3oM HacJjeICTBeHHas HH(popMmalHs neperaeTcss NOTCM-
ctBy. Oxazajgoch, YTo 3Ta HHQOpManus 3anucaHa B TH-
TaHTCKHX MOJIeKyJ1ax JIe30KCHPHGOHYK/IEHHOBON KHCAOTHI
(AHK). Pazauunbe moaekyan [JHK orauuaiores apyr or
Apyra TeM, B KaKOM nopsifke HAyT B HHX 4 a30THCTBHIX
OCHOBaHHS: aJleHHH, THMHH, I'YaHMH W IIMTO3HH. DTH OCHO-
BaHUA oNpeAensIoT NOPAAOK NOCTPOeHHs GelKOB OpraHu3Ma
M3 [BYX [eCSiTKOB aMHHOKHCJIOT, HpHYeM KaxkJasd aMHHO--
KHCJ0Ta 3allndpoBaHa KOAOM H3 TpeX Aa30THCTHIX OCHO-
BaHHUH. :

Jlerko nomHATh, OTKynxa B3sjoch uucao 3. Beap ¢ no-
MOIbI0 KOMOGHHALMH ABYX OCHOBaHMH MOXHO 3amH¢poBaTh
JUIIb 42=16 aMHIIOKHCJOT, a 3TOTO HeJOCTATOYHO. Ecau xe
6paTh No 3 OCHOBaHHsA, TO noayudm 43=64 KoMGHHALHH.
A 3roro c H36HITKOM XBaTHT, YTOGH 3aluiHdpoBaTh [ABa Je-
cATKa. Bbuio 6Bl BechbMa HHTEpeCHO Y3HATh, KaK HCNOJb-
3yeTcs B npUpoje H3GLTOYHOCTh HHMOPMALUH — Bellb YHCHO
KoMGuHauMH paBHo 64, a uHMCJAO aMHHOKHCJOT BTpOE
MeHbllle.

B onHofi xpomMocoMme COAEpPIKHUTCS HECKOJBKO AECATKOB
MUJIJIHOHOB Aa30THCTHIX OCHOBaHMH., YUHCIO pas/lIyHBIX KOM-
GuHalHil, B KOTOPHX OHH MOTYT HATH JAPYT 3a ApYyroM, He-
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B0o0Gpa3uMO BeJHKO !). HHUTOXKHOM KoMK 3THX KOMGHHALHH
NOCTaTOYyHO 6o, 4ToGb ObecneyuTb BCe pasHoobGpasue
JKHBOH NPUPOJE 3a BPeMsi CYLIeCTBOBAHHS XXH3HH HA 3eMae.
Pasymeercsi, Haflo HMETb B BHJY, YTO JIHLIb HHYTOXHAsA 105
TCOPETHYECKH BO3MOXKHBIX KOMOHHALMH NPUBOAMT K JKH3HE-
CnocoGibEIM OpPraHu3MaM.

O6uwue npasina KOMBUMHaTOPHKH

Kak Mbl yBHAMM jajbllle, KOMOUHATOPHBIE 3ajauH Obl
BalOT CcaMblX pasHbiX BHA0B. Ho G6GOJBIIMHCTBO 3ajay pe-
maercss C NOMOLIBbI0O ABYX OCHOBHHIX MPaBHJ — NpPaBHJA
CYMMBI M NpaBuja NPOH3BeLEHHS.

Yacto ypaercs pasGuth Bce uayyaeMble KOMOHHALHH HA
1IeCKOJIbKO KJ1aCCOB, MpuHYyeM Kaxjaas KoMOHHALHA BXOIMT
B ONMI W TOJBKO OAMH Kaacc. $IcHO, uTo B 3TOM cJayyae
obyee uucao KombURAYUL PABHO cymme duces KOmbuHayuil
80 8cex Kaaccax. DTo YTBePKAEHHE H HA3bIBAIOT APABUAOM
cymmor. Muorna 3to ¢GopMynHpyIOT HeCKOJIBKO HHAue:

Ecau nexotopeui o6vekt A MoscHo sulbpare m cnoco-
6amu, a dpyeoid obsexr B momcno swibpare n cnocobamu,
10 g6i60p «aubo A, aubo B» momHo ocyuecrsure m-+n
cnocobamu.

[Tpu ucnoJb30BaHWMK npaBuila CyMMEl B TocJaelliedt (popnﬁmnposxe
Ha10 caexlTs, YTo6Bl HU OLHH U3 crnocoboB BhGopa obbekTa A He coB-
naian ¢ KakaM-HuGyae cnocoboMm subopa oGbekTa B (uad, Kak MB ro-
BOpHJH patiblle, 4yTOOB! HM OHa KoMOliHauus He fofnaja cpa3y B J1Ba
Kﬂacca), Ecnn Takue CoBMaacHHA eCTh, TMPAaBHJAO CYMMBl yTpauWBaer

CliJly, U Mbl loAyuaeM Jullb m+n — k cnocofos BuiGopa, rie k—umcio
COBMAAelUil.

Btopoe npaBunio, naswiBaeMoe npasuiom npoussedeHus,
HECKOMbKO cJo0xkiee. HacTto npu cocraBjaeHHH KOMGHHAIHU
M3 JBYX 3/1€MEeHTOB H3BeCTHO, CKObKUMH cocoGaMHu MOXKHO
BHIGPaTh NepBBIf /MEeMEHT, H CKONBKHMH Cloco6aMH BTOPOH,
npuueM yucao cnoco6oB BhiGopa BTOPOTo djeMeHTa He 3a-
BUCHT OT TOTO, KaK MMEHHO BbIOpaH nepBblil a;1eMenT. I1ycTh
NEepBLIA 3/1eMEHT MOKHO BbIGpaTh m cnocoGamu, a BTOpOi
n cnocobami, Torga napy aTHX 3;JeMEHTOB MOXKHO BHIGDAThb
mn croco6amu. MubiMu caosamu;

Ecau o6sexr A moxno svibpare m crnocobamu u ecau
nocie Kasndozo Takozo seibopa 06veKT B MoxcHO s6i6paT

') Ouo pasuo 4%, rge N —uucio OCHOBaHHiEl B XPOMOCOME, CM.
depuyay (1). :
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n cnoco6amu, To BhiGop mnapmi (A, B) B yKasaHHOM MO+
psilke MOXKHO OCYIIECTBHTh M7 cnoco6aMH.

Has pokasaTenbcTBa MpaBH/ia NPOU3BENEHHS 3aMETHM,
YTO KaXJbil W3 m cnocoGoB BhiGopa o6beKkTa A MOXKHO
CKOMGHHHpOBaThL ¢ n cnocobamu BbhiGopa o6bekTa B. A 3TO
M NPUBOAMT K mn cnoco6am BeiGopa napu (4, B).

[IpaBHa0 mpoH3BeseHHS MOMKHO Har/lsiiHO NMpPEACTaBHTh
C MOMOLIBIO caefyouledl TaGaUIbL:

TABNMUA |

(Ap Bll: ey (Al: Bln)

)
Ay Bu) --vs (Ay an)
)
)

(Ai: Bil: LIRS (Ai: Bin)

D ] o s s . .

(Arm Bml’ ey (Anu an)

3nech uepes A, ..., A, o0603HaueHBl M CNoco6OB Bbl«
6opa obbekTa A, a uepes B;j, ..., B;n 0603HaueHH 7 CIIO-
co6oB BhiGopa ob6wekTa B, ecan o6bekt A BhiGpaH i-ThIM
cnoco6om. SlcHo, uToO 3Ta Ta6Jmua COMIEPXKHT Bce CRoco6bl
BbiGOpa naphl (A B) ¥ cOCTOMT H3 mn 3JeMEHTOB.

Ecan cnoco6el BeiGopa o6bekTa B He 3aBHCAT OT TOTO,
Kak BbI6paH o6bekT A, To BMecTo TaGauus 1 moayuacrcs
6oJiee mpocras tabauua:

TABNUUA 2

(Ap By), (A, By), ..., (A, By)
(AZ’ Bl)’ (AZ’ BZ): LR (AZ’ Bn)

€« 1 e e 1 8 4 e s s e« & e

(Am B, (Ams Bo)s +v s (Ams Ba)

Pasymeercsi, MOMeET CJAYYHTbCH, 4YTO HaM Haao COCTA~
BUTb He napbl, a KOMGHHAIWH H3 GOJDBIIOr0 4HC/aa 3JeMeH-
T0B. TOrAa Mbl NPHXOAHM K C/lejyloueil 3agave:

CKOAbKO MOICHO COCTABUTL R-PACCTAHOBOK, ecAu nepeabl
aaeMenT modxceT GoiTo 00H020 U3 N, pasiudHbly 8udos, 6To-
poll — u3 ny pasauuHblx 8Ud08, . .., R-il—>U3 1y pasaudHbLy
sudos. Ilpu atom 96e paccTaHOBKU CHUTAIOTCA PASAULHBIMY,
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ecal X0Ta Ovl HQ OOHOM MECTe 8 HuX CTOAT Pas3Hvie dAe-
MEHTYL.

Drta 3ajava pemlaeTcs Tak ke, Kak 3ajaya o BeJocHne-
aucrax. IlepBblit 3jieMeHT MOXKHO BHIGpPaTh 7 cnocobamH.
Kaxablit U3 BbIGpaHHBIX 2/1eMEHTOB MOXHO COEAHHHTL C JIO-
GHM H3 7y BHAOB BTOPHIX 3JIEMEHTOB, YTO JaeT 1 Hg nap.
Kaxaywo napy MOXKHO COEAHHHTb ¢ JMIOGHIM H3 73 BH/OB
TPCTbHX 3/EMEHTOB, YTO AaeT Mgy Tpoek. Ilpomonkan
Ja’nee, Mbl NOJYYHM B KOHLle KOHILIOB 747l ... My paccralio-
BOK HCKOMOTO THRa. , '

B sagaue o Benocuneaucrax Hano ObLIO BHIGPATh TpH

aaemMenta (UHpPY coTeH, LUHMGpPY AECATKOB H UH(PYy eAH=
nun). Ha kaxaom 1ary Mbl
MOIJIH BHIGpaTb OJHY H3 JeBs-
TH gonyctHMblx uudp. ITostomy
H nogyyHjoce 9:9:9=729 =Ho-
MepoB. A BOT 3ajaya NOTPyad-
nee.

CocTagasoTca 3HaKu, coCToA- Puc. 1.
wiue u3 eeomerpudeckoti ¢u-
eypol (OKpyicHOCTU, KBAOPATQ, TPeyeOAbHUKA UAU WLeCTU-
yeoavHura), 6YKBEl H LHPpbl. CKOA6KO TAKUX 3HAKOB MOMHO
€OCTasuTs?

3aech Ha NepBOM IIary MOXKHO BhGpaThb reoMeTpHue-
CKyl0 ¢urypy. DToT BHIGOpP MOXKeT ObITb COBepIIeH ue-
TBIpbMAI cnoco6amu (y Hac Bcero uerblpe ¢Hrypni). ITotom
Hafo Bu6paTh OAHy M3 32 OyKB M, HaKOHell, OAHYy H3
10 undp. Beero nonyuaerca 4:32.10= 1280 kom6uHauH#.

3agaua 0 gOMMHO

CiokHee pemaloTcss KOMGHHATOPHBIE 3afauH, B KOTOPHIX
YHCJIO BLIGOPOB MOCJE Ka)JOro Iiara 3aBHCHT OT TOTO, Ka-
KHE 371eMeHThl GBlIM BHIGpAHBEl Ha MpeAblAylHX marax. Bot
I{pHMep TaKoH 3ajauH.

Croabkumy cnocobamu us 28 xocretl OOMUHO MONCHO
goibpare dse KOCTU TaK, 4TOObL UX. MOXCHO GbIAO NPUAOKHUT
dpye k Opyey (To ecTb uTO6GH KAKOE-TO YHCJO OYKOB BCTpE-
4yajoch Ha 06eHX KOCTAX)?

CHauana BhIGEpeM OJAHY KOCTh. JTO MOXKHO CHe/laTh
28 cnoco6amu. Ilpu 3atom B 7 cayyaax BhiGpaHHas KOCTb
oKaxetcs «ayGsem», TO ecTtb Koctblo BHaa 00, 11, 22, 33,
44, 55, 66, a B 21 cayyae — KOCTbIO ¢ Pa3JHUHBIMH YHCIaMH
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oukoB (Hanpumep, 05, 13 u 1. n.). B nepsom cayuae BTO-
pyI0 KocTb MOXKHO BbIGpaTh 6 cnoco6amu (Hanpumep, eciy
Ha NepBOM wary Be6paHa KocTb 11, To Ha BTopoM Imary
MOXKHO B3sTb OfHy M3 Kocredi Ol, 12, 13, 14, 15, 16). Bo
BTOPOM K€ CJydYae BTOPYIO KOCTb MOXHO BHGHpaTh 12 cro-
cob6amu (aas Kocth 35 momoitayr Kocru 03, 13, 23, 33, 34,
36, 05, 15, 25, 45, bb, 56). Ilo npaBuay npoH3BeleHHs B
nepBoM cjayuae nojnyuaem 7.6=42 pniGopa, a BO BTOpPOM
21.12=252 Bei6opa. 3HAUHT, IO NPaBHJAYy CYMMHl fl0/1y4aeM
424-252=294 cnoco6os BLIGOpa naphl.

B npoBeleHHOM pacCyKAeHHMH YUYHMTHIBAJCA H NOPSAOK,
B KOTOpPOM BbiGHpanHuch KocTH. IlosToMy Kaxkaas napa Ko-
creil nosBasaach ABaXAbl (Hanpumep, nepshiil pas Ol u 16,
a propoii pas 16 u 01), Eciau He yuHTHIBaTh NOpPsSiAOK Bl
Gopa Koctell, TO NOJIYYHM BABOE MeHbIle cnoco6oB BHG0PA,
TO ecTb 147 cnoco6oB.

Komanpa kocmuueckoro kopabns

B cayuae, Koraa yucjo BO3MQXKHBIX BHIGOPOB Ha KaxKaAOM
IIary 3aBHCHT OT TOro, KakHe 3jeMeHTHl GbliH BbIOpaHbl pa-
Hee, y106HO H306paKaTh NpPOLECC COCTaBNEHHsi KOMOHHaLHH
B Blje «japeBar. CHayana M3 OJHOH TOYKH TIPOBOAAT
CTOIbKO OTPC3KOB, CKOJIBKO pa3siHuHbIX BHIOOPOB MOXKHO
cle’1aTh Ha nepBom wwary (TakuM o6pasoM, KaxKAblH OTpe-
30K COOTBETCTBYET OAHOMY 3seMeHTy). M3 KoHLa Kaxaoro
OTpe3Ka NPOBOJSAT CTOJMBKO OTPE3KOB, CKOJIbKO MOXKHO cle-
JaTb BHIGOPOB Ha BTOPOM ILAary, ecad B NepBbifl paz Owla
BHIGpaH JaHHBIH 3JeMeHT H T. 1.

B pesysnbraTe TaKoro mocTpOeHHs MOJAydaeTcs «AepeBoy,
paccMOTpeHHe KOTOPOro JIerko JaeT YHMCJ/O PElIeHHH Hallel
3ajaud.

PaccMmorpum caenyoumuii npumep. Ma3sectHo, uto npu
COCTaBJEHHH KOMaHJ MHOTOMeCTHHIX KOCMHYeCKHX Kopab-
Jefl BO3HHKAeT BOMPOC O MCHXOJOTHUECKOH COBMECTHMOCTH
y4aCTHHKOB KOCMHYeCKoro nyrewmecTsHd. Haxe Bnc/He noj-
XOAslIHe NMOPO3Hb JIOAH MOTYT 0Ka3aThCA HENPHrOAHBIMH
4451 AJHTeNbHOTO COBMECTHOro nyreliectBHs. Ilpeano.io-
JKHM, YTO HaJ0 COCTaBHTb KOMaHAy KOCMHYeCKOTo Kopabus
M3 TpeX uejoBeKk: KOMaHAHupa, UHXKeHepa M Bpaua. Ha me-
CTO KOMaHAHpa ecTb YeThipe KaHaujgata 4, 4z, a3, Q4 Ha
MeCTO WHXKeHepa — 3 KaHAaMaaTa by, bs, b3 u Ha MecTo Bpa-
ya — 3 KaHaHMJaTa ¢y, Co, €3. IlpoBeaeHHas mpoBepka noka-
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3a44a, 4YTO KOMaHHp @i NCHXOJOTHUCCKH COBMECTHM C HHXe-
HepaMH b; H b; U BpauaMH Cs, €3, KOMaHIHp @2 — C HHXKe-
nepamu by v by u BceMH Bpa-
yaMH, KOMaHAHMpP @3—C HH-
JKeHepaMH by W b; M BpauaMH
Cj, €3, KOMaHJAHp @z — CO BCe-
MH HHXXeHepaMH H BpauyoM Ci.
Kpowme Toro, unxenep by ncu-
XOJIOTHYECKH HECOBMECTHM ¢
BpauoM s, HHXeHep by—c
BpauoM €y H HWHXKeHep b3—cC
BpauoMm ¢,. Cxoavkumu cnoco-
bamu npu 3TUX YCAOBUAX MO~
26eT OblTo COCTABAEHA KOMaH-~
da kopabag?
CooTBeTcTByIOLIEe AepeBO
n3obpaxeno Ha puc. 2. Ono
NOKa3blBaeT, YTO €eCTh JHIUIb
10 monyctuMbIX KOMOGHHAUHMHA
(ecin 6bl He GbLJIO OrpaHHye- Puc. 2.
HHSl COBMECTHMOCTH, TO 4HCJIO
KOMOHHAILMI MO NpaBHAY NPOH3BEAEHHS PaBHAJNOCH Obl
36=4.3-3),

3agauu o wamkax

Pemum caenyrouyio sanauy:

CroavKumu cnocobamu Hoxno nocrasuto Ha 0ocky dse
wawky — beayro u 4epnyro, TaK, 4robv. bGeras wauiKa
MO24a OuTe 4epryro?

Ilo waeyHEM NpaBunaM WAWKKM CTaBATCA Ha YepHbIE
noJisi M oaHa wamka ObeT APYrylo, NepenpbiruBas uepes
Hee M BCTaBasg Ha caeayiomee note (puc. 3). Ecam xe
llaliKa AOCTHIVIA NOCJe/Hell rOpH3OHTaJu, TO OHa NpeBpa-
liaeTcss B AaMKy H. MOXKET OHTb BCe INAIUKH, CTOSINHEe Ha
ONHO{ JHaroHa/lM C Hell, KpOMe ILIAILEK, CTOSLIUX B KOHLE
IHaroHaJeft,

CnoxHOCTb 3TOM 3aJaun COCTOMT B TOM, UTO A/ PAa3HBIX
NOJIOKeHUH Genofl WallKH €CTh PasHOe YHCIO NOJOXKEHHI
YEPHOH 1AWKH, NPH KOTOPBIX 3Ty IMALIKY MOXHO GHTb.
Hanpumep, eciu 6enas mamka cTout Ha nose al, 1o cy-
ECTBYET JIMIUb OAHO NMOAOXKEHHE YCPHOH IIALIKH, NPH KOTO-
PoM OHa HaxonuTcs noa GoeM. A ecaw Genas mWwaliKa CTOHUT
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Ha noJe €3, TO YHCAO HCKOMBIX NOJIOXKEHHH uYepHOH IAIUKY
paBHo 4. Hakonen, ecnu Genasi malika Npouia B JAaMKH
Ha noJe h8, To uMeerca 6 MoJoXKeHHH YepHOH MIaUIKH, Ha
KOTOPBIX ee MOXeT OHThb 3Ta

7 pamKa.
ITostoMy 3aech mpolie Bcero
% yKasaTth A/ KaXA0T0 NOJOXKe-
HHA OGeJsoH INAalUKH 4YHCJIO BO3-
MOXKHBIX NOJIOXeHHH YepHOH Lia-
IIKH M CJOXKHTb NOJyYeHHble
pesyabrathl, Ha pue. 4,a u3so-
% 7z Gpaxena JOCKa € YyKa3aHHeM
Z 2 COOTBeTCTBYIOMUX uucesa. CKaa-
/A // // /| AwiBasi ux, nonyuaem 87. 3Ha-
// / // YHT, HCKOMas paccTaHOBKa BO3-

7, MOXHa 87 cnocobamH.

SICHO, YTO POBHO CTOJILKO K€
Puc. 3. NIOJIOXKEHUH, TNpPH KOTOpHIX uep-
. Had malukKa MoxeT OHTb 6eayio.
A nonoxerufl, NpH KOTOpbIX 06 LIAINKH MOTYT GHTb APYT
apyra, wmeHbire, Hanpumep, ecaum Genas IMialika CTOHT

\

N
Q)
N

N

A Vil Vil Ve ] ) ) U
A Ui Vg U 7 21 V)

) Ui Vi Vs 7] Vil Y] Vi
) V) Vil U ) Vi) V) 1

/I i) Vi 75 %
W BT

%Yo Vi 2 /7MW,
/MM /My,

9 .
Pue. 4.

Ha Kpalo JXOCKH, TO ee HeJb3fl OuTb, Ijie Ob HH CTOfJAA Yep-
naa wamgka, [lostoMy BceM noafiM Ha Kpamo JOCKH COOT-
perctByeT uncao 0. TouHO Tak Ke HaXOAUM YHC/IA, COOTBET-
CTBYIOLIHE JAPYrHM uepHbIM noafaM. OHH H300paKeHb Ha
puc. 4,0. CknanbiBas 3TH 4HCJa, MOJydaeM, YTO HCKOMasd
pacctaHoBKa Bo3MoxkHa 50 cnocobamy,

22



HakoHel, HafiZeM YHCIO IOJNOXKeHHH Oenofl H udepHoi
maiek, IpH KOTOPOM HH OflHA M3 HHX He MOXKET OHTb ApYyT
apyra. 9Ty sajauy MOXHO Obio Obl pewlHTb TaK XKe, Kak
W NpeAblAylliHe, cTaBs Geaylo HalllKy Ha Kax/[0e H3 YePHBIX
nosiefl U MOJACYHTHIBAs CKOJbKHMH CHOCOOAMH MOXHO MOCTa-
BHTb YepHyIO WIALIKY TakK, YTOOH HH ONIHA H3 3THX LIALIEK
He Morya 6uTh Apyryio. Ho 3jaech nmpoilie NIpHMEHHTb «IIpHH-
LM 4YafHHKa» !) M CBECTH 3Ty 3ajaiyy K yxKe pelleHHOH.
Jlas sToro cHauana HafiieM ofiliee YHCJ10 NOJOXKEHHH, KO-
TOPBHIMH MOXHO IOCTaBHTb Ha HOCKy Oyl H HepHYIO
waluky, Benyio mamKy MOXKHO NOCTaBHTb Ha Jio6oe H3 32
uepHbix nosefi. [Tocae 3TOr0 ANA UEpHOH WIALIKH OCTAHETCH
31 nose. IlosTroMy B cuay mpaBuia NpPOH3BEACHHA paccra-
HOBKa Bo3MOXkHa 32-31=992 cnoco6amu. Ho u3 stux cmno-
co60oB ecTb 87, NpH KOTOpHX Oesas Ihallika MoXKeT OHThb
yepHyI0, H 87 croco60B, NpH KOTOPHIX yepHas LIallKa MOXKET
6uth Genyio. [TosTomy Hamo oT6pocuth 2-87=174 cnoco6a.
Onnako caefyer ydecTb, 4TO IPH 3TOM HEKOTOPHE CHOCOObE
0Ka3hiBaiOTCA OTGPOLUEHHBIMH ABaXJAB — H H3-3a TOTO, 4YTO
Gesag LIaliKa MOXKeT OHTb UEPHYIO, H H3-3a TOTO, YTO 4ep-
Has WaliKa MOXeT GHTb Geayio. Mbt BHAeHH, UTO CylLeCT-
Byer 50 noJoOXKeHHH, B KOTOpPHX 06€ LIAIUKH MOTYT OHTb
npyr npyra., [TosToMy 4YHCAO NOJMOXKEHHH, B KOTOPHIX HH
OIHA ILIAIIKA He MOXKeT GUTb JPYrylo, paBHO

992 — 174 4 50 — 868.

1) PacckasblBalOT, YTO OAHAMAbl MaTeMaTHK COPOCHJA y (H3HKa:
«[Tepen Bamu nycrofi yalHHK M He3a)KeHHas rasoBas MJHTa; Kak
BCKUNATHTL BOAy?r» «HanojHuTh uafiHuK Bojeil, 3aXeub ra3 H NoCTa-
BHTb YaHHHK Ha OJHTy», — oTBeuas ¢usuk. «[IpaBHABHO», — CcKa3an Ma-
TeMaTHK. <«A Telepb pelIHTe BTO-
Pyl 3ajauy: nepei 3axKKeHIOA MJH-
TOR CTOMT HaNOJIHEHHH YafHUK.
Kax Bckunatuts Boay?» <«3ITo eure
npoule — Halo0 MNOCTaBHTb YalHHK
Ha nJauty». «Huuero nogo6morols —
BOCKJHKHYn MaTteMatuk, «Hanpo mo-
TacuTb TMJHTY, BLIJIHTb BOAY N3
yaflHuKa, ¥ Mbl TNpHAEM K Tiep-
BOi 3ajaue, KOTOPYID yXe yMeeM
pemratols

[Tostomy, Korza HOBYIO 3ajauy
CBOAAT K yKe pelIeHHBIM, MIyTS [O-
BOPSIT, YTO NOPHMEHSIOT <«NPHHIHE
YaHHKA»,




Cronbxo uenoBex He 3HaIOT MHOCTPaHHBLIX fN3blkoB!

Merton, KOTOPHIM Mbl PELIMAH NOCAEAHIOI H3 3a4aY O
IIaIIKaX, 4acTo NPHMEHsETCA JJIS pPelleHHsT KOMGHHATOp-
HbIX 3aja4. PaccMOTpHM cllefylomuii npuMep:

B nayuno-uccaedosaresbckom uncruryre paGorarr
67 uenosex. H3z nux 47 3narT aneaudickuli a3eiK, 35— He-
meyruid a3k u 23 — oba A3eika. CKOAbKO 4el08eK 8 UH-

: CTUTYTE He BHQIOT HU QH2AULCKO020,

HU Hemeykoeo A3bIK0B?
Hasi peiienust 3ToH 3ajgaud Ha-
g@ 10 pas3buThb BeCb KOJJIEKTHB CO-
TPYAHHKOB MHCTHTYTa H4 YacCTH, HE
| umeroue o6uux smementos. Ilep-
aj BYIO H3 HHX COCTAaBAT Te, KTO 3HaeT
TOJbKO AHIVIMHCKHH $3bIK, — BTO-
pYyI0 —Te, KTO 3HaeT TOJNBLKO He-
MeLKHH 3bIK, TPETbIO —Te, KTO
3HaeT 06a s3blKa, H YETBEPTYIO —
T€, KTO HE 3HAeT HU ONHOTO, HH IpY-
d% roro sspika (puc. 5). Ham pnaHo,
YTO TPeTbsl 1aCTh COCTOHUT H3 23 ue-
goBek., Ho Tak Kak aHrauicKuii
A3bIK 3HAIOT 47 4eNOBEK, TO TOJbKO
s aHIJIHACKHM A3BIKOM  BJAafeIoT.
7 47—23=24 yemoBeka. TouHO TaK
’)Ke TOJbKO HEMELKHM $3bIKOM BJja-
Puc, 5. neotT 35—23=12 uenosek. Otciona
caenyer, uro obiliee YHCIO JiOfed,
BJAJEIOIHX OJHHM H3 3THX SI3bIKOB, paBHO 23+24412=59
yesloBeK. A TaK Kak BCero B HHCTHTYTe paboraior 67 deso-
BEK, TO Ha JOJI0 mociefnell YacTH NpUXoAUTcss 67—59=8
uesoBeK. Mtak, 8 uesoBek He 3HAIOT HH AHIVIMHCKOrO, HH

HEMELKOro f3blKa.
ITonyueHHBIH OTBET MOMKHO 3aMHCATh B BHAC

=67 — (2324 +12).
Ho 24 mm noayuuau, Bbiunrtas 23 us 47, a 12 — BeludTas
23 u3 35, TMoatomy
8 =167 —23 — (47 — 23) — (35 — 23) =67 — 47 — 35+ 23.

Tenepr BHIHA 3aKOHOMEPHOCTb — H3 OOLIETO YHC/Aa CO-
TPYIHHKOB BBIYHTAETCS UYHC/JAO 3HAIOWHMX AHIVIMHCKHX A3BIK
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J UHCJIO 3HAIOHIMX HeMeukuil aA3biK. IIpH 3TOM HEKOTOpbie
COTPYAHHKH NOMajfalT B 06a CIHCKA H OKAa3HBAIOTCH «Bbi-
YTEHHBIMH» [BaXIbl. ITO KaK pas Te NOJHIVIOTH, KOTOpbie
s3naoT o6a s3pKa. [lpu6apasis HMX UHCJIO, MBI HojJy4yacM
YHCJIO JIHI[, He 3HAIOUIHX HH OJIHOTO U3 3THX S13bIKOB.

YcnoxuuM pasoOpaHHylo 3ajaady, NoOaBHB eille OJMH
a3biK. [Tycth QpaHLy3cKHil A3bK 3HAOT 20 Ye/OBeK, aHMVIHil-
CKHil H (paHLy3cKUll — 12 4esioBeK, HeMeUKHH H (paHLy3-
ckdit — 11 uesoBeK, a Bce TPH fA3blka — 5 uesoBeK. Jciio,
YTO TOTAA TOJbKO AHIVIHHCKHH H (paHuy3cKuil (6e3 Hemel-
Koro) sHaior 12— 6=6 ue/oOBEK, a TOJbKO HeMeLUKHHi H
¢panuysckuit snawotr 11 —5=06 uesoBekK. 3HAUYHT, TOJbKO
OIUMH (paHLy3cKHA f3bIK 3HAOT 20 —7 —6—5=2 4ego-
BeKa. JTH JIOAH BXOAAT B COCTaB TeX 8 ue/J0BEK, KOTOPHIM
HEBEJIOMbl AHIVIHACKHH H HeMEUKHH A3bIKH, 3HAUYHT, YHCJIO
JIOJIcH, He 3HAKMMX HH' ONHOTO M3 TpeX f3BIKOB, PaBHO
8§ —2=6.

IMonydeHHBIl OTBET MOXKHO 3aNHUCATh TaK:

6=8-—-2—67 —47 —374+23—(20 -7 —6—5)=
=67 — 47— 37423 —20+ (12 —5) 4 (11 — 5) 5=
=67 — 47 —37— 20423+ 12411 —5.

A Tenepr 3akoH cosepuieHHo ficeH. CHauasa u3 OOLIEro
YHCJIa COTPYNHHKOB BLIYHTAIOT YHCJAO TEX, KTO 3HAeT OJAHH
H3 f3BIKOB (H, MOXeET OhiTh, Apyrue). Ilpu 3ToM HekorO-
pble OKasblBalOTCH «BBLIUTEHHBIMH» JBaXKAB, TNOCKOJbKY
3Halor aBa sa3bika, [lostomy npubaBasior uncaa 23, 12, 11,
IIOKa3biBaIOIIHe, CKOJBKO Ue/J0BeK BJaAeT ABYMA f3bi-
KaMH (H, MoxeT ObiTh, euic TperbuM). Ho auua, Baaneno-
LiHe TpeMsi fA3bIKAMH, OKAa3blBAIOTCA CHauaga TPHKAH
«BBIUTEHHBIMH», a MOTOM TPHUXKJAbl «npHOaBJeHHbIMH», Tax
KaK HX Halo BCe-TAKH BHIYECTb, TO NPHXOAHUTCHA elle O7-
HATb YHCJO D,

Dopmyna BNIOYEHKH M MCKNIOUSHHH

Pazo6paHHble npuMepbi MNO3BOJSIIOT CHOPMYJHPOBATH
obwuit 3akoH. IlycTb uMeercs N npeaMeToB, HEKOTOpble
H3 KoTopbix 00/1aJaloT CBOACTBAMH oy, G2, ... On. [IPH
3TOM KaXJIblfl npeiAMeT MOXKeT JHOO He obsafath HH Of«
HHM H3 3THX CcBoHcTB, JH60 o06jajgaTb ONHHM HJIH He-
CKoslbKUMH cBoHcTBamMu., OG6o3Hauum ueped N (oej. . .cn)

25



KOJIHUECTBO TPeAMETOB, 06/1aal0MuX CBOACTBAMH Oj, Ojy o
... or (H, OBITb MOMET, eille HEKOTOPHMH H3 JpPYTUX
cBofictB). Ecan Ham Hajo GydeT momdepKHYTb, UTO GepyTcd
JHIIL TPEAMETH, He 06/ajalollie HEKOTOPbIM CBOHCTBOM,
TO 3TO CBOHETBO NHIIEM co IWITpHXOM. Hanpumep, uepes
N (asaz0;)) 0603HaUeHO KOJIHYECTBO INPeJMETOB, 00safaro-
IHX CBOMCTBAMH o H olp, HO He 00/1a1aloliHX CBOHCTBOM oy
(Bompoc 06 OCTa/bHBEIX CBOHCTBAX OCTAETCS! OTKPHITHIM).

Yucao NpeAMEeTOB, He 00Ja/aiOWHX HH OJHHM H3 YKa-
3aHHbIX cBOHcTB, 0603HayaeTcs MO 3TOMY NPaBHAY uepes
N (aja5 ... a;).-OGunit 3aKOH COCTOHMT B TOM, 4TO

N(otot2 e )=N—N(al)—N(a2)— —N(an)+
+N(00) + N(agg)+ ... +N(oa,)+ ...+ N (0 10,)—
——N((Il(l2(13)—- tee _N(an-2an~lan)+ v

oo (=1)"N(@g, ... a,). (2

3nech anrefpanyeckasi CyMMa pacnpocTpaHeHa Ha Bce KOM-
OHHALHH CBOMCTB o4, G2, ..., Gn (0€3 yueTa HX MOpPSAKA),
NpHYeM 3HAK + CTABHTCH, €CJAH YHCJAO YYHUTHIBAEMbIX
CBOHCTB 4eTHO, U 3HAK —, €CJIH 3TO YHCJIO0 HeueTHo. Hampu-
mep, N(aiosae0ts) BXOAHT €O 3HaKoM +, a N(ogtsttip) €O
3HakoM —, DopMyay (2) HasbiBawT gopmyrol sxarouenuli
U UCKArOMeHuli — cHauajia HCKJIOUAlOTCAd BCe MNpeIMeTH,
obaanawiine X0Ta OB OJHHM M3 CBOHCTB O, Oz, ..., On,
IOTOM BKJIIOYAIOTCS MNpPEAMETH, o0/afaloiiHe No KpalHHe#
Mepe ABYMs H3 3THX CBOHCTB, HUCKJ/IOYAOTCA HMEIOLIHE M0
KpafiHell Mepe TpH H T. I.

Jlokaxem q)opmyay (2). HdoxasaTebCTBO BeeTCSl C MOMOLIBIO HH-
AyKuuu no uucay csofictB. [Ipu oanom cBoiicTBe ¢opMyna oueBHAHA,
Kaxnnit npeamer au6o o6.1aaaeT 3THM CBOHCTBOM, Jmﬁo He obAasaer UM.
[Toatomy

N (a")=N —N (a).

IMpeanonoxum tenepb, uto dopmyra (2) nokasaHa aaa cayuas,
KOTZla 4HCJIO CBOHCTB paBHO 11 — 1.

N(afag ... 0p_)=N—N(a)—... —N(a, 1)+
- +N(0) 4 ... +N (2 50p-1) —
— N (0,0905) — ... —N (@501 20n-1) + ...

A DTIN (@0 0, 0. @)
- 26



Dra dopmysa, MO NPEANOJONKENHIO, CnpaBeNuBa ans Jw00ofl COBOKyI-
HOCTH. B UaCTHOCTH, OHa BepHa I/ COBOKynHOcTH N{an) 37eMeHnTOB,
o6JalaloUHX CBOWCTBOM ' On. Mas 3Tolt coBokymuoctd dopmyna (3)
[pHHHMAET BHI

N(005 -v. ap_10,) =N (@) — N (00,) — oo — N (o, _ja,) +
=+ N (@,050) -F .. o = N (0200 100) — N (0,05050,) — ...
i (=DPIN (@050 0pm o) (@)

(noGaBnfieTcA yKasaHHe, UTO B KaXJOM c/lyuae OepyTca J/HMIIb mpen-
MeThl, 06Jafalouine CBOWCTBOM Cy).

BuiuteM paBenctBo (4) u3 paBenctBa (3). B npaBofi uactu nojyuum
70, UTO HaM HYXHO — mpaBylo vacTb bopmyan (2). A B seBolt uacTh
ROJAYUHM Pa3HOCThb

N(al’aé e a;_l) — N(alla; . a;_lan). (%)

’ 7 / P
Ho N(ala2 cen an_l)— 3TO UHC/]O NpeAMeToB, He o0/1ajalouIHX CBOH-
CTBAMH G, @2, ..., On—t H, 6T MOXKeT, 00/afaloulHX CBONCTBOM
a, A N(alaz . an_lan)— 3TO UHC/O TpENMeTOB, KOTopule He o6Jja-
JAalT CBOHCTBAMM @G, %2, ..., Cin—1, HO HaBepHAKa o0;jajgaloT cBofl-
CTBOM Qln. 3HAUMT, pasnocTb (5) Kak pa3 paBHa UHCIY NPEAMETOB, He
06/1aNaIOWHX HH OAHHM M3 CBOHCTB @y, &g, ..., Un~1, Gn. MHbMH cli0-
BaMH,

N (a{a; cus a;;l) — N(a{a; ces a;_lan) = N(a{aé cee a;_la;).

Takum obGpasom, mocie BEMHTAHHA M B JIeBOfi HaCTH MoJyvaeTcs JeBasf
vacTb ¢opmyanl (2). Tem cambiM 3Ta ¢dopMyna noKasaHa 1Jd ciyuad,
KOTJa UHCJA0 CBOHCTB PaBHO 1.

Hrtak, cootHollenue (2) chnpaBeisHBO AAA 7 CBOHCTB, KOJb CKOPO
OHO CNPaBCLIHBO AJ1A 71— 1, a mpn n=1 OHO yXe [10Ka3aHO; MO3TOMY
Il0Kasafta CHpaBeAJHBOCTb 3TOTO COOTIIOUMIEHHs Ada J6oro Habopa
CBOHCTB.

. ®opmyny (2) MOXKHO MNpPeNCTaBHTh B CHMBOJHYECKOH ¢opme cie-
Aylouum obpasom:

N@p ... o)=N(1l—a)(I —8) ... (I —w). (6)

3pmech nocse pacKpuTHA CKOGOK Hajo npoussenemus Naf ... A nu-
catb B BHae N(af ... A). Hanpumep, Bmecto Nafdo nuuem
N(apdo).

B yem owmdral

Crapocra opHOro KJjaacca faJ C/leAyioliHe cBeAeHHA 06
yueHHKax: «B Knacce yuarcs 45 IKOJLHHKOB, B TOM UYHCJE
25 ManbunkoB. 30 IIKONLHHKOB YuaTCi Ha XOPOIIO M OT-
JHYHO, B TOM yHcae 16 ManpunkoB. CrnopTroM 3aHHMalOTCA
28_ YUEHHKOB, B TOM uHcgae 18 MaibudKoB H 17 ILIKOJILHHKOB,
ydalluxcs Ha XOpoWo H OTJAHYHO. 15 Ma/jbUHKOB yuaTcs
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Ha XOpOWI0O H OTJIHYHO H B TO K€ BpeMsl 3aHHMAOTCA
CIIOPTOM>.

Yepes HeCKONbKO IHeHd ero Bbi3Basa K cebe KJaaccCHBIH
pYKOBOAHTENb (KOTOpbif, KaK Ha 3/10, BeJ MaTeMarHKy) H
CKasaJj, UYTO B CBeJE€HHAX ecTh ounibka. Ilompobyem BbifiCe
HHTb, KaK OH 3T0 y3HaJa. JIis 3TOT0 MOACYHTaeM, CKOJbKO
IEeBOUEK HE 3aHHMAIOTCA CIOPTOM H INOJydaloT BpeMA OT
BpeMeHH TpOHKH (a ObiTb Moxet, u ABOHKH). OOo3HaumM
yepes qq NPHHAMJIEKHOCTD K MYXKCKOMY IOJy, Yepes o —
XOpOILUYI0 YCNEBAaEeMOCTb H 4epe3 aj — yBJEUeHHe CIIGPTOM.
Haiinem, ueMy paBHo N(al’a;ag). [To ycaoBHIO 3amaun HMEEM

N(a)=25, N(a;)=30, N(a;)=28, N(0,)=16,
N(ala3) — 18, N(a2a3) — 17, N(al%as) — 15.
3Hauyut, 1o ¢GopMyse BKIIOUEHHH M HCK/IIOYEHHA NoJyyaeM,

uTO . .
N(a{aéaé): 45—25—30—28+ 16+ 18 +17—156=—2,
Ho orpuiiatensHbiM otBeT ObiTh He Moxker! IlosroMy B

HNaHHBIX CBeJleHHAIX eCTb BHYTpeHHee IPOTHBOpeuHe, OHH
HEBEpHBbI.

Petseto dparocgena

Onsoft M3 caMbix OOJBIUHX 3arafiok MaTeMaTHKH fB-
JseTcs pacnojioXkeHne NPOCTHIX YHCcea B PALY BCeX HATy-«
padbHBX uKcesa. MHorma nABa mpocThix yncaa HAYT uyepe3
onHo uucao (uanpumep, 17 u 19, 29 u 31), a udorna nox-
pPAA HIAET MHJJIHOH cocTaBHbiX uncesn. Cefluac yueHble
3HAIOT y¥Ke A0BOJbHO MHOTO O TOM, CKOJBKO IIPOCTBHIX YH-
ceJl CoNepXKHTCA cpeln N MNepBHIX HATYpPaJdbHBIX YHCE.,
B sTHX mojicveTax BecbMa MOJME3HHIM OKa3aJcs MeTOM, BOc-
XONSILHA eule K ApeBHerpeiecKoMy yueHoMy IJpatocheHy
(on xua B 111 Beke 10 HOBOM 3pbl B AJeKCaHIPHH).

dpatoceH 3aHMMaJCH CaMbIMH Pa3JHYHBIMH BONpOCa-
MH — eMy NpuUHaJJjexaT HHTepecHble HCCaeloBaHHsA B 00-
JlacTH MaTeMaTHKH, aCTPOHOMHH H ApPYTHX HayK. Bmpouem,
TakKas pa3sHOCTOPOHHOCTb NpHBE/A ero K HEKOTOpOoH NnoBepx-
HOCTHOCTH, COBpeME@HHHKH HECKOJbKO HPOHHYECKH Ha3bi-
BaJH JpartocieHa «BO BCeM BTOpOH» (BTOpOH MaTeMAaTHK
nocae EBKnuAa, BTOpoit acTpOHOM nocje I'Mnnapxa v T. A.).

B matemaTnke 3JpartocteHa HHTepecoBaJ KakK pas BoO-
npoc O TOM, KakK HaHTH BCe MpocThle YHCaa CpeiH HATY-
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panbHbiX uHcea oT 1 mo N''). On npuayman Ans 3TOro cJje-
ayowuit cnoco6. Crauana BblYepKMBAIOT Bce uHucaa, e-
AfiliHecd Ha 2 (Mck/aouasa caMo uucao 2). Tlotom Oepyt
nepBoe H3 oCTaBluHXcs yHcea (a MMeHHo 3). fIcHo, uTO 3TO
YHCJAO TNpocToe, BHuepKHBAIOT Bce HAYIHe MOc/ae Hero
yucaa, feasuuecs Ha 3. [lepBbIM OCTaBIIHMCH YHCJAOM Oy
ner 5. BriuepkHBaeM Bce HAyliHe IoC/e Hero Ydcaa, Aenas-
mHecd Ha 5, n 1.4, Uucaa, KoTopble yLeJeOT Nocjae BCeX
BblUePKHBaHNM, H ABIAIOTCH NpoCcThiMH. Tak Kak BO Bpes
meHa JpatoctheHa NHCaAH Ha BOCKOBbHIX TaOJHuUKax H He
BblUepKHBaJ/H, a BblKajabiBajdu Ludpbl, TO Tabauuka Mociae
ONMHCaHHOTO Npollecca HanoMHHajta peueto. [loatomy me-
Toa dpaTocthena NS HAXOKIAEHHS MPOCTHIX YHCEJ MOJYUHI
HasBaHHe «peleTo dpaTocheHas.

[ToncuntaeM, CKOJBKO OCTAHETCA YHCEJN B MEPBOH COT=
He, eCJIH MHl BblUepKHEM 10 MeToAy dpaTtoctheHa UHCAA, A€+
asurecss Ha 2, 3 u 5. UHBIMH cJ0BaMHM, NOCTaBHM TaKOH
BONPOC: CKOJbKO UHCEJ B NepBOH COTHe He JeNHTCA HH Ha
0/1HO M3 udcen 2, 3, 5? Dta 3amaua peuraercs no ¢opmysne
BKJIOUEHHS H HCK/JIIOUEHHS.

OGosHauum uepe3 «q CBOACTBO 4HC/IA [AETHThCA Ha 2,
uyepes o — CBOHCTBO AEAHMOCTH Ha 3 M yepes o3 — CBOH-
CTBO gmenumoctdH Ha 5. Torma aiap O3HaUaeT, YTO HHCIAO
Jeautcs Ha 6, auoz O3HauaeT, UTO OHO Aeautcss Ha 10, u
QaOls, — UTO OHO penauTcs Ha 15, Hakownel, aioec; 03HayacT,
uto yncao geantcsa Ha 30. Ham Hano Ha#iTH, CKOMIBKO YHCed
ot 1 no 100 He menuTca HH Ha 2, HM Ha 3, HH Ha b, TO eCTb
He obGJajlaeT HH OJHHM H3 CBONCTB o, oz, o3 Ilo dopmyJie
(2) umeem

N(gjojel) =100 — N () — N () — N (o) +
+ N (0405) + N (0,05) + N (0,05) — N (a;0503).
Ho urto6bl HaliTH, ckoabKo umcesm ot 1 go N penaurtcs

Ha n, Ha/l0 pa3fleauTh N Ha n M B3ATb LEJAYI YacTb Mo.ay-
yMBIlIerocsa yacTtHoro. [losatomy

N(a)=150, N(a)=33, N (a3)=20,
N (0,0,) =16, N (0,05) =10, N (005 =6, N (a,0005) =3,

) BDpatocden cuntaa 1 npocTwim uucaoMm, Cefiuac maTeMaTUXH
CYuTaloT | yucaoM 0co6oro Buad, HE OTHOCAUIKMCA HH K IIPOCTLIM, HH
K COCTABIbIM YHCIAM.
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H, 3HAUHT,
Tyl eg /N
N (al%aa) =32,

Takum obpasom, 32 uucaa or 1 no 100 He pensTcs HH
Ha 2, HH Ha 3, HH Ha 5. DTH yHCaAa U YLeJEIOT NMocae NepBhX
Tpex wWwaroB npouecca dparochena. Kpome HuX, ocranyrcs
camu uucaa 2, 3 u 5. Beero ocranercs 35 unced.

A u3 nepBoHl THICAYM NOC/Ae NMEPBHIX TPex IIaroB Npos
necca Dparochena ocraHercs 335 umcen. ITo chaelyer H3
TOrO, YTO B 3TOM Cjyuae

N(ay) =500, N(ag) =333, N(as)=200,
N (aiag) =166, N () =100, N (ap03) =66, N (o oeas) =33,



INABA Il

PA3MELLEHUS, NEPECTAHOBKM
U COUYETAHMUS

Mu paccMoTpenH HekKoTophie OGIHe NMpaBu/ia pelleHHs
KOMOGHHATOPHHIX 3afay, C HX NOMONIbI0 MOXKHO pelwaTh
3ajaud caMblx pasHbix THNoOB. OaHako Kak B T[eOMETpHH
Heyn06HO Bcerja CBOAHTb pellleHHe 3aJayH K aKCHOMaM,
a ynoGHee IOJb30BATbCA TEOPEMaMHM, TaK H B KOMOGHHaTO~
pHKe BMECTO pellieHHs 3ajaud N0 OGLIMM NpaBHIaM 4acTo
yno6Hee TNOJb30BaTbhcs TOTOBHIMH GopmynaMu. [eno B
TOM, YTO HEKOTOpbIE THIIH 3ajay BCTPeYaloTcsl 3HAUHTEJIbHO
yaile Apyrux. Kom6uHauusaM, KOTOpble BCTpeYyalTCcs B 9THX
3ajlauax, MPHCBOEHb 0ocobble Ha3BaHHs — pa3MelleHHs, Me-
PECTAanHOBKH H COUETaHHS.

Hasa uucaa takux koM6uHauuii BLiBeleHH ocoGuie ¢op-
MyJIbl, KOTODHIMH H TOJB3YIOTCA NPH PELIeHHH pasHYHbiX
KOMOHHATOPHHIX 3ajauy. C oJHOH H3 3THX HOPMYJ MH yXkKe
3HaKOMbl — B HauaJe rjaBe | ObJ0 MOKasaHO, YTO YHCJO
k-pasmeluenuit ¢ NMOBTOPEHHSMH U3 3JIEMEHTOB 7 THIIOB
paBHo n*. Celiyac MB BBIICHHM, CKOJIbKO MOXHO COCTABHThb
TaKHX pasMellleHuH, ecaH He [ONMycKaTh INOBTOpeHHH, TO
€CTh eC/JH BCe 3JIeMEHTH, BXOAsfllHe B pasMelleHHs, pas-
anudbl. CHavuaja pasGepeM CaefyoOLIYIO 3ajfauvy.

®yrSonbHoe NepBeHCTBO

B nepsoii epynne rkaacca «A» nepsencrea CCCP no
¢pyrbory yuacreyior 17 komand. Paseiepvisaiorca medasu:
3040Tble, cepebpansie u 6pon3ossie, CKOAbKUMU cnocobamu
OHU mo2yT ObiTe pacnpedesenbl?

OTa 3ajlaya pellaeTcss Ha OCHOBe NpaBH/aa NPOH3Bele-
HHs, 30J10THle MeJajH MOXKeT NOJAYYHTh Jwobasa us 17
KoMana, VIHbIMH clioBaMH, 31ech Y Hac 17 BoaMoxkHocTel. Ho
€CJIH 30J10Thle MeHanH yXKe MOJy4YeHbl KaKOH-TO KOMaHIOH,
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TO OCTaercs Julllb 16 MpeTeH/eHTOB Ha cepe6GpsaHble MeAanu.
IToBTopenus sgech He MOXKeT OBITb — OJlHA H Ta JKe KOMaH=
Ja He MOXET 3aBoeBaTb H 30JI0Thle, H cepeGpsiHble Me-
JaJju.

3HauuT, Nocjde BPYYEHHs 30JI0THIX Mefajell KaKOH-TO
KOMaHlle ocTaeTcss 16 BoaMOXHOCTeH mnosyueHusi cepelbps-
HEX MenaJell, TouHO Tak e ecl1H yxKe BpYUEHH H 30J10+
Thle, H cepeOpsiHbie Mela/jH, TO GpPOH30BHE MeJalH MOXeT
NOJYYHTh JIMLIL OAHA H3 OCTaBlIHxcA 15 kKoMaHA. 3HAUHT,
MO MpaBHJAy MPOH3BEACHHS MOJyYaeM, -YTO MeJaJH MOTYT
6uiTh pacmpepesnenbl 17 -16-15=4080 crnoco6aMH.

PazmeleHus He3 noBTOpeH

Pemlennas 3azaua OTHOCHTCSI K KJacCy KOMOHHATOPHBIX
3ajjay o0 pasMclleHud Ges noBrtopenuit. Obwas ¢opMmynu-
poBKa 3THX 3ajal TakoBa:

Hmeerca n pasauunoix npeomeros. CkoAbKO u3 HUX
MOMCHO cocTasuTe k-paccranogox? Ilpu stom JBe paccTa-
HOBKH CUMT2I0TCs Pa3/IHUHBIMH, CCJIH OHH JHOO OTAHYAIOTCS
Ipyr OT Apyra XoTa Obl OJAHHUM 3/eMeHTOM, JHOO COCTOAT
H3 OJHHX H TeX e 3/J1eMEHTOB, HO paclOJOXKEeHHBHIX B pa3-
HOM MOpSIKE.

Takne paccTaHOBKM HasblBalOT pasmeujerusmu 603

nosropenuii, a ux uHcao 06o3HaualoT A [Ipu coctaBie-
HUH R-pa3MellleHHil 0e3 MOBTOpPeHHHl H3 n NpeJMeTOB HaM
HaJlo caenaTh B BHGopoB. Ha mepBom Irary MOMKHO BHI-
6path mw060H H3 HMeWIUHXCH hn TnpeaMeToB. Ecau 3TOT
BHIOOp yiKe clesaH, TO Ha BTOPOM LIary NPHXOJAHTCS Bbl-
6upaTs M3 OCTaBluHXC 7 — | mNpeaMeTOB — Belb MOBTO-
psith chenanHuil BeiOop Heab3s!). TouHo Tak ke Ha
TpeTbeM lary Ajs BeOopa ocTaercs Juuib n — 2 cBobon-
HBIX NpeaMeTOB, Ha YeTBepToM #— 3 I1IPeAMeTOB... Ha
k-m mary n — k+1 npeameron. I[losTomy mo mpaBujy mpo-
H3BelleHUsl TOJyYaeM, YTO UHCJAO KR-pasMellleHHH Oe3 To-
BTOPEHHs] U3 n INpeIMeTOB BhIpaxaeTcsl CAeLyWIHM OG-
pasom:

S

Ai=nn—1) ... (n— k4 1), (1)

1} HanomunM, 4TO B OTJAHYHE OT caAyuas pasmelleHull ¢ noBTOpC-
HHSIMM Y Hac Tenepb ecTh JHIUb OJAHH 3JeMEHT KaXKJoro BHAa.
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Hayunoe ofuectBo

[MpuMeHHM BbIBefeHHYI0 GOpMyay [as pellleHHs CJe-
nyoulell 3anaun: Hayunoe obuecreo coctout us 25 4eno-
gex. Hado svibpare npesudenra obujectsa, suye-npesude-
TQ, YyueHnoeo cekperaps u xasnaven. CroOsoKumu cnocobami
MmoxceT GoiTe cOenQH 3TOT BbIOOP, ecau KaxcOolii 4aren 06-
WecTea MOMET 3AHUMATL AUULL OOUR NOCT?

B sToM cayuae Haao HalTH uyHCAO pasMelleHHB (06e3
TMOBTOpeHHH) Hu3 25 3jementoB no 4. Benb 3zech urpaer
poab M TO, KTO Oyller BeiOpaH B DYKOBOACTBO 0OllecTBa,
H TO, KaKue MOCTH 3aHMyT BbeiOpaHHble (BbIGOp: INpesH-
jgeHT — VBanoB, BHue-npesuieHT — TaTapHHOB,  YYeHBU
cekpeTaph — THMOILCHKO, Ka3Haueil — AJjiekceeB,  OTJIH-
yaeTca OT Bblbopa: mpesugeHT — THMOILIEHKO, BHLe-Npe3H-
JeHT — MiBaHOB, yueHbHl ceKpeTaph — TaTapHHOB H KasHa-
yeif — Anekceen). [losToMy oTBeT ZaeTca (opMyaoH

Al =295.24.923.22 = 303600.

MepecraHoBKM

[Ipu coctaBneHuu pasMelileHuil 6e3 NOBTOpPeHUNT U3 7
9JeMeHTOB MO £ Mbl NOJYyYajJu PAaCCTaHOBKH, OTJHYaIo-
myecss ApYr oT Apyra u COCTaBOM, H NOPSAJKOM 3JeMEHTOB.
Ho ecau 6paTb paccTaHOBKH, B KOTOpPble BXOASAT BCe n 3Jje-
MEHTOB, TO OHH MOTYT OTJHYaAThLCA IAPYr OT Apyra JHIIb -
NOPSIAKOM BXOASIIIMX B HHX 3JeMeHTOB. TaKue pacCTaHOBKH
Ha3biBAlOT NepecTaHO8KAMU U3 N 3NeMeHTO8, WJH, Kopoue,
n-nepecTaHO8KAML,

WMHeiMH csi0BaMHM, n-NepeCTaHOBKaMH Ha3biBalOT pa3Me-
lieHnst 6e3 NOBTOPEHHS U3 71 3MEMEHTOB, B KOTOpPHIEe BXOSIT
Bce 3/MeMeHTH. MoXHOo Takxke cKasaTb, YTO IepecTaHOB-
KaMH H3 f 31€MeHTOB Ha3blBalOT BCEBO3MOXKHbIE f-paccTa-
HOBKH, KaKJas H3 KOTOPLIX COJEPXKHT BCEe STH 3JEeMEHThI
N0 OJHOMY pa3y H KOTOpbie OTJMYANTCA APYr OT Apyra
JHIIb MOPSJKOM 371eMeHTOB, HHcjo n-mepecTaHOBOK 0060-
3HayaloT yepe3 P,. PopMmyna ana P, cpasy noayyaercss H3
dopMyasl [as YHCAa pasMelleHHH 0e3 TNOBTOpeHHH.
HmenHo,

w=Ay=nn—1)...2.1. (2)

Taxkum o6pasoM, uToObl Yy3HATb, CKOJbKO INepecTaHOBOK
MOXXHO COCTaBHTb H3 # 3JIeMEHTOB, Haj0 MepeMHOXKHTbL Bce

3 H. 5. Bunenxuu 33 .



HaTypaJjbHble uncia ot 1 mo n. 310 mpousseaeHHe o06o3Has
yaloT n! (uutaercsa n-akropuai). HUtak,

Pn=ﬂ,!=1-2- Lo .

ITpu sToM nonaratot 11=1.

B nanbHeiiieM Ham BcTperutcsi o6o3HauenHe 0! Kasa-
docb 6bl, uto O! HOJKEH paBHATbCS HYyA. IIpHHATO CuH-
TaTh, 0JHAKO, uTo Ol=1,

Heno 8 .TOM, yto (hakTopuana obnajnaer, OUEBHAHO, CJAELYIOLIHM

CBOACTBOM:
nl=n({n—1)I1

910 pasedcTBO cnpaBepauso npu n>1, EcrectBeHio onpeneautb 0!
TaK, uTOGH OHO OCTaBaJoCh BEPHBIM W NPH A=}, TO ecTb TakK, 4TOOH
1'=1.0! Ho Torpa nyxHo noqoxutb Ol=1,

3ameTtum euwte, uto ¢opMyay (1) a9 unciaa pasMelieHuii 6e3 no-
BTOPEHHH MOXHO 3anmHCaTh CAeAYIWIHM 06pa3om:

g__ nl .
=GR @

B camom nene, B npobu (3) Bce commoxureau: 1, 2, 3, ..., n — k Bxo-
AAT MU B UHCJAHUTEIb, H B 3HaMeHarenb, [locae cOKpauleHHs NoJyuaeMm,

uTo A‘,',=n(n—l)' ... (n—*k+1) B cootBerctBUM ¢ dopmydaoil (1).

3agaua o nagpsax

CKroAbKumU cnocoGamu MONCHO DACRONOHCUTL HQ WAX-
matroli docke 8 sadeld Tax, 4To6bL OHU He MO2AU OUTb Opye
dpyea?

$IcHO, uTO MpH TakOM pacno/IOXKEHHH Ha KaXXIOoH TopH~
30HTAJH H KaXX[I0H BepTHKAJ/H CTOHUT [0 OJHOM Jaabe. Bo3b-
MeM OJHO H3 3THX pacHoJoKeHHH U 0003HAUUM uepes a;
HOMep 3aHATOrO NoJs Ha NMepPBOH FOPH30HTAaaH, uUepe3 a; —

Ha BTOpOH TOPH3OHTaJH, ... 4Yepe3 ag— Ha BOCBMOH TOpH-
3oHTanu, Torna (ay, az ..., as) OyneT HeKOTOpoOHl mMepecra-
HOBKOH H3 wumcen 1, 2, ..., 8 .(fiCHO, YTo Cpeil uHcea
ai, as, ..., Og HEeT HH OJHOH NMapnl ONHHAKOBBIX, TaK KakK
HHaue jiBe JaJbd nona/ju Gbl Ha ONHY H TY )Ke BepTHKaJbL).
O6patHo, ecau ay, as, ..., Gg— HEKOTOpas IepecTaHOBKA
uyncen 1, 2, ..., 8, To ell COOTBETCTBYeT HEKOTOpOE pacilo-

JOXEHHE Jajledl, NPH KOTOPOM OHH He MOryT OHTb Apyr
apyra. Hanpumep, Ha puc. 6 u306pa)keHO paclooXeHHa
Jajlefl, COOTBETCTBYIOLUX NepecTaHoBke 7 5 4 6 1 3 2 8,
TaxuM 06pasoM, YHCJ0 HCKOMBIX pPacloJioXkKeHu# najneft pas-
HO YHCJY NMepecTaHoOBOK umcena 1, 2, ..., 8, To ectb Pg Ho

P3=81=1.2-3-4.5.6-7-8=40320.
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3HAUMT, Jalbd MOXKHO pacloJIOXKHTh TpeGyeMEM o6pa3oM
40 320 crioco6aMH, .

TouHO TaK e [0Ka3blBaercsl, UTO Ha JOCKe u3 n 2opu-
gonTasell u-n esepruxaseil mowno nl cnocobamu pacnoso-
#urs Aa0bl TAK, 4TOGbL OHU He mozau bure dpye dpyaa.

CoBceM HHOH OTBeT noayuuiacsd Ovl, ecnH Obl JafbH 4yeM-
TO OTJAMYAMHChL APYr OT Jpyra — HMeJH pa3Hblil LBeT WJH
6LH  NepeHyMepoBaHe. B
3TOM cJyyae U3 KaXKJoro pac-
NMOJIOXKEHHAA  He3aHyMepoBaH- 4
HEIX Jajfedl mojayudred n! pac- ﬁ % /
MOJIOXKEHHH 3aHyMepOBaHHEIX % f/ 7 //
Jajiel — OHH ToJyvaloTes, ec-
JU TIpH TeX XKe 3aHATHIX Mo-
JSX BCeMH cnoco6aMH mnepe- % %
CTaBJATb JAPYr C JpyroMm n
aapel. TlosToMy moayuHmoch - g
661 (n!)? cnoco6oB pacnoJio- // 7
JKeHHs, TIPH KOTOPBbIX JajbH // ’///
He MoryT OUTb ApYyr Apyra.

K TOMY XK€ BbIBOLY MOX- Puc, 6.

HO TPHATH HHaue, NMPAMO HC-

nosab3ysl NpaBuHJO NpousBedeHus. IlepBywo Jalbio MOXKHO
noctaBuTh Ha Ji06oe U3 n? noJefi. EcaH BBIUEPKHYTH TO-
pH30HTaJb W BepTHKaJb, Ha KOTOphle MomaJja 3Ta Jaibs,
ocTaercs JOoCKa ¢ 7 — | rOpH3OHTaAsIMH H n — | BepTHKa-
JasMu, uMelomas (n— 1)2 nmoaei. 3HauuT, BTOpas JAaibd
Moxetr ObiTh nocraBieHa (n— 1)? cmoco6amu. TouHo Tak
JKe TpeTbsl Jalbsl MOXKeT ObITh MOCTaBjeHa (7 — 2)2 cnoco-
6amu u T. 1. Becero nonyuaem

n'-’(n_— 12... 2=(n1)?

crnoco6oB pacrnonoXeHus JaaaeH.
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JIuHremcTMueckue npodnembl

JIMHTBHCTaM — CHellHaJHCTaM MO XHBEHIM H MepTBhIM
A3BIKaM, YacTO MPHXOJAHMTCA pasraiblBaTh HaJMHCH, CAeNaH-
Hble Ha He3HaKOMHIX fi3bikaxX. [lpeamosmoxum, uto UM no-
Najcsl TEeKCT, HaNHCaHHBI NPH NOMOIIH 26 He3HaKOMHIX
3HakOB, JTH 3HakH ABAATCA OyKBaMH, H306pa’KalolUMH
KaXabi ofnuH u3 26 3BYKOB. CKOAbKUMU CROCODAMU MONCHO
COnOCTABUTL 38YKU 3HAKAM NUCOMA?
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PacnonoxumM 3Haky nucbMa B HeKoTopoMm nopsiake. To«
rla KaXAHi crnocob comoctaBseHus AaCT HEKOTOPYIO mepe-
CTaHOBKY 3ByKoB. Ho wu3 26 3ByKoB MOXKHO COCTaBHTb
Py =26! mepecTaHOBOK. A 3TO YHCJO NPHO/AH3UTENBLHO paB-
Ho 4.10%. Pasymeercsi, MpoBepHTb BCe 3TH BO3MOXKHOCTH
HemocuabHasi paboTa He TOJBKO [Jisl U€J0BeKa, HO H AJ4
3JIEKTPOHHOA BbIUHCAHTENbHOH MaliuHbl. [losToMy cTa-
palTCa YMeHbIHTb YHCAO BO3MOXKHOcTeld. HacTo ynaercs
OTAEJHTb 3HAKH, 0603HauawollKe ryacHule, 0T 3HaKOB, 060~
3HaYaloOIlUX COllacHble (TJlacHble yallle CTOSIT PAJOM C CO-
rJlaCHHIMH, YeM TIJacHble pSIOM C [JIaCHBIMH HJH CorJac-
Hble psAOM C COTVIACHBIMH, Habsojas, KakHe COueTaHHs
3HAaKOB Yallle BCEro BCTPEYAIOTCs, MOXKHO OTAENHTh 3HaKH
IJIsl TJIaCHBIX OT 3HaKOB AJsA CONjacHblx), [lpeamnosnoxKum,
4TO yAaJOCh HalTH 7 3HAKOB [1Jis1 IMlacHHIX H 19 3HaKOB
oasa coracHuX, IloacuntaeM, 80 cKO4bKO pa3 ymeHvulu-
AOCH 4UCAO BO3MONHOCTeH? 7 3HAKOB [1s1 TJIACHBIX MOXHO
nepectasasite Apyr c¢ gpyrom 7! crnocofamu, a 19 3HakoB
ans cornacHuix 19! cnocoGamu. O6iee uucao KoMOuHaUuT
paBHo 7! 19!, 3nauut, pabora yMenbiugach B 261/7! - 191 =
~650 000 pa3. Kouneuo, crano Jerue, #Ho u 7!- 19! — ru-
raHTCKOe YHCJIO,

Jlamee MOACYHTHLIBAKOT YAacTOTYy MNOSBJEHHS OTHENbHBIX
3HakoB. CpaBHHBasg 3Ty 4YacTOTY C 4aCTOTOH MNOSBJEHHS
6ykB B OJIM3KHX K JaHHOMY A3HIKaX, MOXKHO NPHUMEpPHO yra-
JaTh 3HaYeHHs HEKOTOPbIX 3HaKOB. [lpyrue 3Haku ynaertcs
HaliTH, CpaBHUB JaHHBbIA TEKCT C TeM XKe TEKCTOM Ha HHOM
A3blke (ApeBHHe LapH JMIOGUMH BEIlaTb O CBOHX «NOABHIaxX»
Ha HEeCKOJIbKHX fI3bIKaX).

[IpeanonoxuMm, uTo B pe3yabTate 3TOH pabOTH ONO3HA-
HO 4 rynacHuiX H 13 corsacHbix OykB. CKOJMBKO ellle OCTaerT-
csl Bo3MoxkHOcTel? SlcHo, uto 3!-61=4320. A Takoe uucjao
KOMOHHalHil yXKe MOXKHO nO MOPAAKY NPOBEPHUTb, HCMOJb<
3ys 3JEeKTPOHHbi€ BLIYHCAUTENbEBIE MAIIHHEL

C aHaJOTHYHBIMH TPYAHOCTSIMH BCTpevaloTcs H KpHITO-
JIOTH — CHEUHAJHCTHl 10 pacuingppoBKe KU/0B.

Xoposoa

Cemb Oegyuex 800aT x0po8od. CKOAbKUMU PA3AULHbL-
MU cnocobamu OHU MO2YT BCTATbL 8 Kpye?

Ecau 661 OHH CTOANIM Ha Mecle, TO MOJYUYHAOCH 6Bl 7!=
=5040 nepectaHoBox. Ho Tak Kak TaHLUYIOIHe KpyKaTcs,
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TO HX TOJIOXKEHHe OTHOCHT@/IbHO OKpPYXKaIOIIHX IIpeiMeToB
He CYLIECTBEHHO, a BaXXHO JIHIIb B3aHMHOE pacloJOoXKeHHe.
[To3TOMY MNepecTaHOBKH, Mepexoisllde APYT B Apyra npu
KpY’KEHHH TaHLOBLIML HalO CUHATATh OfMHaKoBbiMH. HO H3
KaXJ0f MepecTaHOBKH MOXKHO MOJYYHTL ellle IIeCTh HOBHX
nyTeM BpailleHHsl. 3HauuT, yHcao 5040 Hago pasaenuThL
ga 7. Mb noayuaem 5040:7=720 pasnnusbix mepectaHo-
BOK [IeBYILIEK B XOpOBOJE.

Boob1te, ecau paccMaTpHBaTh NEPECTAHOBKH n Mpef-
METOB, PaClONOXKeHHHX He B Psl, & MO KPYry, W CUHTATh

Puc. 7.

OJIMHAKOBBHIMH PaclONIOXKeHH s, NMePeXOoAsiliHe APYr B apyra
NpH BpAIllleHHH, TO YHCJIO PA3JHYHBIX MEPecTaHOBOK pPaBHO
(n— 1)1

A Tenepb cocuHTaeM, CKOJIBKO OXepesNHii MOXKHO COCTa-«
BUTb M3 7 pa3nHuHbix GycuH? [lo aHaJOrHH ¢ TONBKO YTO
pelleHHOH 3ajayell MOXKHO MNOAYyMaTh, YTO YHCJIO pasjHy-
HBIX OxKepeauii paBHO 720. Ho oxepenbe MOXKHO He TOJBKO
NOBEpHYTh MO KpYry, HO U mepeBepHy1b (puc. 7). IToatomy
OTBETOM Ha 3Ty 3ajauy fiBagetcs 720 : 2=360

MepectaHOBKK ¢ MOBTOPEHMAMM

Jlo cux mop Mbl mnepecTaBJsIH INpeiMeThl, KOTOphHe
6bl1n momapHo pasauydnl, Eciu Ke HeKOTOpble mepecras
BJsfemMble MpeJMeTsl OJHHAKOBLI, TO MOJYy4YaeTCs MeHblle
NepecTaHOBOK — HEKOTOPble NePEecTaHOBKH COBMNAJAIOT APYT
¢ apyrom. '
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~ Hanpuwmep, nepecrasiisisi’ GYKBH CJI0Ba «MapT», MBI 10-
JyuuM 24 pasaHuHble MepecTaHOBKH!

MapT paMT MTpa pTMa
MaTp MTap paTM  pTaM
MpaT pMaT pMTa  MprTa
TpaM TMap aMTp apT™
TapM  aTpM  atMp  TaMp
aMpT  apMT TpMa  TMpa

A ecnu BMecTO C/lOBa «MapT» B3fIThb CJOBO «MaMa», TO
BO BCeX BbIMHCAHHBIX NMepecTaHOBKax HaJno OyleT 3aMeHHTh
«p» Ha «M>» H «T» Ha «a»., IIpu 3TOM HeKOTOpHE M3 HalLIHX
24 nmepeCTaHOBOK OKaXyTcsl OAHHaKOBhIMH. Hanpumep,
CTOfIIlHe B NEPBOH CTPOKE NMepecTaHOBKH MapT, paMT, MTpa,
pTMa NpPH 9TOH 3aMeHe HaJyT OJHO H TO XKe CJOBO «MaMa»,
TouHO TaK Ke BCe YeTblpe NMepeCcCTAHOBKH, HAMHCaHHBIE BO
BTOpOH CTPOKe, AAAyT CJAOBO «MaaM». Boobule, Bce 24 me-
pecTaHOBKH pa3OHMBAIOTCSl HA YeTBEpPKH, KOTOpble NMpH 3a-
MeHe «p» Ha «M» H «T» Ha «a» [JaloT OAHH H TOT XKe pe=
3yabTaT, B Tabauile 3TH mnepecTaHoBKH CTOAT B OJAHOH
ctpoke. IloaToMy uHcl0 pasjHUHLIX NEPeCcTaHOBOK, KOTO«
pble MOXHO CHeNaTh H3 CJ0Ba «MaMa», paBHO 24:4=6,
Bot ouu

MaMma, MaaMm, MMaa, aMaM, aaMM, aMmMa.

O6uas sagaua (opMmyaupyercs caeAylOllHM obpa3om:
Humewrca npedmers. k paszauunsix tunog. CKOAbKO ne-
peCTaHOB80K MUNHO cOenaTs U3 ny 3NeMeHTO8 nepso2o Tuna,
Ny 3/eMeHT08 8TOPO20 TUNG, ... Ny d1emeHT08 k-20 Tuna?
YHcI0 3/M1eMeHTOB B KaXK[Io# MNepecTaHOBKe PaBHO f=
=m+ne+ ... +n, Ilostomy ecau 6bl Bce 3JeMEHTH GblaM
pasnuyuHBl, TO YHCJAO NMEpecTaHOBOK paBHsjock 6w nl. Ho
H3-3a TOTO, YTO HEKOTOPbie 3JeMEHTH COBNafaioT, MNOJY-
YHTCS MeHblllee YHCIO mepecTaHOBOK. B caMoM. pede, BO3b-

MeM, HanpHMep, ePecTaHOBKY
aa ...a bb...b ... xx...Xx, 4)

[ —
my ny Ry

B KOTOPOH CHayajla BHIMHCAHBI BCe 3JeMEHThbl MepBOro THma,
NOTOM Bce 3JeMeHThl BTOPOTO THNA, ..., HAaKOHell, Bce 3je-
MEHTHl k-TO Thia. DleMeHThl NMepBOro THMA MOXHO INepe-
CTaBJaATL APYr ¢ Apyrom my! cmoco6aMu. Ho Tak kak asce
9TH 3JIeMEHTHl OJMHAKOBBI, TO TaKHe NePeCTAaHOBKH HHYero
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He MeHAI0T. TOUHO TaK )Ke HHYEro He MeEHAIOT 7! mepecras
HOBOK 3JI€MEHTOB BTOPOTO THNA, ... Ax! NepecTaHOBOK aJe+
MeHTOB k-ro Tuma, Hanpumep, B mnepecTaHOBKe «MMaa»
HHYEro He H3MEHHTCS, €CH MBI NepecTaBHM MNepBhIA aJje«
MeHT CO BTOPEIM, HJIH TPETHil ¢ YeTBepThIM.

- IlepecTaHoBKH 3J€MEHTOB NepBOro THMa, BTOPOro THIA
H T.J1. MOXHO feJaTb He3aBHCHMO JApyr ot japyra. [lostomy
(no mpaBuJly NMpOM3BeJEHHs) 3JEMEHTH NepecTaHOBKH (4)
MOXKHO NepecTaBjfTh APYr ¢ JApyroM mlnp!...ng! cmoco-
6aMH Tak, YTO OHa ocraeTcs HeusMmeHHoil, To xe camoe
BEPHO U [Jg J1060ro APYroro pacrojoXKeHHs 3JeMEeHTOB.
[TosToMy MHOXecTBO Bcex n! mepecTaHOBOK pacnajgaercs
Ha YacT, cocrosiiue us mlny! ... ny! OAHHAKOBHIX NMepecTa«
HOBOK KaXjad. 3HaudT, YUCJO pPasJHYHBIX IepeCTaHOBOK
C MOBTOPEHHSIMH, KOTOPble MOXKHO cjle/1aTh U3 JaHHEIX 3Jies
MEHTOB, paBHO |

n
p(fll,flz, ey nk)=ﬂ1!ﬂ2!-.-ﬂk! 4 (5)
rae, HANOMHHM, n=n+ N2+ ... =+ fn.

IMoawsysice dopmynaoit (5), Jerko OTBeTHTb Ha BONPOC:
CKOAbKO nepecTanosox MoxcHo cdearatv u3 6yxs caosa
«Muccucunu»? 3aech y Hac ofHa OYKBa «M», yeThipe Oyk-
Bbl «H», TPH GYKBH «C» M OfiHa GYKBa «m», a Bcero 9 GykB.
3Hauut, no dopmynae (5) uuca0 NepecTaHOBOK PaBHO

91
P(4, 3; 1; 1)=m=2520.

‘AHarpammpl

Ho XVII cronerns nouTn He OBbJIO HayYHBIX XKYpPHaJIOB.
YueHble ysHaBaJH O TPYAax CBOMX KOJJIer HJIH H3 KHHT,
HJIH M3 YaCTHBIX MHCEM. DTO CO37aBajo GoJbllHe TPYAHOCTH
npH onyGJHKOBAaHHH HOBHIX Pe3yJabTaTOB — Bejb NneuaTaHHE
KHHT 3aHHMaJo Liesble TOfbl, a8 HamucaTb O CBOEM OTKpHI-
THH B 4acTHOM NHcbMe ObLIO PHCKOBaHHO — He POBeH uac,
KTO-HHOY/Jb TNPHCBOMT JOCTH)XXEHHe, H NOAH JOKasblBafl,
YTO OH He caM TPHAyMaJ, a y3HaJ H3 NMOJYYeHHOro MHCbMa.
A MorJIo cayYHTbCS, YTO MOJydaTelb NMHCbMa JOJrO AyMal
Haj TeM JKe BONpPOCOM, HallleJl ero pellieHHe, H NHCbMO HH-
uero HOBOTO eMy He OTKPLLIO — OH caM co0HpaJjcs Hamlu-
caTb KoJljlere aHaJOTHYHOe coobLIeHHe.

H3-3a 3Toro uacto BO3HHKaAH CHOPHl O NPHOPHTETE.
Eme B konme XVII crosetns wau Joarke cnopsl o
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npuopurere Mexay HeioronoM u JlefiGuuuem (0. TOM, KTO
nepBblii OTKpHJ JAH(depeHLHalbHOE H HHTerpajbHOe HC-
yucaedns), Mexay Heiotonom n I'ykom (kto nepsuiii cdop-
MYJIHPOBaJ 3aKOH BCEMHUPHOrO TATOTEHHS) H T. A.

A B ApeBHOCTH ApXMMeAy NpHILIOCH AaXe NYCTHTLCHA
Ha xutpoctb. Korga HekoTopble ajeKcaHAPHICKHE yueHble
NPHCBOMJH ce6Ge ero pes3yasTaThi, O KOTOPHIX y3HaJaH H3 IO-
JIYUEHHLIX OT HErO MHCEeM, Oll HalHcaJ HM ellle OJHO MHCbMO.
B Hem copepxajucb coBepLIeHHO 3aMeuaTesbHble @op-
MyJabl A8 njouiafell 4 o6beMOB HEKOTOpHIX (Hryp. AJiek-
CaHJpHALLI CHOBA CKa3aJH, YTO 3TH GOPMYJbl OHH AaBHHIM-
JAaBHO 3HAIOT,” H HHYEro HOBOrO HM Apxumen He cOO6LIHI.
Ho Tyt BHIsicHH/OCh, uTO ApxHMesn mnofiMas HX B JOBYLI«
Ky — cooOllleHlble B NMHcbMe (OPMYJbl ObliM HeBepHbIMHU!
Jas toro 4ToOB M MpPHOPHTET OOECNeYHTh, H He AOMYCTHTb
NpexJeBpeMeHHOA OrJIacCkH JOCTHTHYTBIX  pe3yJbTaToB,
yueHHe B KpaTkoil ¢pase ¢popMyJHPOBaJH CYTb OTKDHITHA,
a MOTOM NepecTaBasyd B liefl GYKBbl H INOCHIIAJH TMHCbMO
C mepecTaBjeHHHIMH GYKBAMH CBOHM KoJaJjeraM. Takue Tek-
CTHl C TNepecTaBleHHBIMH OYyKBaMH HashIBaIlOTCA anazpam-
mamu. Hanpumep, cioBa «IyHKa» H «KyJaH» — aHarpaMmbl.
Korga e nmneyarajsach KHHra ¢ MOAPOOHBIM H3J0XKe-
HHEM pesyabTaTa, B Hell pJaBanach pacliipoBKa aHa-
rpammbl. K amarpamMMam npubéraii H B NOJUTHYECKHX
cnopax. Hanpumep, nocne ybuiictBa ¢ppaHIy3cKoro Koposs
I'enpuxa Il us umenn ero y6rituni frére Jacques Clément
(6par XXak Kueman) cocrasuau anarpammy Clest I'enfer
qui m'a créé (MeHs co3pana an). IIpoTHBHUKH KopoJasa He
ocTanuch B foary u u3 ero umenun Henri de Valois (AHpu
ne Baaya) cocraBunn anarpammy Vilain Herodés (Kpo-
noBa Mmepsoctb). Korpa Xpucruan Tofirenc (1629—1695)
OTKPHLI Koablio CaTypHa, OH COCTaBHJ aHarpaMmMy

aaaaaaa, cccce, d, eeeee, g, Ch, ddiiG, U mm,
nnnnnnnnn, 0000, pp, g, rr, S, ({ttttt, uunau.
Ecan moctaBuTh B Hell GYKBBHI B HYXXHOM INOPSAJAKE, TO MO«

JYYUTCA TEKCT
«Annulo cingitur temui, plano, nusquam cohaerente,
ad eclipticam inclinato».

(«Okpy»KeH KOJbLOM TOHKHM, IJIOCKHM, HHTAE He TNOJABe<
IIEHHBIM, HAKJOHHBIM K 9K/JIHNTHKE».)
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Opnako He Bcerja aHarpaMMbl NMO3BOJIAJIH COXPaHATH
rafiny. Koria toT ke TiofireHC OTKpbI MepBHil CNYTHHK
CatypHa (Tutan) u Hawen, uto BpeMsa ero ofpalleHus
BOKPYI' NJaHeThl paBHO 15 AHAM, OH COCTaBUJ MO 3TOMY
TMOBOJAY aHarpamMMy H 1ocjana CBOUM KoJjueraM. OgHakKo
ofMH K3 HHX, Banauc, Goabliofi MacTep B paciuindpoBke
TafiHOMUCH, pasrajaft 3Ty aHarpaMMy H COCTaBHJ MO 3TO+
"My TNOBOAY CBOI0 aHarpaMMy, KoTopywo mnochaan [iofireHcy.
Koraa yueHble oOMeHsMCh pasrajKaMH aHarpamM, TO NG~
JyuuJoch Tak, uto 6yaro Owl Baaauc eute go [ofirenca
caenan 1o e camoe otkpeitHe. Ilorom Banauc nmpusnast-
csl, YTO OH TOIIYTHJI, YTOOHB AO0Ka3aThb 6eCnose3HOCTh aHa-
rpaMM B Jene taiiHonucH. TlolireHc, ojHako, He OLEHK
3TOH LWIYTKH H paccepusics...

IosxcunTaeM, CKOJIBLKO Hago GbLIO cAenaTh nepeCTaHo-
BOK, YTOObI JONTH MO MCTHHHOTO CMbiC/a mepeofl aHarpaM-
mbl ['ofirenca. B aty anarpammy BXoauT 7 OykB a, 5 GyKB
¢, 1 6ykBa d, 5 OykB ¢, | 6ykBa g, | OykBa h, 7 OykB i,
3 GykBH I, 2 6ykBEl m, 9 GykB n, 4 6ykBH 0, 2 GYKBH p,
1 6ykBa ¢, 2 6ykeul r, 1 GykBa s, 5 6ykB { u 5 6YKB u,
a Bcero 61 6ykBa. 3Hauut, no ¢gopmyae (b) moayuaem

61!
TSB! IITE 713121914120 1121115!5!

nepecTaHOBOK. DTO 'POMajiHOe YHCJO MPHMeEpHO paBHo 100

C 3agauveit nepe6opa BcexX 3THX NMePECTAHOBOK 3/JEKTPOH-
Hasl BBIYHC/AMTE/NbHAs MaliHHa, JeJalollasi MHJJIHOH oOre-
pauuii B cCeKyHly, He cnpaBuiach OB 3a Bce BpeMs cylle«
ctBoBaHHA CoJHEYHOH CHCTeMHL.

B kakKoM-TO CMBIC/Je 4eJOBeKYy Jerue peliHTb 3Ty 3a-
Jauy, ueM MaunHe, Beab uenosek 6yner GpaTh He Bce
nepecTaHOBKH, a TOJBKO Te, B KOTOPHIX MOJYYaIOTCA OCMBIC-
JeHHble cJ0Ba, GyAeT yuuThIBaTb Mop@osordueckHe npa-
BWIa H T.H. DTO CHJIbHO COKPATHT YHCAO HeoOXOAHMBIX
TOMBITOK, A camoe rJaBiloe —OH TPHUMepPHO 3HaeT, Haj
KakuMH BonpocaMH AyMmMaa ero koppecnonfeHT. Ho Bce
paBHO moJyyYaeTcs oueHb rpoMo3fikas pabora.

Coueranns

He Bcerna mac unTepecyeT nopsijok, B KOTOpOM pacrno-
JaraloTcs sJeMeHTh. Hanpumep, ecau B monyduHaje neps
BenctBa CCCP no maxmartam ydacTByloT 20 uesoBex,
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0P~ - 46 MECTO + 204KA |

a B (HHaAJ BBHIXOAAT JHLIb TPOE, TO NOPSAAOK, B KOTOpPOM
pacnosaraetcsi mepBasi TpoiiKka, He CyIIeCTBEH — XOTb Tpe-
TbUM, a JHlb Obl BHIATH B ¢HuHaA! Beab ObiBanu cayuaH,
urto yemnuoHoM CCCP craHOBu/ICS LIaxMaTHCT, 3aHABLIHK
B nosny(HHaNe He caMOe BHICOKOE MECTO.

Touno Tak ke mpu nposefeHnn nepsencrsa CCCP mo
(yT60J1y BLICIIYIO JHTY, COCTOALLYIO U3 17 KOMaHA, AOJKHBL
6bIIH NOKHHYTh KOMaH/[bl, 3aHsBIIHE NMOC/AeJHHE YeTHpe Me-
cra. M cnabuiM yTeumieHHeM MOTJIO CAYXKHTb TO, YTO KOMaH-
fa 3aHsana 14,a ne 17 MecTo — BCe pPaBHO NpHAeTCH nepedTH
BO BTOpOil SlIENOH. '

B Tex cayuasix, Kora Hac He HHTepecyeT MOpPSAOK 3Jje+
MeHTOB B KOMOHHAaIMH, a HHTepecyeT JHUIb ee cOcTaB, ro-
BOPAT 0 coueraHusnx. Hrak, k-coueranusmu u3z n aremen-
708 Ha3blBAIOT BCEBO3MOXHBIE K-pacCTAaHOBKH, COCTaBJ/IEH-
Hble H3 3THX 3JeMeHTOB M OTJHYaiollHecss APYr OT Apyra
COCTaBOM, HO He TNOPSAKOM 3jJeMeHTOB. YUncmo k-couera-
HHUH, KOTOpble MOXKHO COCTaBHTb H3 N 9JeMeHTOB, 0603Hu-

yaior uepes Cr.

®dopMyna Aas uMcJaa cOYeTaHHil JIETKO MoJydaeTcs H3
BLIBEJCHHOH panee GopMyJbl AJs ukcaa pasMelieHuil. B ca-
MOM jeJse, COCTaBHM CHauyajaa Bce k-coueTaHHs H3 n aJje-
MEHTOB, a NMOTOM INEpPecTaBUM EXOASILIHE B KaxKAOe coueTa-
HHe 3JeMEHTH BCceMH BO3MOXKHBIMU cnocobamu. [Ipu atoMm
nonyyatcss Bce kR-pasMellileHHsl M3 71 3JIeMEHTOB, NpHYEM
KaXjoe TOJBKO mo ofHOoMy pasy. Ho u3 kaxpgoro k-coue-
.TaHHSl MOXHO cjJenaTb k! NmepecTaHOBOK, a YHCJO 3THX €O~

. k
yetanuii pasuo Cp. 3Hauut, cnpaBemiusa QopMmynaa

k! Ch= AL
M3 stoft hopMyabl HAXOAHM, UTO
A% n!
2 n__
¢ =R T =0Tk (6)
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3aMeuareqbHO, 4YTO BbIBeJeHHas ¢dopMysna coBmajaer
¢ ¢dopMyJofi A5 uHcaa NMepecTaHOBOK M3 K 3JeMEeHTOB O/«
HOrOo THNa U 1 — k 371eMeHTOB BTOPOro THNa:

P(k, n—F) nt

=Ea—»n!"
HUHBIMH CJIOBaMH,
Cﬁ=P(k, n—k). )

DTo paBeHCTBO MOXHO JOKasaTh H HENOCPeACTBEHHO,
He npuberass kK QopMmyne uncaa pasmeuieHuil. Jas aToro
MOCTAaBHM MO MOPAAKY BCe 1 3JEMEHTOB, H3 KOTOPHIX €O~
CTABJAAIOT COUeTaHHd, H 3aliudpyeM KaxKioe COUeTaHHe
n-paccTaHoBKO# HyJe#l u eaunul. VIMeHHo, ecnn HeKoTOPBIH
9JIeMEHT BXOAMT B COYeTaHHe, TO Ha ero Mecre nuumeMm |,
a ecau OH He BxoAuT, To muumeM 0. Hanpumep, ecan co-«
CTaBJAIOTCA coueTaHus H3 GykB a, 6, B, T, ., €, XK, 3, U, K,
TO coueTaHHo {a, B, €, 3, H} COOTBETCTBYyeT pacCTaHOBKaA
1010010110, a paccranoBke 0111001001 —co-
yetanue {0, B, I, XK, K}. SIcHO, 4TO MpH 3TOM KaxKJoMy k-co-
YeTaHHIO COOTBETCTBYET PAacCTAHOBKA M3 B efHHHU H n — R
HyJell, a Ka)Xao# paccTaHOBKe M3 kB eAMHHI H n — Rk HyJeli
COOTBETCTBYeT HEKOTOpOe k-coueTaHue, MPUYEM PasIHYHbIM
paccTaHOBKaM — pasjHuHble k-coueraHus. OTciofa H cje-
LyeT, UTo 4Hca0 k-coueTaHHil H3 7 3JeMEHTOB COBnajaer
€ YHCJIOM NepecTaHOBOK H3 2 3/1eMeHTOB OJHOro THmna (eu-
HHL) H 7 — Rk 3JEMEHTOB ApYyroro THma (HyJefl).

[1pumensas ¢opmyay (6), Jerko peuruTb 3ajgauH, O KO-
TOPbIX TFOBOPHJIOCH B HauaJe 3TOro myHKTa. Hucjao pasauy-
HEIX MCXO/O0B noJy¢HHaja WaXMaTHOTO MEPBEHCTBa AaeTcs
topmyaoifi

201
31171

Cih= = 1140.

Uhcno ke pasiMUHBIX «I€YaJbHBHIX» HCX0JA0B (PyTOEONBLHOrO
NEePBEHCTBA PABHO

Ch=pis7 = 2380.

Bort eue 3anaua Ha coyeTaHus:

CKoabkumu cnocobamu MOMHO NOCTABUTL HA WAXMAT-
HYyw docky 8 nadedi? B oTanuue OT 3a1ayH, pacCMOTPEHHOM
Ha cTp. 34, 3mech He HaJjaraeTcd YCJAOBHe, UTO JajbH
He moryT OuTb apyr apyra. Ilostomy uam Hajgo mpocto
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BHIGpaTh M3 64 KJETOK MaxMaTHOM NOCKH JoGble 8 KJETOK.
A 310 MOXeT GHITb clleNaHo

Chim ot — 4 328 284 968

cnoco6aMH.
Touno Tak ke JoKasbiBaercs, YTO Ha AOCKe H3 m TroO«
pusoHTaJdefl U n BepTHKanel k jageil MOXHO NMOCTaBHThb
Ct — (mn)!
mn = EY (mn— k)1
cnoco6amii,

Ecau xe craBuTh He R OJMHAKOBHIX Jafnel, a kB pas+
JUYHBIX (UTYD, TO YyKe HMeeT 3HaueHHe, Kakas ¢urypa
Kyfa mocTaBleHa. IlosToMy 3gech mosyuaTcsi He coueTa-
HH, a pa3MellleHHs, U OTBeT AaeTcs dopMyaoit

e ___ (mn)!
Ann= (mn— k)"

FeHy33ckas nortepes

B mpouuible Beka npouBeTasa Tak HasbiBaeMas eeHyd3-
cKas A0Tepes, COXPaHHBIUAsCHd B HEKOTOPHIX CTpaHax Jo
cux nop. CyTb ee 3akJjioyasach B cJAeAyIOLIEM. YUYacTHHKH
JIOTepeH MOKynaJu ‘6uJeThl, HA KOTOPLIX CTOSIJIH uHcjaa oT 1
J0 90. MoxHO OblIO KYNHTb H GHJETHl, HA KOTOPBIX OblJIO
cpasy JABa, TPH, YeTbipe WJM NATb uHce]d. B jeHb poshl-
rphillia JOTepeH H3 MelliKa, COAepIKaBLIEro XKeTOHbl C YHC-
aamu ot | jgo 90, BHIHHMaJaH NATh XKeTOHOB. BHIUrpHBanu
Te, Y KOTOPHIX Bce yHcaa Ha OuJere GbIH CpeAH BBIHY-
Toix !). Hanpumep, ecnn Ha Guiere Gblan uncaa 8, 21, 49,
a BBHIHYTHIMHM OKasaJjuch uuciaa 3, 8, 21, 37, 49, 1o GuJaer
BLIMIPBLIBAJ; €C/IH K€ BBIHYTEIMH OBbiJIH, CKaKeM, uHcaa 3,
7, 21, 49, 63, To GuaeT mpoOUrpLiBaJ ~— BeJb uicaa 8 cpefu
BHIHYTHIX He 0Ka3aJ0Ch.

Ecau y4acTHHK JiOTepeH MOKyna,j OHJeT ¢ OJHHM YHCe
JIOM, TO OH MOJAY4YaJ HPH BbIMCpHILe B 15 pa3 Goaslie ¢TOH«
MocTH Oujera — ecaH ¢ JByMs udacjiaMu (am6Go), To B
270 pas Goablie, ecH ¢ TpeMs yucaaMHu (TepH), To B 5500

1} BupousMeHeHueM 3TOM JIOTEPEH fBJASETCS PACPOCTPAHEHHAA HI-
pa B JIOTO — 3/1€Cb TOXKe Y4acCTBYIOT «6OUOHKH» ¢ uHcaaMH oT 1 mo 90,
a Ha KapTOuYKax y HTPOKOB HamevyaTaHBl 3 pAja Mo 5 uHcesa B KaXAOM
paay. 3anonHenne 4 uHces YacTO HA3HBAIOT «KBAPTHPa», YTO fABJASETCS
HCKaXKeHHEeM CJI0Ba «KaTepH»,
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pas Gosblle, ecaH C 4YeTHPbMS uYHCJAaMH (KaTepH) — B
75000 pa3 Goablie, a ecqd ¢ NMATbIO 4HCAaMH (KBHH), TO
B 1 000 000 pa3 Goablue, yeM CTOUMOCTb OHJIeTa,

MHorude JM0AH nbITaldHch 060raTHTLCA, YYacTBYd B 3TOH
JoTepee H CTaBsl B KaxAOM PO3bIrphille Ha TepH HIH aMbo.
Ho moutH HHKOMY He yjajJoch 3TOro cheaaTb — JoTepest
6blla paccumiaHa Tak, YTOOB B BLIMIDHILIE OCTaBaJHCh €e
ycTpouTenu 1),

Yr1o6bl NMOHATH, B YeM Aeso, nonpobyeM COCUMTATh, Ka-
KOBO OTHOWIEHHE «CUACTJIHBHIX» HCXOJOB JIOTEPEH K O0lLeMy
YHC/JAY €e MCXOLOB NMPH pasiuyHBIX cnocobax urpel. OGiuee
YHCJIO HCXOAOB JIOT€PeH cpasy HaxoAuTcs no dopmyae (6).
Benr u3s memka ¢ 90 XeToHaMM BBIHHMAaWOT 5 KETOHOB,
npHYeM HX NMOPAA0K He Hrpaer HHKako# pouu. [MonyuamoTes
coyeTanus M3 90 aJeMEHTOB Nmo 5, 4HCAO0 KOTOPHIX PaBHO

C) ! _ 90.89.88.87.86
0751851 —  1.2.3-4-5

[MpeanonokuM Tenepb, YTO YYACTHHK JOTEPEH KYIHJ
OuJgeT ¢ OZHHM HOMepoM. Bo CKOJBKHX cl1yyasix OH BBIHI=
paet? [ns Buiurpeiia Heo6xoauMo, 4TOOB OJAHH H3 BBHIHY+
THX HOMEpOB cOBHaj ¢ HomepoM Ha Oumere. OcrajbHble
Ke 4 HoMepa MoryT ObiTh JM0OBIMH. Ho 3TH ueThipe HOMepa
BeIGupaloTc M3 ocraBunxcss 89 Homepos. [Tostomy uHcao
6saronpHaTHEIX KOMOHHAUHUH Bripaxaetrcs QopMyJoi

89.88.87 -86
Co=—T537

1) IMepexxuBatiHg YYaCTHUKOB JIOTEPEH SPKO OIHCAHBI HTAJbSH-
cKoft nucatenbHuuefi Martuabpoit Cepao B HoBesse «Po3bIrpbil Jo-
TepeH», cM. KHHry ¢Mransanckue Homeasnw 1860—1914 rr.», TUX/JI, 1960,
crp. 226—250.
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Orciofa caefyer, YTO OTHOUIEHHe uHcaa O6JaronpHATHBIX
KOMOHHAIMH K ofuleMy 4Hcay KoMOHHaLMil paBHO

Ch 5 1

Cy% 90 18"

3To, NpHMEpPHO, O3HAuyaeT, YTO HTPOK OyaeT BLIHTPHIBATDH
OJMH pa3 u3 BoceMHaauatTH. MHbIMH cloBaMH, OH 3amJaTHT
3a 18 OuneroB, a BuHrpaer Jjumwb B 15 pa3 Gosabuwe crou-
MOCTH OJHOro OHjeTa — lleHy Tpex OHJIETOB MOJOXKaT B
KapMaH YCTPOHTENH JIOTepPeH.

Pasymeercs, He cleayer AyMaTb, 4TO H3 Kaxabix 18 pas urpox
BLIMIPAeT B TOYHOCTH OAHH pas. MHoria MexAy ABYMA BBIHIPHILIAMH
npofiner 20 mam 30 THpaXeil, a HHOTAA yJAacTCAd BHIHTPaTh H B ABYX
THpaxax moapsaa. Peub miaer o cpeiHeM uHcie BBIMIPbIMedl 3a GOMbLION
NPOMEXYTOK BpPEeMeHH HJH NpPH GoJbiOM uHCHe YyuacTHHKOB. HHaue
MOXHO CcAelaTb OWHOKY, KOTOPYIO TNpPHNHCHIBAIOT OAHOMY Bpauy. Ou
cKasan manueHTy: «Y Bac Goaesns, or KoTopoit Bb3aopaBauBaer 1 ue-
goBek H3 10. Ho npeawiaymue 9 GonbHBIX, KOTOPBIX f JedHa OT 3TOf
Gonesun, ymepaH. 3nauHT, Bel 06s132TenibHO BHI3TOpOBeeTe!»,

A Tenmepb mojcuxTaeM IaHCH NMpH Hrpe Ha aM6o. 3aech
yKe HYXKHO, YTOObl JBa 3araJaHHbLIX HOMEpa BOWIJIH B 4yc-
JIO BBIHYTHIX W3 MelIKa, a OCTaJbHHE TPH HOMepa MOryT
OBITh JIOOBIMH, TaK KakK HX MOXXHO BHIOpAaTb U3 OCTaBLIHXCS
88 HOMEpOB, TO UHCJAO «CUACTIHBBIX® HCXOJIOB IIpH urpe
Ha amGo gaercs ¢opmyJoi

88.87.86
Co= 1.2.3 '
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OTHOWIEHHE K€ YMCJAd «CUACTIHUBHIX® HCXOA0B K Oﬁ[l.lEMY
YHCJY HCXOA0B PAaBHO

- Bmech yxe u3 801 HCXO4a TOMBKO [Ba NMPHBOJAT K Bbi«
urpbitny. Ho Tak Kak Beiurpum Juwb B 270 pa3 Gosblue
CTOUMOCTH OHJeTa, TO H3 Kaxiablx 801 OunaeroB «amOo»
neHy 261 Oujera KJaadyT B KapMaH YCTPOUTENH JOTEpeH.
SIcHo, uTo Mrpa Ha amGo elle MeHee BHITOJHee yYacTHHKaM,
YyeM Hrpa Ha <NPOCTYIO OAHHOUKYY.

CoBceM yxke HEBBHITOJHBI HTPHl HAa TEpH, KATepH H KBHH.
[Ipu urpe Ha TepH OTHOWIEHHEe YHCJAa OJATONPHATHHX HC+
XOMOB K UHCJY BCEX HCXOJ0B PaBHO

Ch, 345 1
€3, 90-89-88 ~ Ti74s’

IIPH UTrpe Ha KaTepH
Cis 2.3-4-5 1
C3  90-89-88.87 511038

H NpH Hrpe Ha KBHH
1 1.2.3.45 1
Cl  90-89-88.87.86 43949268

[TaataT xe BuHMrpbiBlMM Juwb B 5500, 75000 u 1 000 000
pa3 Gosabwe. [MoxcuutaiiTe caMH, KaKOBH nOTepu y4acTHH~
KOB JIOTEPEH NPH 3THX YCJOBHSX.

Moxynka NUPOXHBIX

B rondurepckom mazasuume npodasaruce 4 copra nu-
POXCHLIX! HQNOAEOHbL, 3KAepbl, necoitoie u caoenbie. CKONLb-
KUumMu cnocobamu MOXHO KYnuto 7 NUpOXHbIX?

JTa 3ajaua UMeeT HHOH BHA, YeM Te, KOTOPHIE MBI yXe
pewanu. OHa He sABJAseTcs 3ajauell Ha pa3MelleHHs C MO+
BTOPeHHSIMH, TaK KaK MNOPSAOK, B KOTOPOM YKJaJbBalOT
NHPOXKHbE B KOPOOKY, HecylllectBeH. [lostomMy oHa G.H-
e K 3ajauam Ha coueraHus. Ho or 3ajmauy Ha coueranus
OH4 OTJHYAETCA TEM, YTO B KOMOMHAlUHH MOTYT BXOIHTb
NOBTOPAIOLIKECH 3JeMEHThl (HalnpuMep, MOXHO KYTHTh
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7 skaepoB). Takue 3ajaud Ha3blBAalOT 3ajayaMu Ha couera-
HUA ¢ NOBTOPEHUAMU.

Uro6bl pelwTh Hawy 3ajauy, NOCTYNHM C/eLyIouHM
o6pasoM. 3awmuppyeM KaxAylo NOKYNKY C MOMOIULLIO HyJel
¥ eaunuu. VMeHHO, cHauaja HamHuweM CTOJbKO eIMHHUIL,
CKOJIBKO KYIUICHO HaroseoHoB. [TotoM, 4ToOnl OTAENHTH Ha-
MOJEOHBl OT 3KJEPOB, HANHIUEM HYJAb, 4 34TeM — CTOJNbKO
e[MHHUI, CKOJIBKO KYyIJIEeHO 3KJepoB. Jlajee CHOBA HanuuleM
Hyqb (ecau He GBbLIO KYNJEHO HH OJHOrO 3KJepa, TO B 3amni-
CH TIOABATCA ABa CJedyIOWKX ApYyr 3a ApyroM Hyas). [la-
Jiee HaNHIIEeM CTOJbKO eJHHHIL, CKOJIBKO KYIJIEHO MEeCOUYHBIX
NMUPOXKHHIX, CHOBA HAaNHIIeM HYyJb, H HaKOHel, HalHUICM
CTOMLKO €AHHHI, CKOJBKO KYIUIEHO CJO0€HbIX TNHPOXKHbLIX.
Hanpumep, eciu KynsneHo 3 HanoseoHa, | skJaep, 2 necou-
HbIX THPOXKHBIX H | cJ0eHOe, TO MOJYYHM TaKylo 3alHCb:
1110101101, Ecau Xe KymjieHo 2 HanoJeoHa H D NEeCOYHLIX,
TO noayuutca 3anucb 1100111116, SIcHo, uTo pasHLIM MO-
KYNKaM COOTBETCTBYIOT NpH 3TOM pa3Hble KOMOHHalHH H3
7 enuaun 1 3 myneit. O6paTHO, KaXKA0A KOMOUHAUUH 7 elu-
HUI M 3 HyJedl COOTBeTCTBYeT KaKas-To mokynka. Hanpu-
mep, komGuHanuu 0111011110 eooTBeTCTBYCT MOKYyNKa 3 3K-
J1epOB H 4 TMeCOYHBIX NMHPOXKHBIX.

Takum oO6pasoM, YHCJAO pa3J/HYHBIX TOKYNOK paBHO
YHCJY MEePECTAHOBOK C MOBTOPEHHSIMH, KOTOpHlE MOXKHO CO-
CTABUTb U3 7 eIHHHNI H 3 HyJefl. A 3TO uHCJI0, Kak ObLIO
nokasaHo Ha ctp. 39, paBHO

101 10-9.8

K ToMy e caMOMY pe3y/bTaTy MOXHO Obl1O OBl NpHii-
TH U MHBIM nyTeM. MMeHHO, pacnoJiOXXHM B KaXXJoH NOKyn-
Ke MHpOXHblE B TaKOM NOpsJKe: HaNoJeoHbl, 3KJephl, Iec-
COUHble W CJOEHble, a NOTOM INepeHymepyeM HX. Ho mpu
mymepauud OyneM K HoMepaM 3KJAepoB npubasasth |,
K HOMepaM NeCOYHbIX — 2 H K HOMEpaM CJOEHBX NHPOX-
Holx —3 (a K HOMepaM HaNOJeOHOB HHYero He. Oyaem
npnbaBasATtb). Hanpumep, nycte KymieHo 2 HamoJeoHa,
3 aknepa, 1 necouHoe u 1 cinoeHoe mupoxKHoe. Torpa. stn
NUpOXHble HyMepyloTes Tak: 1, 2, 4, 5, 6, 8, 10. fcuo, uto
caMblii OosblION HOMep mnpH 3TOoM paBeH 10 (mocaerHee
C/10eHoe MNHPOXKHOe mosydacT HoMep 7+4+3=10), a camuiil
MaJIeHbKHH HOMep paBeH | (3TOT HOMep ToOJy4yaeT NMepBhLi
HanoJieoH). [Ipu 3TOM HH OAIH HOMep He nosropsetcs. O0-
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paTHO, Kaxoll Bo3pacralollefi NocaefoBaTeNIbHOCTH 7 UM+
cea oT 1 po 10 coorBeTcTByeT HeKOTOpas NMOKynKa. lHanpu-
Mmep, mocaefoBaTeNbHOCTb 2, 3, 4, 5, 7, 8, 9 cooTBercTByer
IIOKYTIKe M3 4 3KJAepoB M 3 MECOYHBIX MHUPOXKHHIX, UTOOLI
yOeIHTbCsI B 3TOM, HAaA0 OTHATh OT 3afaHHHIX HOMEpOB
uucaa 1, 2, 3, 4, 5, 6, 7. M noayuum uucaa 1, 1, 1, 1, 2,
2,2, To ecTb 4 enHHHUL H 3 ABO#iKH., Ho | Mul npubasasiiu
K HOMepaM 3K.1epoB, a 2— K HOMepaM MeCOYHBIX NMHPOXK-
HbIX; 3HAUUT, y Hac 4 sKJepa W 3 NeCOUHBIX NHPOXKHLIX.

[Tpu 31O0M Yy Hac noayuaioTcs JHIIb BO3pacTalollie Mo«
c/J1eJ0BaTe/IbHOCTH YMCesa, H, cJAef0BaTeJbHO, Kaxkjasd INo-
C/JIeJ0BATENbHOCTb MOJHOCTBIO OlipefiesisieTcsi CBOHM COCTa«
oM, [TosToMy uMca0 TakMX 7-nocaefnoBaTes]bHOCTE!l paBHO
-yHcay 7-coueranuil u3 10 uncea (or 1 go 10). A uucao 3THX
couetaHuil naetcsa popmynoi

cZo=-7—‘!937'! = 120.

Mbl NOAY4YHJH TOT 3Ke caMblii pe3yJ/ibTar.

CouertaHus ¢ NOBTOPEHHAMM

Mbl  yKe TOBOpHJIM, uTO pasoOpaHHas 3ajaya OTHO+
CHTCA K THMOY 3ajay Ha coyeTaHHs c noBTopeHUsAMH. OO«
uas ¢GopMyaHpOBKa S5THX 3ajauy TaKoBa: HMeEIOTCS Tpej-s
MeThl 1 pa3JuuHbiXx THNOB. CKOJMBKO R-KOMOHHAUHA MOXKHO
clenaTb H3 HHUX, €cJd He NPHHUMaTb BO BHMUMaHHe MNOpA-+
JIOK 3JIEMEHTOB B KOMOHHalMH (MHHIMA CJOBAaMH, pasjHys
Hole KOMOMHalHMH [JOMXKHB OTJAHY4ATBCA XOTA Obl ONHHUM
npeamMeToM)?

dra 3agaua B oblleM BHe pelllaeTcsl TOUHO TAK XKe, KaK
H 3ajaua O NMUPOXHBIX. MIMeHHo, Hajmo 3amwuHppoBaTh Ka-
© KAyl KOMOMH4LHIO ¢ TNOMOLIbI0 HyJAed H eIHHHI: [
KaxK/Joro THNa HalHcaTb CTOJbKO €IHHHUIL, CKOJbKO Mpef-
METOB 3TOTO THIA BXOJAMT B KOMOWHAUMIO, a pas3/HUHBIC
THIObl OTAENATH APYT OT Apyra HyaAsaMH (NpH 3TOM ecau
npeaMeTsl KaKoro-HuOyAb THNA COBCEM HE BOIIIH B KOM-
6MHALMIO, TO HAJO NMHCATb NOAPAA ABa WM Oojbllee YHCJIO
Hysef). [Ipu TOM MBI NOJY4UM CTOJNBLKO €AUHHI, CKOJBKO
npeiMeToB BXOXUT B KOMOHMHANHUIO, TO €CTb R, a YHCJIO HY-
naefi Oymer Ha | MeHbIUe, YeM YHCJO THIOB NpPEeAMETOB, TO
ectb n— 1. Takum 00Opa3oM, Mbl MOJYYHM NepecTaHOBKII
C .TIOBTOPEHHAMH M3 k. eIMHHU H n — | Hynaell. PasaHuHBIM
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KOMOHHaUUAM OYyAYyT NPH 3TOM COOTBETCTBOBATL pasjMuHLIE
NepecTaHOBKH ¢ TOBTOPEHHSIMH, 4 KaXK[0H NepecTaHOBKe
C TNOBTOPEHHSAMH COOTBETCTBYeT cBOs KoMOuHauus. Hrak,

unciio C% k-coueTaHHdi ¢ TOBTOPEHHSIMH W3 3JIeMEHTOB
n THNOB paBHO uucay P(k, n— 1) nepecTaHOBOK C NOBTO-
peHusMH U3 n — | Hysell U k equHnL. A

__(k+n=011
Pk, rL—1)—————-————,”01___1)l .

[Tosromy

= k — !
Ch === Chn-t

A1y xe QopMyay MOKHO [0Ka3aTb H HHHM CHOCOGOM.
Hajpo B KaXa0M COYETAHHH PACIOJOXKHTb 3JIEMEHTHI IO TH-
naM (CHauajia BCe 3JeMEHThl NepBOro THMA, MOTOM — BTO-
poro THIma M T.A.). A nocie 3TOro nepeHyMepoBaTh BCe 3Je-
MeHTH B COuYeTaHHHM, HO K HOMepaM 3JeMEeHTOB BTOpPOro
THna npubaBuThL 1, TpeThero THna npuOGaBuTH 2 H T.A. To-
ria M3 Ka)KJOTO0 COYeTaHHSA C NOBTOPEHHSAMH TOJYYHTCS
couetaHue 6e3 NMOBTOpeHHil, cocrosulee H3 uHcea 1, 2,

, n-+k— 1, nmpHueM ® Ka¥jaoe coueTaHHE BXOAMUT R 3Jje-
MeHTOB. OTCIOfa CHOBA CJELyeT, UTo

=k (n-+k—1!
Co=Chra1 =41 —1y1 ®)

BcTpeuaioTcs 3afaud, B KOTOPBIX Ha COUETAHHS C IIO-
BTOPEHHSIMH HaJaraeTcsl AOMNOJHHTENbHOE YCJIOBHE — B HHUX
00513aTeJbHO JOJXKHbl BXOJHTb 3J€MeHThl r (HKCHpOBaH-
HBIX THNOB, rfe r < n. DTH 3alaud Jerko CBOAATCHA K yikKe
peiteHHofi. Jas 10ro uToO6H 00ecneudTb NMPHUCYTCTBHE 3Je-
MEHTOB 3aJaHHBIX r THIOB, BO3bMEM C CaMOro Hadaja 1o
OLHOMY 3JIeMEHTY KaXJI0ro Takoro Tuma. Tem caMbiM B
k-coueTaHUH OKaXKyTcA 3aHATH r MecT. OcTa/bHHE XKe k— 7
MECT MOKHO 3aTOJIHATh JIOOHMH 3/1eMEeHTaMH, NMPUHAJ/IeX a~
LHMH 0 YCJOBHIO K n THnaM. [Toatomy KOMGHHaUHH HCKO-
MOTO BHJAA CTOJBKO €, CKOJbKO H COYEeTaHHH ¢ MOBTOpe-
HUSIMH U3 3JE€MEHTOB A THIIOB, COAEpXKalUUX no k —r aje-
MeHTOB KamKJo0e, TO eCTb

~k-r
C —'Cn+k r~1e



B uactHoctH, ecan n < k U tpebyercs, uToOb B R-coues
TAaHUSl C TIOBTOPEHHSIMH BXOAMJ TO KpailHel Mepe OIMH

3JIeMeHT KaXXJOro M3 7 THIOB, TO TOJYYHTCHA ci-e KOM-
OHHanMi.

CHoBa ¢pyr6onbHoe NepBEeHCTBO

Mb pasoOpanu 3afaud Ha pasMellleHHs, NepecTaHOBKH
H coueTaHHsi. Bo MHOTHX cayuyasix NMPUXOAHUTCS HMETb JAEJO
C KOMGHHAUHSIMH Pa3JHYHLIX THNOB. PaccMOTPHM cJaefyios
uyo 3agavy: °

HasoBem nBa ucxona nepedctea CCCP mo ¢yr6oay
co8nadarouumu 8 eAQ8HOM, €CJH TIPH 3THX HCXOJaX COBNa-+
AaloT obnafaTelH 30J0ThIX, cepeCpsHEX U OPOH30BHIX Me-
Aanefi, a TakXe uyeThlpe KOMaH[H, MOKHJAIOLIHE BHICIIYIO
aury. Hadrtu 4aucaro pasiudneix 8 24a8HOM ucx0008 nep<
gercTea (Kak W BHIILE, MBI CUHTaeM, UTO B NEePBEHCTBE yuas
cTBYIOT 17 KOMaHR).

Mb yxe 3HaeMm, 4TO MefaJH MOTYT pacnpefensiThCst

A} =17-16 - 15 cnoco6amu (cM. crp. 32). Tlocae aroro
ocraercsi 14 KOMaHA, H3 KOTOpbIX 4 MOMKHH TIOKHHYTb

- BRICIIYIO JIHTY. Tak kKak 31echb YKe NnopsanaokK BLIOLIBAIOIIH X
14!

o 4
KOMAaHJ H€ BaXKeH, TO 3TO MOXKeT IPOH3OHTH CM:W!
cnocobamu. [lo NpaBHJAY MNpOH3BEAEHHA IIOJAYy4aeM, 4YTO
YHUCJAO pA3JHUYHBIX B I/IaBHOM HCXOJOB NMEPBEHCTBA PABHO

AL . Ch=17.16-15" J%, ﬁ%T=4%4%Q

K aTtoMy e pe3y/bTaTy MOXHO NPHHTH HHBIM NyTeM.
OGllee YMCMO pa3JUYHBIX HCXOAOB nepBeHCTBa (0TGpachls
Bas cJAyYaH, KOrja NMPOHCXOAHT pa3fen TeX HJIH HHHIX MecCT)
paBHo Py;=17!. Ho nepecTaHOBKH KOMaHJ, 3aHABIUHX Me-
cta ¢ 4-ro no 13-e, a Takxe nepecTaHOBKH KOMaHJ, 3a-
HABIIUX MecTa ¢ l4-ro mo 17-e, NpHBOAAT K CcOBNAafawUieMy
B IJIaBHOM HCXOALY NepBeHCTBa. YHc/0 TaKHX MepecTaHOBOK
paBHo 10!-4!. 3HauuT, uMcIO DA3NHYHBIX HCXOJOB HaeTcs

. 171
(bopMyIOH yoygy -
HPEILHOJIO}KHM, 410 00 HUCXOAE NepBEeHCTBA XOTAT nepe-
AaTb C INIOMOLILbBIO TE&JE€rpaMMul, cocTofAIel H3 R TOUEK H

tupe. Kakoso Haumenouiee HysxcHoe 0aa 3T020 4UCAO 3HA-
k08? Mpbl yXKe 3HaeM, YTO H3 R TOYUEK H THpPE MONKHO
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cocTaBuTb 2F pasnuyHbix KoMOWHauufi. [losTomy MuHH-
MaJIbHOE YHMCJ/IO 3HAKOB, C MOMOLIbIO KOTOPHIX MOXHO Iepe-
naTb TpeGyeMy10 HHpOPMaLHIO, NOJKHO GLITL TAKHM, YTOObI
BLINOJIHAJNIOCH HEPaBEHCTBO

2% > 4084 080.

Pewas ero, nmonyuaem, uto k2> 22. Urak, Aas Tepenaud
pe3yJabTaTOB NEpBEHCTBA C MOMOUIbIO TOYEK H THpe Hajo
HCMO.Jb30BaTh He MeHee 22 3HaKOB.

Pasymeercs, Takue mnojacueTsl NpH TNepegaue HCXOLOB
COpeBHOBAHHH He HCnoJb3yoTca. Ho Jjerko npenctaBUTb
caydail, Koraa nepejaua HHGOpPMallHH COMNpsixKeHa ¢ GOJb-
IUHMH TeXHHYeCKMMH TPYAHOCTAMH (HamnpuMmep, NpPH Mepe-
ndave ¢oTorpaduuecKoro CHUMKa ¢ KocMuuecKoro KopabJs)
H KaXnAblfl 3HaK HAeT «Ha Bec 30J10Ta». Torga NpHXOOUTCS
paccMaTpHBaThb pa3/HYHble BO3MOXKHOCTH TaKOH MNepejgaud
H BHIOMpaTh Haubojiee SKOHOMHbIE, IDTH BONPOCH H3Y-
4alnTCs B pasjiene MaTeMaTHKH, Ha3blBAeMOM Teopuell uH-

gopmayuu.

ChoojictBa codeTaHmii 1)

Uucaa C* o6napaior uednm pALOM 3aMeuaTeJbHbIX
CBOACTB. ITH CBOACTBA MOXHO [OKa3HBAThH INO-Pa3HOMY.
B HekoTOpBHIX cayuyasx yaoOHee BCEro MpPSIMO BOCHOJb30-
BaTbCcsl (opMmyaoi

B nl

Cr=grm—nr" ®)
OaHako 4acTo yaaeTcsa NMOJNYYHTb AOKa3aTeJbCTBO H3 KOM-
OHHATOPHBIX COOGpaX<eHHH: MOACUMTHIBAEM YHCJAO KOMOH-
HallHfi HEKOTOPOro BHAa W pa3buBaeM 3TH KOMOWHAUHMH Ha
kaacchl Ge3 o6mux 3jgeMmentoB. [locse 3Toro Haxomum,
CKOJIbKO KOMOMHallHH BXOAHUT B KaXabli KJaacc. CKJaambl-
Bas MOJYyYeHHble UHCJa, CHOBa MOJyuaeM UYHCJIO BCEX KOM-
OHHauUl JaHHOrO BHAA. ITO H JaeT HCKOMOe COOTHOIIEeHHe.

HauneM ¢ caMmoro npoctoro COOTHOILEHHS:

Ct=Cr*, (10)

") KoHeu rnaBnl 0pH [epBOM UTEHHH MOXHO nppnymm{:. OnHa-
KO Jl0Ka3aHHble 3Jecb paBeHCTBA Cﬁ=C:—k H Cﬁ=Cﬁ:1+Cﬁ_l

JAaabiie GyAyT 4acTo BCTPEUATHCS.
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OHo cpasy BbiTekaeT U3 ¢Gopmyan (9). Bexb ecan 3ame-
HHTb B 3T0ft popMyse k Ha n — k, TO n — k 3aMeHUTcqa Ha
n— (n—k)=k u B pesynbTaTe MHOXHTE/H, CTOSIlHE B
sHaMeHaTene, TomeHsoTcs Mectamu. Ho paBenctBo (10)
Jerko AoKasaTb M He mnpuOeras K SIBHOMY BHAy uHcC/Ia
couetanul, Ecniu BHOpaTh U3 7 pA3JHUHBIX 371€MEHTOB HEKO-
TOpoe k-coueTaHHe, TO OCTAHETCs AOMOJHHTENbHOE COueTa-
HHe H3 N — k 371eMeHTOB, a JOMOJHHTEJbHHM K TNOJYy4eH-
HOMY (n — R)-COUETaHHIO SIBJSIETC HCXOAHOe Kk-coueTaHHe.
Takum oGpasom, k-coueTanus u (n— k)-couetanus obpa-
3YIOT B3aUMHO JOMOJHHTENbHbIE NMaphl, TOTOMY YHCJO 3THX

o Ck Cn-—k
COHYeTaHHWHM GAHO H TO ¥Ke€. 3Ha‘{PlT, n—%4n .
IToutH croab Ke NpOCTO AOKa3blBaeTCs COOTHOLUICHHE

Ct=Ctzi4 Ch .. (11)

s atoro coctaBUM KR-coueTaHHA U3 n 3JeMEHTOB 4y, ...
<4 Qn-i, Qn W pa3o0beM HX Ha ABa KJacca. B nepBHil u3
HHX BOHIYT COYETaHWs, COAEpKALINE SMEeMEHT dp, a BO BTO+
poil — coyeTaHHs, He cOAepXKaliHe 3TOro sjemeHTta. Ecau
u3 Jio00ro coueTaHHs NEpPBOrO KJacca OTKHHYTb 3J€MEHT
@n, To octaHeTcs (k— 1)-coueTaHHe, COCTaBJeHHOE H3 3Je+

o k-1
MEHTOB Qi, ..., Qp-1. Uncao 3THX coveTaHHi paBHO C,;._l'

,n k-1 .
IMostomy B nepBbiit knace Bxoaut Cp~; komGunauuin. Coues
TaHHS1 BTOPOTrO KJjacca SBJSAIOTCS K-cOUeTaHHSIMH, COCTas

BJEHHBIMH H3 (n — l)-ro ssjeMeHra qi, ..., Gn—4. [lO3TOMY
k

ux uucao paBHo Cjy_i. [TockonbKy a1060e k-coueTanue u3

3JIEMEHTOB @y, ..., On NPHHALIENKHT OZHOMY H TOJBKO O+

HOMY H3 3THX KJacCCOB, a oflilee YHCAO 3THX COUYETAHHA

k
paBHo Cp TO nMpuxoauM K paBencty (11).
[ToxoxuM cnoco6oM JOKAa3HIBaeTCsl COOTHOLIEHHE

Co+CL+-Ci4 ... +Ch=2" (12)

Jlnsa 3TOro BCMOMHHM, uYTO 2" — 3TO YHMCJIO BCeX n-pasmes
HieHH# ¢ TMOBTOPEHHSMH.H3 3/JeMeHTOB ABYX THNOB. Pa3so-
6beM 9TH pa3MellleHHs] Ha Kaaccel, oTHecs B k-f Kaacc Te,
B KOTOpble BXOAAT R 3J1eMeHTOB MepBOro THIA H N — Rk 3je-
MEHTOB BTOpOro Tumna. PasMellleHds k-ro kjaacca — 3TO He
YTO HHOe, KaK BCEBO3MOXHble TepEeCTaHOBKH H3 R 3JieMeH+
TOB NEpPBOr0 THMa H # — k 3JIeMeHTOB BTOpPOro THMa. Mbl
SHaeM, YTO YHCJIO TaKuX TepeciaHoBok paBHo P(k,n—k),

aP(k, n—k)=Cli (cm. ctp. 39 u 43). 3naumr, oGwmee
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,

o 0 1 n
YHCJ0 pasMellleHH# Bcex KaaccoB paBHo Cp+ C, ...+ Ca-
C apyrofi CTOpPOHH, 3TO XK€ UYHCJI0 paBHO 2", TeM caMbIM
cooTHowenHe (12) nokasano.

CoBepiieHHO TaR Xe 10KassiBaeTcs, 4TO

> P ny n)=3" (13)

a+ny+nyg=n

rne cymMMa pacnpoctpaHeHa Ha BCe pa3GHeHHA YHMCJA n Ha TPH ciarae-
MbIX (TpHYEM YUHTHIBAeTCH H TNOPANOK CJAraeMuiX, TO eCTb B CYMMY
BXOAAT, Harnpumep, H P(ny, ng, n3), u P(ng, ns, ny). Hna pokasatens-
CTBa Haj0 PaccMOTPeTb Bce n-pasMellieHHS U3 3/eMeHTOB TPeX THIIOB
H pa3GHTb HMX Ha KJacchl OAHOTO H TOTO XKe cocTaBa (TO ectb Opath
pa3MeuieHHsT ¢ OAUHM H TeM Ke YHCJAOM 3/IeMEHTOB I1epsoro THNa, BTO-
poro THIa M TPeTbEro THma).
Boo6uie, HMeeT MeCTO paBelCTBO

S Py = 14)
”l+ .o +ﬂk=ﬂ

rae cymMMa pacnpocTpaHeia Ha Bce pa3GHeHHs uHcia 1 Ha R coarae-
MbIX (C yYyeTOM MOpflKa CJAracMbiX).

A Temepb paccMOTpPHM M-CCYETAHHSI C TOBTOPEHHSIMH,
COCTaBJIeHHble U3 3JeMeHTOB 741 Tumos, cKaxeMm u3 n+1
6ykp a, b, ¢, ..., x. Uacno Takux couetanuil paBHo Cpy1=

=Cr+m - Pa3o6beM Bce 3TH coueTaHHs Ha Kjaacchl, OTHecs
K k-My Kjaccy coueTaHusl, B KOTOpole B pa3 BXOAUT OVK-
Ba a. OcTanabHble m — k MecT MOTYT OBITb 3aHSATH OCTaB-
iwuMuca OykBaMu b, ¢, ... X, YHCJO KOTOpPHIX paBHO f.
[Tostomy B k-ii Knacc BXOZHT CTOJNBKO COUETAHUH, CKOJBKO
MOJKHO COCTaBHTb (m — k)-coueTaHHil ¢ MOBTOpPEHHAMH M3
5/JEMEHTOB f THIOB, To ecTb Chir_p—1. 3HauuT, OOlLlee
UHCJI0 BCEX COUETaHHH paBHO

Chrm-14Crim-14 ... +Ch4-Cho1.

C Apyroii CTCPOHBI, Mbl BHANH, YTO 3TO YHCIO paBHO Crym.
Takum 00pa3oM, JOKa3aHO PaBeHCTBO

C2—1+C}1+ Cfx+l+ > -+C;ln+m—l= ;1n+m- (15)

3ameHss 3fech n Ha n+1 U m Ha m — 1 U ucnoNb3ys pa-
BeHcTBO (10), moayuaem, uto

ChtChui+t Corza+ oo 4+ Comr=Chih.  (16)
i .



YacTHeiMH cayuasmu ¢opMmyas (16) mpu n=1, 2, 3
SBJISIIOTCSA

1+2+...+m=ﬁ_<"12_+2, (17)

1-242.34 ... +m(nt1)="0EDEED - g

1.2.8342.3.44 ... +m(m+1)(m+2)=
’ :

C nomomtpio dopmya (17)—(19) Jaerko HalTH cyMMY
KBaJpaToOB H CyMMy KyGOB HaTypa/abHbIX uHcen oT 1 po m.
®opmyay (18) mMoxkHO nepenucaTh Tak:

124224 .., +m4 1424 ... +m=
_m(m+41)(m+2)
3 .

Ho no ¢opmyae (17) 1424 ... +m=_—_.__.__’”(”’2+1)
H MOTOMY

_mmtHm4+2  mm+4l)
12—*' 22""‘ ‘+‘m’2_ 3 - 9 =

1) @m 41 '

Touno TaK xe U3 ¢opMysan (9) BLIBOAUM, 4TO
B2 ... 4 m=22t DY 1)

[MpenocraBjisieM 4yuTaTeJ10 NMOJYUYHTb TakuM o6pasom ¢op-
Myabl Aas cymm Oosee BHICOKHX cTelleHeH HaTypaJibHBIX
4HCed.

Mm-COUETaHUA ¢ TNOBTOPEHHSMH H3 3JEMEeHTOB 7 THIOB
MOKHO pacKjaaccu(PHUUPOBATL, B3AB 3a OCHOBY 4HCJO 3J€-
MEHTOB pasJIMYHOrO THNAs BXOASAUIHX B AaHHOe COUETaHHe.
HWupiMH clOBaMH, B NepBhIl Kiacc BONAYT cOueTaHHA, CO-
CTOfILIHE H3 OAMHAKOBBIX 3JeMeHTOB, BO BTOPOH — H3 3Je+

MEHTOB ABYX THHAOB, ..., B A-H — H3 3JIeMeHTOB BCeX N TH-
nos (pasymeeTcsi, ecad m<n, TO MOJYYHTCA JHIb M KAacs
COB).

[Mogcuutaem, CKOJIBKO cOYeTaHHH BXOAUT B KaXIbil
Kaacc. BoiGop coueraHus, nMpHHajpnexalllero kR-My Kaaccy,
A Y
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MOXHO cleJaTb B fABa sTana. CHauana BbiGepeM, KaKue
HMEHHO R THIIOB 3JeMeHTOB BXOAAT B coueTaHHe. TaK Kak
obuiee YHCJAO THIOB PaBHO A, TO 3TOT BHIGOD MOMKHO CHes
R
aatb C, cnoco6aMu. A mocne TOrO, KaK THHB yxkKe Bbl+
OpaHbl, HaM TpPEACTOUT COCTaBUTb Te M-COYETaHHSI C MO+
BTOPEHHSIMH H3 3JIEMEHTOB 3THX R THIOB, B KOTOPHIX BCe
3TH R THNOB NpeACTaB/deHH. A Mbl goKasaau (cM. cTp. 51),
uTO HHCJO  TaKHX COYeTaHHH ¢ TIOBTOPEHHSIMH DPaBHO
m l—Cm 1.
[To mpaBuay npoussenenuﬁ oTci0a CcJefyeT, YTO B
1

kit knacc Bxogut CRC:Y couerammit. CxaaapiBas uncaa
COYETaHHH Ka)XJOro Kjaacca, MoJyuuM ofllee YuCa0 #M-cO<
yeTaHHNl ¢ TMOBTOPEHHSIMH H3 3/JeMeHTOB 7 THNOB, TO €CTh

C,T,M_l. TeM caMBIM JOKa3aHO PaBEHCTBO
2
me1+ CiCnot 4 ..o +CoCrli=Crin1. (22)

Eciu m<n, To nociefHUM uJeHOM B cymMe Oyner
C'"Cm_l. [TonyuenHoe paBeHCTBO yﬂ.oéﬂee nepenucaTh HHa-
Ye, 3aMeHHB B KaxaoM caaraemom Ck ma C27*, Mp mo-
JYUHM

Ca'Ch_ i+ CrCh o+ . +C° A =Chlao (23)

3xech B KaXKAOM cj1araeMoM cJeBa CyMMa BepXHHX HHIeK-
coB paBHa n — 1, a HIXKHHX n+m — 1. Tlpu 9TOM HHXKHHE
HHJIeKCHl TOCTOSIHHB, a BepXHHe MeHsoTca. Muaue sto pa-
BEHCTBO MOXHO 3amucaTh TakK:

CoCap+CiCip+ ... +CpChp=Cr. (23

Cefiuac Mbl BbIBEleM aHaJOTHYHYIO (OpMyay, B KOTO+
poH TpH CYMMHDOBaHHM MEHSIOTCS H HIXKCHHE HHAEKCHL.
Jlaig 3TOro BO3bMEM p DAasJHUHBIX TJIacHBIX OYKB H 71— p
pas/HYHLIX COIVIaCHBIX OYKB M COCTaBUM M3 HMX BCEBO3-
MOXHbIE m-coueTaHus ¢ MoBTOpeHHsMu. Pasobbem 3TH coO-
YeTaHUs Ha Kjacchl, OTHeCSl K R-My KJacCy COYeTaHHS, CO+
IepxKauiue k raacHHX W m — Rk cornacHbix Oyks. IToacuu-
TaeM YHCJO COYeTaHHH, BXOAAUIHX B k-ii Kaacc. Kaxioe
coueTaHHe ISTOrO0 Kjacca pasbuBaeTcs Ha k-coueTaHHe
(c TOBTOpGHHAIMH), COCTaBJEHHOe W3 p TJacHbIX OYKB, H
(m — k)-coueTanue (C MOBTOPEHHAMH), COCTaBJEHHOE H3
n—p cornacHuix Oyks, [lostomy B k-fi Kiaacc BXOZHT
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R —
Ck+p-1Cmih- p~r—1coueranni, CiefoBaTeNbHO, 06llee UuC

JIO pacCMaTpHBaeMblX COI{eTaHI/lI':I paBHO
1
Cp lC m+n— p 1+C m+n p- 2‘+‘ ‘+‘C m+p— lcn p-1.

C IprI‘OH CTOPOHBI, 2TH COYE€TAHHA NAlOT BCEBO3MOXHLIE
m-coyetraHust ¢ NOBTOPEHHAMH H3 3JIEMEHTOB 71 PAa3JHYHBLIX

THNOB, a MOTOMY HX UYHCJO DABHO Cr?z+n—1~ Mu TNIPUXOAUM
K TOXAECTBY
C lCm+n -p— 1+Clcm+n —p - 2+

‘+‘C m+p— lcn -p- l——Cm1n 1. (24)
HepenumeM 9TO TOXK[AECTBO TaK, YTOOBI MpPH CyMMHpOBZlHuH

MEHSJINCh JUIUbL HUXKHHe MHAEKCH, Ll 3TOro Hajzo Ko BCeM
yjeHaM HpHMeHHTb toxkaectBo C!=C;™% Mu nonyuum

C m+n p—l+ Cp lCr':z?;z—lpJ—l-

+Cm+p lcn p—l—cman 1.
A1y GopMyay MOXKHO HHaue mnepeNucaTb CJAeAYIOUHM 00«
pasom !):
Cpc '1‘Cp+lcm p—l+ +Cm n+p n 5— +1' (24I)

Mpbl BHAMM, uYTO 3Jechb NIpPH CYMMHPOBAHHH BepxXHHe HH-
JeKChl OCTaloTCs TOCTOSSHHEIMHM, a HHXXHHe MEHSIOTCH, MpH-
yeM CyMMa BepXHHMX HHAEKCOB paBHA #, a HHXHUX /7.
OTMeTHM YacTHBIE cayuyall ToayueHHOH paHee GOpMYy-
asl (23). Ecau 10710XKUTh B HEH 1 — p=m, TO NOJYUHUM

CoCm—~+CoCn+ ... +CrCn=Chsm. (25)
B YACTHOCTH, NIPH p=m HMEEM paBeHCTBO ,
CF+CF + ... +(ChP=CE, (26)

[MonyueHHble TOXAECTBA MOXHO 060o6uiHTh. [ns atoro paccMoTpHM
COBOKYIIHOCTb, COCTOSLIYI0O H3 3J1eMEHTOB ¢ THIOB: f; 3JEMEHTOB Iep-
BOTO THINA, fiz JEMEHNTOB BTOPOr0 THIA, ..., fx DSJNEMEHTOB R-ro THNa,
npHyeM 3JEMEHTHl OZHONO THNA OTJIMYHM APYr OT Apyra (Hamnpumep,
THI OmMpefeNsieTcd LBeTOM NpPeNMETa, a NMpPejMeTH OZHOrO IIBETa HMEIOT
pasnuuuyio GopMy).

ByleM coCTaBIATh 43 3NEMEHTOB 3TOMl COBOKYMHCCTH BCEBO3MOX-
Hble M-COUETAaHHS H KNacCHQHIHPOBATH MX NO COCTABY, TO €CTb MO YHCAY

') Mot 3amenseM p na p+1, n Ha n+2 u m va m —n,
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S/IeMEeHTOB TepBOro, BTODOTO, ..., §-ro THnoB. Takum o6pa3oM, Ka-
MBI KJIacC XapaKTepusyeTcs HATYPasibHBIMH uYHcaaMu (mi, ma, ...,
<o, Mg), YAOBAETBODsIOMUMH HepaBeHcTBaM 0 <Km; <ni. OH COCTOMT

M3 m; SNEMeHTOB NepBOTO THNa, Mg 3J1E€MEHTOB BTOPOrO THNA, ..., Mg
SNEMeHTOB ¢-F0 THNa, mpuueM my-+me+ ... +mg=m. Mu Gyzem ofo-
8HauaTh Takof knacc A(my, ..., mg).

Hs npaBuna npousBeieHHs BhTCKaeT, wt0 B Kjacc A(mi, ..., mq)

m m m P
sxomur C,C,2,..C, 9 coueranui, CyMMHPYs uHCJa cOYETaHHA noO
1 q

BCE€M KJlaccaM, NoJIyuyaeM TOXKJIeCTBO
m m m m
1 2 —_
S Cpichr ... Cha=Cy, @)

rae n=n+n+ ... +n4, a CYMMHDOBaHHe DACNPOCTPaHEHO 11a BCEBO3-
MOXHblE KOMOHHAIMM HATypasbHHX uYncea (m;, Mg, ..., Mq), TAe
mi+me+ ... Fmg=m.

Ecan 6paTh coueTaHHs ¢ MOBTOPEHHUSIMH, TO TOJyuaeM aHaJIOTHYIIOE
TOXIECTBO

m m m m
c,! C,? ... CLe =C . 28
2 ntm —1¥n,+my,—~1 nq+mq—l n+m—1 (28
rae TakXe n=n;+n+ ... +ng, a CyMMHPOBAaHHE BeHeTCH MO TeM XKe

KoMGHHAUHAM uucen (my, Mg, ..., My).

Elte 0oaHO CBOACTBO COYETaHHH YCTaHABJAMBAeTCH TaK.
MLl HMeeM TOXKAeCTBO

CrCrf =ChCr. (29)

3TO TOXKIAECTBO JErKo TpoBepsieTcs KoMOuHaTopHO. as
9TOTO HAlO B3SITh 7 Pa3JHYHbIX 3JE€MEHTOB, BEHIOPAaTh U3 HUX
k sneMeHTOB, a M3 OCTaBLIMXcA f— Rk 3JEMEeHTOB BHIGpaTh
eme m—*k. TakuM NyTeM MNOJYUYHTCS M-COYETAHHE U3
n-sneMmeHToB. [Ipu QUKCHpOBaHHOM k 3TOT MpOolECC MOXKHO

R -k ot
npoeectt CrC7Z; crnoco6amu. HerpyaHo nposeputb, uTo

npu stoM Kaxpoe u3 C; coueraHuit momyuaetcss npu Ch
cnocob6ax. OTciona M BbITEKaeT paBeHcTBO (29).

3amuem ToxkaectBo (29) mpu k=0, ..., m U CIOXKHUM
nosyuaiomuecss pabeHctBa. Tak Kak no ¢opmyne (12)

CL+Ch+ ... +Cr=2m
TO NONyYaeM, 4To
CaCr 4 CrCisi+ ... +CiChn=2"C%,
HJIH
CCHCRT M ChCall 4+ ... - CRCrIm=27CR.  (30)
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YacTHbii cnyuaii (POPMYNbI BKNIOUEHMH M MCKNIOUEHMI

MHorue cBoficTBa COY€TaHWH BBIBOASITCH Ha OCHOBe
¢dopMysbl BKaOueHHH U HekJIoueHud (cm. crp. 25). Ham mo-
Hago6uTCs uacTHHIH cayua#l arofi ¢opmyast Ilycrb uucno

N(ay ... ap) 37eMeHTOB, 006/1aJal0IHX CBOHCTBAMH 0, ...
" ..., 0y, 3aBHCHT He OT CaMHMX 3THX CBOMCTB, a JIMIIb OT HX
4hcaa, TO €CTh, MycTb .

N@)= ... =N(a),
N (0) =N (0,05)= ... =N (0;-1®,),
N (0,0505) = N (0090,) = . .. =N (a-90,-,0,)

u T. 4. Torna B cymme N(ay) + ... +N(an) Bce craraemble
paBHbBl OJHOMY H TOMY K€ YHCIY, KOo10poe Mbl 0603HauMM
N® TlockonbKy B TOH cymMme n cllaraeMblX, TO OHa paBHa

nNY = CLN"M. Touno tak xe n0ka3biBaeTcs, 4TO
N (0102) + N (0a02) + ... -+ N (@n_107) = CoN®,

rae N(2)¥N(a1a2), H, BooOllte,
N(a1a2 R 1 B —+—N(an_k+l ‘e an).= CﬁN(k) (31)

(sicHo, uto cymma (31) pacnpocTpaHeHa, eCTecTBeHHO, Ha
BCE BO3MOXKHLIE COYETaHHSI kK CBOWCTB H3 n).

ITostoMy B paccmarpuBaeMoMm caydae (opMyna BKIIO+
UeHHH M HCKJIIOUeHHH NPHHUMaeT BUA,

NO=N— CNV 4 CIN®— .., 4 (—1)"CiN"™. (32)

3HakonepemeHHEIe CYMMbl COMETAHMIA

A Tenepb mepefiieM K BbIBOJY AaJbHEHIIHX CBOACTB CO-
yeTaHHA. DTH CBOMCTBA NMOXOXH Ha JOKa3aHHHE -paHee, HO
OTJIMYAIOTCS OT HHX TeM, YTO 3HAKH claraeMbiX MeHATCA —
nocsie Iaoca HAeT MHHYC, NOTOM ONsATh MAIC H T. 4.

ITpocreifimeit u3 Takux GopMyn sBaseTcs

Co—Chid-Ci— ... 4(—=1)"Cr=0. (33)
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dTo ToxkAecTBO BbiTeKaer u3 paseHcrBa (11). Jlna npoka-
3aTeqbcTBa Halo 3aMeTuth, ut0 Cy= Ch_1=1. 3amenum
nepBoe cnaraeMoe Ha Co_i ¥ 3aMETHM, 4TO TIO (popmyﬂe
(11) C%_—CL=—C._\. Manee, umeem —Cr_1+C%=C>%_,
U T.1. B KoHLe KOHLOB Bce cjaraeMbleé B3aWMHO YHHYTO-
Kates.

Oty tbopmyay MoxHO A0KasatThb KomMGHHaTopHO. BhmulieM Bce co-
YeTaHHA H3 N NEMEHTOB &y, ..., &p H CHAeN2eM clelyloliee npeobpaso-
BallHe: K COYeTaHHIO, le conepx\amemy 6yKkBY @i, pUnHIEM STy GYKBY,
a W3 coueTaHWH, KyZa OHa BXOJHT, BhiuepKHeM ee. Jlerko npoBepHTb,
YTO NMpPH 3TOM CIOBAa MNOJYYaTcs BCE COUETAHHS H NPHUTOM [0 OXHOMY
pasy. Ho npu stom npeobpasoBallUH Bce COYETaHHS, HMeBIUHe ueTHOE
YHCJIO 3JIEMEHTOB, MPEBPATATCA B COUCTAHHSA, HMEIOIIHE HeyeTHOE YHCJIO
3J1IeMeHTOB, H 06paTHO. 3HAUHT, COYETAHHH C YETHBIM UYHCJIOM 3JEMEHTOB
CTOJIbKO K€, CKOJIbKO M C HeYeTHBIM YHCJOM (Mbl BKJIOUAaeM B PaccMo-
TpeHHe W [IyCTOe COYeTaHHe, COBCEM He conepx{amee 3/1eMeHTOB). 210
H BoIpaxkaerca Qopmynoft (33)

A Temepb goKaxeM 6osee CIOKHYIO GOpMyTy

CoCr — ChCro +ChCr — .. + (= 1)"CRCh_ =0,
(34)

s nokasaTenbcTBa PacCMOTPHM — /M-COYETaHHA M3
n 3NE€MEHTOB @i, ..., Qn. O6GO3HauuM uepe3 (4, ..., Qi)
CBOMCTBO COYETAHHMSI, 3aKJIOUAIOIIEECS B TOM, YTO B 3TO CO-
ueTaHHE 32BEJOMO BXOLAT SNEMEHTH 4y, ..., Or. Yucno
N(ai, ..., an) Takux coueTaHuli pPaBHO "ok (B HEX k
MECT 3aHATHl 3JE€MEHTaMH 4y, ..., 4y, a Ha OCTaBIIHECHA
m — k mect ectb n — k nperenacHToB). OOCllee yucao co-
yetanuft papHo C7, a coueTaHufi, He 06nafaloOMUX HH O/1-
HHUM U3 cBo#cTB (@), ... (@n), HE CylllecTBYeT (B KaxXjoc
m-coueTaHue BXOMASIT KaKHe-TO 3JeMEeHTHI). Hoaromy B Ha-
mem cayuae N=Cg, N"=0, N* = C;. MMoacrapass
3TH 3HaueHHss B Qopmyay (32), npHXOAHM K ToXJe:
ctBy (34).

TouHo Tak XKe JOKa3bIBAa€TCs COOTHOLIEHHE

CaCrvm—1— Clcn+m 24 CaCrim—a— +..

coo - (=1)"CaCRZT =0, ecim m>n,
CoCm1 — CiCiima + .. +(—1)"CRCL1=0, (35)
ecan m < n,
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ViMeHHO, paccMOTPUM m-COUETAHUS C NOBTOPEHHSAIMH H3
3JE€MEHTOB N COPTOB @;, @z, ..., G, H 0003HauuM Uepes
(ar), 1 <k<n, cBoOilcTBO coHYeTaHus, 3ak/oualolleecs
B TOM, YTO CPEAM €ro 3JEMEHTOB €CTh JJEMeHTHl CoOpTa Qi
(1, ObITb MOXET, 3JeMeHTH JApPyrux copToB). Toraa
N(ay, ..., ar) —uucno coueTaHuil, B KOTOpble 3aBelOMO
BXOJAT 3JeMeHThl COPTOB @i, ..., Q. VI3 KaXaoro Takoro
COUeTAHHUS] MOXKHO YAaAUTb NO OAHOMY 3JEMEHTY COPTOB
ai, ... ap. B pe3yabrate NOJY4YHTCA HeKoTOpoe (m — k)-
coYeTaHHEe C MOBTOPEHHSIMH M3 3JIEMEHTOB 7 COPTOB Qy, ...
..., Qn. Ilpu 3TOM, o6paTHO, nobGaBnasas k (m — k)-couera-

HHIO C MOBTOPEHUSMH U3 3JE€MEHTOB COPTOB 4y, ..., @ NO
OJHOMY 3JIEMEHTY COPTOB 4y, ..., G, NOJYYHM M-COUYETAHHE,
B KOTOPOM 3aBefioMO TNpeACTaBJeHLl COpTa 4y, ... Qp. OT-
Cl0fla BBEITEKaeT, 4To uHucao N(a,, ..., ap) paBHO uucay
(m — k)-coueTaHuil ¢ NOBTOPEHHAMH H3 3IEMEHTOB 7N COP-
10B, T0 ectb N(ay, ..., ar)=Chik_r_1. Janee, obuice

YHCO m-COYETAHHH C NOBTOPEHHAMH PaBHO Clhim-1, a CO«
yeraHuf, He O06JAaJAIONMX HH OAHHM H3 CBOHCTB (a),
1 <k < n, ve cywectsyer. [logcraBass HaliieHHble 3Haue-
Hus NO=0, N=CF 1, NO=Clii o1 B dopmyny
(32), npuxonuM K ToxkaecTBy (35).

Haxkoneu, n1okaxeM TOXKAECTBO

" —Ch(n— 1"+ Co(n—2)"— ...
coe H(=DPICETT 1™ =0, (36)

crnpaBeJJHBOE NpH m<n.

Ilns 31010 paccMOTpPUM m-pa3MelleHHs1 ¢ NMOBTOPeHHA-
MH M3 972MEHTOR A COPTOB M O0CO3HAuuUM uepe3 (a) CBoil-
CTBO pa3MellleHHsl, COCTOsAIlEe B TOM, YTO B HErO He BXOAAT
3JeMeHTH copTa ax. Toraa N(ai ... a.) — uncjio m-pas-
. MEILUEHHH C MOBTOPEHUSAMH, He COACpIKALIUX 3/JeMEHTOB COp-
TOB @i, ..., Qp, TO €CTb COCTOfIIlee H3 3SJAEMEHTOB N1 — R
COPTOB @p41, ..., Ap. A YHCJO TAaKMX Pa3MEILEHHH pauHo
(n — k)™, Takum ob6pasom, NW=N(ay, ..., ay) =(n— k)™
O61ee unc/10 pa3MelleHHH paBHO A™.

Haxkonen, pasmeinenufi, ne obmajaloliux HH OAHHM H3
cBofictB (ay), ..., (a@n), He cymectByeT. B caMom jeue,
€CM pa3McllleHde ne o6sanaeT HU ONHHUM H3 CBOHCTB (ay),
TO OHO COAEPXKHT 3MEMEHTbl BCeX A COPTOB. A 3TO HeBo3-
MOXHO, TaK KaK 4YHCJIO M 3MEMEHTOB B pa3MeLleHHH
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MeHbite, yeM 7. ITostomy N@ =0, 4 MHl NPUXOAHM K TOX«
AectBy (36). '

Mul nokasanu 3jech ueabll pAA COOTHOLIEHHE JJf
yucen CE. Hx MoxHO [okasaTb H JPYrHMH cnocofaMH.
B rnaBe V Mb pacckaxem O reoMeTpHueckoMm crnocobe 10-
Ka3aTeNbCTBAa TAaKHX COOTHOIUeHHH, a B riaee VII uanoxum
caMblfl CHJBHLIH MeTOJ A0KAa3aTeJbCTBA — METOA TNpPOH3BO-
AAHUX  QYHKOHA, DTHM MeTOAOM MOXHO Jl0Ka3aTb He
TOJIbKO BC€ COOTHOILIEHMA, NMPHBEJEHHbIE B 3TOH TJaBe, HO
H LBl psAj APYTHX HHTEPECHBIX COOTHOMIEHHI,



TNABA 1l

KOMBMHATOPHDLIE 3AJAUM
C OrPAHHMYEHNSAMMU

Jlo cux mop MHl paccMaTpHBanH 3ajflaud, B KOTODPHIX Ha
NOPSIIOK 3JIEMEHTOB B KOMOHHAUHAX HE HaKJIaAblBaaoch
HHKaKHX JIOTIONHUTENbHBIX ycnoBui. JIn6o (kak B pasme-
LIeHUAX W TlepecTaHOBKax) Jonyckajicsi Ja060# NOpALoK
3/IEMEHTOB, 100 (Kak B COYETAaHHSAX) MOPAMOK COBCEM HE
yuutbiBajcsa. Celiuac Mbl pasbepem 3ajauu, B KOTOPHIX Ha
NOPAJOK 3/JE€MEHTOB HAJ/aramTcs HEKOTOpble OTpaHHYCHHS.

Jlbebl M THEPDLE

YKpoTuTess XuwynolX 36epell XO4eT 8vi8eCTU Ha apeny
yupka 5 10608 u 4 Tuepos; npu arom Heawv3s, 4rober J8a
Tuzpa wau dpye 3a dpyzom. Crorvkumu crocobamu ox mo-
aHer pacnoaoxcurs 3eepell.

[loctaBuM cHauana Bcex JbBOB Tak, 4TOGH MeXIy
KaXXJbIMH JBYMSl JIbBaMH OLLT TPOMEKYTOK. DTO MOKHO




caenatb 5!=120 cnoco6amu. Uuci1o NpoMexKyTKOB paBHo 4.
Ecau npucoefnHHTh K HHM ellle Ba MecTa — Blepeau BCex
JbBOB H TMO3aj/H HHX, TO MOayuHTcsa 6 MecT, HAa KOTOpbIC
MOXHO NOCTaBHTb THrPOB, lpHYEeM HHKAKHE JBa TUrpa HC
OKaXyTca pajaoM Apyr ¢ apyrom. Tak Kak NOPANOK THrpOB
CYIIECTBEH, TO UMCJAO cnocof0oB HX paccTaHOBKH paBHO
yucJay pasMellleHHil u3 6 mo 4, To ecTb A= 360. Kom6u-
HHDYs KaX AL} cnoco6 pacCTaHOBKH JbBOB ¢ OAHHM H3 CIo-
co00B pacCTaHOBKH THTPOB, mnogayuyaem 120-360=43 200
CNOCcOGOB BHIBECTH XHIIHBIX 3Bepeil Ha apeny.

Ecau Obl y ApeccHpoBliMKa GLIAO A JibBOB M R THTPOB,
nl{n- D!
TO OH MOr Obl PelIHThb 3ajauy p”Af“J:Tr?_—(T_EL-‘%)T cnoco-
6aMH. DTO BO3MOXKHO JHlIb NPH YCJAOBHH, uTo 2 L n+1 —
HHaue 1Ba TUTpa 0063aTeJNbHO OKaXyTCs PAAOM.

MocTporika necTHmLsI

Crpourca aectHuya, sedyujaa us touku A 8 rtouky B
(puc. 8). Paccroanue AC pasro 4,5 m, a paccroauiie CB —
1,5 m. Boecora kaxdoi crynenvku pasua 30 cm, a ee wu-
puna — yeaoe kparnoe 50 cm. Croavkumu cnocobamu Mo-
JCHO NOCTPOUTL AeCTHUUY?

8

Puc. 8.

M3 yciioBust BHAHO, UTO JIeCTHHUA JOJXKHA HMCETb 5 CTy-
nenef. Ilpn stom Tak kax 4,5:0,6=9, 1o umeetcsa 10 mecr,
rie MOXHO YCTPOHTb CTynmeHbKy. Takum o6pa3oM, Halo U3
10 mect BbiGpaTh 5 MecT. DTO MOXKHO CAENATH

o= = 252
crnoco6aMH. _

Boo6we ecaiu goaxuo 6biTh £ CTYNEHeK, a Ha Aaune AC
yMelmaeTcs 7 CTYNEHEK, TO JIECTHHLY MOXKHO NOCTPOHTL
C%.1 cnocobamu.

OTa 3ajaya ToOXoxka Ha 3ajauy o6 YKPOTHTeJe: YKpo-
TUTEeJIb HE XOTEJ CTAaBUTL PAAOM JABYX THIPOB, a CTPOHTENb
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JIECTHHIILI HE MOXET JeJaTb CTYNMEeHbKH ABOHHOM BHICOTHL.
Ho Mexay 3TuMHM 3ajlauaMH €cTb CYIUECTBEHHOE OTJIHuME.
Ykpoture.1o Obla Ba)KeH NMOPAAOK, B KOTOPOM ILLIH THTpHI,
OMIHO JeJo noctaBHTh BnepeAu Bcex turpa lllaxa, a apy-
roe — tHurpa AkGapa. A A CTPOHMTeNsl JIECTHHIBI BCE Me-
€Ta, rle ecTb NOABEM, OJHHAKOBH. Kpome TOro, yKpoTH-
TeJb AOJKEH OblJl YUYHTHIBATH I TOPAAOK PaclO/ONKEeHHs
JbBOB, a [J/is CTPOMTE]sl JIECTHHLbI BCE MeCTa, TAe MOXKHO
caenaTh NoabeM, OAMHaKOBb. [losToMy BHOOp y cTpouTens
JIECTHHIBI MEHbIUE, YeM Yy yKpoTHTesad. Ecin 6bl secTHuua
uMmena Beicoty 1,2 m u aauny 2,5 a, To 6Gblio Obl 4 cTy-
NEHBKH H 6 MecT, rie HX MOXHO cienatb. M oTteer Gbl Obt

Ci=15.A Yy YKPOTHTE/Sl B TOUHO TaKOM Xe cjydae MNOJy-
unjaoch 43 200 BapHaHTOB, DTO M NOHATHO — OH MOT Tlepe-
CTaBJATb Mexay coboil 5 nbBoB 5! =120 cnocobamu H 4 THT+
poB 41=24 cnoco6amu, a Bcero 120.24=2880 cnocobamH.
A 15 - 2880=43 200.

3ajflauy O JecTHHIE MOXHO c(opMyaHpPoOBaTb CJELYIO-
uum o6pasom:

CKoabKkuMU cnocobamu MONHO paccrtasurs n Hysel u k
edunuy tak, 4Tob6r Hukakue Jdee eduHuyeor He CTOAAR
padon? .

B camom nese, KaXAyio JIECTHHIY MOXKHO 3alIH@pPOBaTh
NOCJ/IEI0BaTEJAbHOCTEIO HYJEH M eAMHHI: HYJb O3HauaeT Me-
CTO, rje JioMaHas HAeT BMNpaBO, a eJUHHIA — MECTO, TAe
OHa ujeT BBepx. Hanpumep, ana necTHHIE, H306paXKeHHOMH
Ha pHc. 8, moayuaem mocJjenoBateabHocTs 1001010010100160.
ITpu 3TOM, Tak Kak CTyneHeK ABOHHOA BLICOTH Ha JecT-
HHIle HeT, B NOCJeJ0BaTeJIbHOCTH HE MOTYT HATH fBE efH-
HHLB mojapsA. TakuM o6pasom, uucjao MOc/aeA0BaTesbHO-
cTell U3 7 HyJell U k elHHHI, B KOTOPHX HHKaKHe ABE e1H-

4
HHUIBI HE HAYT NOApAMA, PAaBHO UHCJHAY JCCTHHI, TO €CTb Crt+l'

Kumskuas nonka

Ha xnuxnoid noaxe crosar 12 kuue. CKOAbKUMU CROCO-
bamu MOXHO 86l0paTh U3 HUX-5 KHU2 TaK, 4TOObL HUKAKUE
dse u3 Hux ne croaau padom?

dta 3ajaya CBOJAHMTCS K TOJNBKO 4TO perieHHOH. 3amud-
pyeM KaxAbifl BhIGOp KHHT NOCJAe]0BaTe/]bHOCTBIO HyJell u
eJHHHL. VIMeHHO, KaJAoH ocTaB/jeHHOH KHHre CONOCTaBHM
0, a xaxnao#f Baatoit — 1. B pesysnbTate moayuuTcs nocsie-
JROBaTeNbHOCTb M3 5 eauHul u 7 Hyne#. Ilpu sToM, Tak Kak
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AN

Heab3d OpaTb CTOfILIHE pPAAOM KHHIH, TO ‘B NOJYYEHHOH
NoC/Ae10BATENBHOCTH He OyAeT ABYX HAYIUIAX NOADPAL edH«
HHU. Ho uuc/io mocsenoBaTeibHOCTER H3 O €AMHHI U 7 HY-
Jefi, B KOTOPHIX HHKaKHe ABe €AHHHIbl He CTOAT pSAJAOM,
paBHo Cj= 56.

Boo6uie, ecin Ha NOJMKe CTOMT 7 KHHUT M BbifuparoTcs
k& KHMT Tak, 4TOObl HHKaKHE [BE M3 HHX HE CTOSJIH DPSIOM,

TO 3TO MOXHO cAeaaTh Ch- i1 cniocobamu. OTciona BUJHO,
YTO 3ajaua paspemuMa Jumb npu 2k —1 <L n.

Poitiapu koponsa Aprypa

3a kpyeavim crorom kopoan Aptypa cudar 12 pewya-
petl. H3 nux kaxdei spaxdyer co caoumu cocedamu. Hado
sotopare 5 pewyapedi, urober 0¢80600UTe 3aK0AG08AHHYIO
npunyeccy. Croabkumu crnocobamu 310 MONMHO cdeaarsy
Tak, 4robot cpedu gotbpannvix poiyapeil ne Ooino 8pa2os?

OTa 3ajaya MOXOxa Ha 3ajauy O KHHXKHOH IOJKe, HO
OT/IHYAETCH OT Hee TeM, YTO pHILAPH CHAAT He B PAA, a MO
Kpyry. Ho ee nerko ceecTH K cjayuaio, Korja pblapH CH-
At B paa. Hast sToro BO3bMeM KaKoro-auGyAe philapd,
cKaxeM, capa JlaHcesaora. Bcee BbiGupaeMble KOMOHMHAIHH
phlllapell pacmajaloTcs Ha ABa Kjadacca — B OJHHX H3 HHX
yuyacTByeT cap Jlahcesor, a B Apyrux Het. [loacuutaem,
CKOJIbKO KOMOMHaIU# BXOAUT B Kaxblll Kjacc,

Ecau c3p Jlancenor ornpabasiercs ocBOGOXKAaTb 3as
KOJIIOBAHHYIO TPHHIIECCY, TO HH €0 COoCell ClpaBa, HHU €ro
coCell cleBa yxe He NMPHUMYT y4yacTHsl B 3TOH 3KCNEAHIHH.
Ocralotca 9 prinapeii, U3 KOTOpbIX Haao BbIGpaTh 4 CIyT+
HHKOB Jas1 c3pa JlaHncenora. Tak Kak cocenu JlaHcemota
He y4acCTBYIOT B 3SKCHeJHIHH, TO HAJ0 JHIIb NPOCAEAHTb,




yTo6bl cpefiH BLIOpaHHBIX 4 pblLapeil He OHJIO Bparos, TO
ecTb 4ToObl HHMKaKHe JBa M3 HMX He cuienH psagom. Ho
HCK/IOUeHHe c3pa JlaHcesnoTa W ero AByX cocellefl pasphl-
BaeT lenb pbillapefl, 1 MOKHO CYHTaTh, YTO OHH CHAAT He
3a KPyIMIbIM CTOJIOM, a B OAHH psAl. A B 3TOM cJyuyae Bbl-

Opatb 4 peinapeft u3 9 TpeGyeMbiM 06pa3oM MOXKHO Ce=15
cnocobami. Mrax, B nepBblil Knace BXoAUT 15 koMOGUHALUIL.

Tenepb cocuutaeM, CKoJIbKO KOMOHHALHi BXOAUT BO BTO-
poit knacc. Tak kak cap JlaHCcesOoT He y4yacTByeT B 3KCIe-
JHIMH, TO erg MOXKHO Cpa3y HUCKJIOYHTb H3 UMcJa phiapeil
Kpyraoro crofia. A Toraa uenb phliapefi H UX B3aHMOOT-
HollleHu#i paspoiBaeTcs, H ocrailoTcs 11 phbimapeit, pacnoJo-
*eHHbIX B psd. M3 HHX HaZo BHIOPaTh 5 yYacCTHHKOB 3KC+
NelHIHH TaK, 4T06nl cpeid BbIGpaHHBIX He OBLIO ABYX CH-

AAUHX psgoM. JTo MOXHO cienats C7=21 cnocobami.
Takum o6pasom, obitlee yucao cnoco6os pasHo 15+21=236.

Boo6uue, ecau 3a kpyzavim cToaom culaT n puiyapei, u
Hado eelbpare k pelyapeil Tak, 4T06bl 8 UX HUCAO He no-
naau Hukakue 08a cocefa, TO ITO MOXKHO cdeaars
Cr o1+ Ch_x cnocoGamu.

DT0 yTBepmKJeHHe NOKa3biBaeTcsi TOYHO TaK ¥Ke, KaK H
Bhillie. Bce koMOuHanuu polnapeil pa36uBalOT Ha JBa KJjacs
ca B-3aBHCHMOCTH OT TOr0, yYacTBYeT HJM HET B HHX phbl-
nape Jlancesor. KoMGuuauuii, rae oH yuacTByerT, 6y1reT

k=1 .
CiZi-1, a KoMOMHaWuil, B KOTOpble OH He BXOZHT, Cr—g.
Jlerko I‘IpOBepﬂeTCﬂ, uTO

n k 1+Cn k— Cn ke
Hanpuwep, npu n=12, k=5 noayyaem
C7— A 2 .21 =36

JeByuika cnetiut Ka CBMAAKKE

Korza-To Ha 3KpaHaX CTpaHbl IlJla KHHOKOMEZHA TOZ
TaKMM Ha3BaHMeM. B Hell pacckasmiBajJoch 0 3J0KJ0OUe-
HUAX [BYX KYPOPTHHKOB, 3a0ObIBIIMX JOMa nacnopta. Mwu
peluuny BHCJAaTh nacrnopta no nourte, Ho geByuka u3 mou-
TOBOTO OTJAeJEeHHs CIeliMJga Ha CBHIAaHHE M B CIElIKe Ies
penyTtana KOHBepPTHI — MACMOPT OJHOTO Jel' B KOHBEPT C afi-
pecoM ApYroro, a nacmnopT LPYroro — B KOHBEPT € aJpecoM
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"nepsoro. Xopollo, uto efl
lle¢ NPHILIAOCH OJHOBpeMeH-
HO obpabaTebiBaTL 5 IH-

He JaBouM, 4

%‘7 @ ceM — Torja
NSTepblM HecuYacTHBIM IIpH-
g]L @ 1Jocy, 661 HOUEBATh Ha Xe-

' A~ CTKHX cKaMefKax KypopT-
5 % floro mnapka...

A @B . Bnpouem, 310 He coB-
ceM TakK, BeAb cJayyamio
olla mMorsia Obl T0JIOXKHTD

HEKOTOpble M3 [acmopTOB B HYXKHble KoHBepThl. [loacuu-
TaeM, 80 (KOALKUX CAYHAAX OHA cOeaaaa Gbi NOAHYO NYTA-
HUYYy, TO eCcTb TaK, 4TO HUKTO He noayyua Gul C8oezo0 na-
cnopra.

DTy 3ajayy MOXKHO CHOPMYJHPOBATL CjAeAYIOUIHM 06-
pasom. Bepyrca ace nepecranosku u3 5 uucea 1, 2, 3, 4, 5.
Bo ckoabKux u3 Hux Hu OOHO 4UCAO He CTOUT HA CE0EM
mecre? PelueHHe NPOBOAHTCS METOROM BKJ/IOUEHHS H HC-
KjioueHHs (cM. ctp. 25). OGosHauum uepe3 (c) CBOIMCTBO
NlepecTaHOBKH, 3aK/alualleecss B TOM, YTO YHCJAO ¢ CTOMT
Ha cpoeM MecTe, a yepe3 N, 0603HAuHM KOJHUECTBO nepe-
CTaHOBOK, oO6sajalollluX 3THM cBoficTBoM. TOYHO Tak XKe
yepe3 N,g 0603HAUNM KOJHYECTBO NMEpecTaHOBOK, OJHOBpe-
MeHHO obnajawiux csofictBamu (o) 1 (B), TO ecTh TaKux,
YTO H ¢t H P CTOAT HAa CBOHX MecTaX. AHANOTHYHBIA CMBICJ
umeioT o6o3HaueHus N,py u T. 1. HakoHen, uepes N©® o6o-
3HAaYMM 4YHCJIO TNEepPecTaHOBOK, He 06/afalomiX HH OZHHM
u3 csoiicts (1), (2), (3), (4), (5), TO ecTb NMepecTaHOBOK,
B KOTOPHIX HM OJHO UHCJO He CTOHMT Ha cBoeM Mecte. Ilo
(opMy.ae BKJIOUCHHH U UCKIIOUEHHH HMeeM

NO=N—-N —N,—N;—N,—N;+N,+...
.:._} N45—N123—‘ * s . —N3x5'+‘
4 Npgt oo 4 Nys— Npgaise (1)

rie N=Ps;— oflllee 4HCA0 BCeX NEPECTAHOBOK 13 5 3Je-
MeHTOB (cM. cTp. 26). '

B panHOM cayyae 3anaua obaerdaercss TeM, YTO CBOii-
crea (1), (2), (3), (4), (5) coBeplleHHO pPaBHONpPAaBHbI.
ITostoMy sicHO, uTo Ny=No= ... =N; TouHO TakK XKe HMeeM
Nijs=Ngs= ...=N,5; — Bellb BCe paBHO, OCTAIOTCS Ha CBOMX-
Mectax uyHeaa 1 u 2 wau uncna 3 v 4. Ho umcao nap, koro-
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pble MOXHO BHGpath M3 uucex 1, 2, 3, 4, 5, pasHo C}:
(cBoiictBa (1,2) u (2,1) coBmapaioT, H NOTOMY TOPALOK
BRIGMpaeMbIX Yices B nape HaC He HHTEpecyer).

Touno Tak xe umeem C3 tpoex, Ci uetBepok u Ci ms-
Tepok. [Tosatomy dopmyay (1) MoxHO mepemncaThb Tak:

NO =N — CINY 4. CIN® — CIN®  CIND — CIND, (@)

: 31ech AAA KpaTKocTH uepe3d N*) 0603HauyeHO KOJHYe-
CTBO IepecTaHOBOK, B KOTOPhIX 3ajJaHHble R uiced ocTa-
JINCh Ha CBOMX MecTax. as Toro uto6bl 3aKOHUMTH pelie-
Hie 3ajayH, HaM ocTajoch HalTH 3HaueHua N®), k=
=1,2,3,4,5.

Hepes N 06o3HaueHO KOJIMYECTBO MEPECTAHOBOK, B KO-
TOPLIX OCTaJIOCh Ha MecTe JaHHoe yuchao, Hanpumep 1. Ho
ecjd uMuca0 | ocTaeTcsi Ha CBOEM MecCTe, TO OCTaJbHBIE
UHCJIa MOXKHO lepecTaBasTh APYT ¢ japyrom P,=24 cnoco-
6amn. 3Hauut, NO=P, TouHo Tak Xe, eCjiH HaA MecTe
ocraoTea uHMcaa 1 M 2, To ocTaBlidecss TPH HHCJIA MOXKHO
nepectaBnaTh Apyr ¢ ApyroMm P;=6 crnoco6amu. Ilostomy
N®)=P;=6. Ananoruuno nosyyaem, uto :

CNO=p,—=2, NW=p =1 1 NO=p=1.

IMoactasassa nonyueHHbie 3HaueHus NO, NG, NG N& NG
B dopmyay (2), HaX04UM, UTO

NO = Ps— CLPy+ CiPy— CiPy 4+ CiPy — 3Py =
. =120—5.24410.6—10.2-45.1—1.1=44,

Hrak, B 44 cayyasix ua 120 HM ofuH U3 ajpecaToB NHCEM
He TMOJyuHs Obl CBOErO nacnopTa.

CoBeplLIeHHO TaK K€ MOXHO HafTH, BO CKOJBbKHX C.TYy+
yasax POBHO OAMH ajpecaT NOJAYYHT cBOH macnopt. Ecau
THM CyacTJAMBIEM OKa)KeTcsi IepBBIA ajpecaT, TO Bce
ocTajqbHbe 4 moaydaT yyXkHe nacrnopra. DTO MOXKET Npol-
30HTH

Py— CiP3—+ CiPy — C3P1+ CiPo=9

cnocobamu. Ho Tak Kak cuact/HuBLeM MOXKeT OKa3aTbCs
a1000l M3 anpecatoB, To ofliee YHCAO crnoco6oB, NMPH KO-
TOPbHIX B TOYHOCTH ONHH YeJaOBEK MOJYUHT ajpecoBaHHOE
€My NTHCbMO, paB#O b« 9=45,
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IlpoBepbTe caMH, 4TO B TOYHOCTH JABOe IOJYYaloT CBOE
nuceMo B 20 cayuaax, Tpoe — B 10 cayyaax, uerBepo —-
B 0 cayyaeB H nstepo — B 1 ciyuae. Pesyabtat aas uert-
BepHX OOBACHAETCA TeM, UTO €CAH YeTBepo I1onyyaioT ajt-
pecoBaHHOe MM NHCBMO, TO M OCTaBlleecst NHCbMO Hampa-
BJICHO IO NPABHJBHOMY ajpecy.

Hrak, 120 pasnuunbix nepecTaHOBOK H3 O 3J€MCHTOB
pacnanapoTcs Ha 44 nepecTaHOBKH, B KOTOPHIX HH OAMH
3JeMEHT He OCTaercsi Ha Mecre, 45 mepecTaHOBOK, B KOTO-
PBIX POBHO OJHH 3JIEMEHT He MeHseT CBOEro MNoJOXKeHMd,
20 nepectaHOBOK, B KOTOPbIX He MEHSIIOT MOJIOXKEHHMS [Ba
saemeHTa, 10 nepecTaHOBOK, He MeHSIOHIMX IOJOXKEHHS
Tpex 3/J1eMeHTOB, H | mnepecTaHCBKy, NPH KOTOPOH Bce 3Je€-
MEHTEl OCTAIOTCA HA CBOHX MeCTax.

Ceakc Tenenatmmn

HekoTopble JloaH yTBEpPKAAIOT, YTO MOTYT UHTATb MBIC+
Ju Ha paccTosiHuH., a5 TNpOBepKH Jenananch CleAylollHe:
onbiThl. B oAaHOll KOMHaTe NoAHMMaJu B HEKOTOPOM I0-
psilke Tak Ha3biBaemble ¢urypol 3enepa (puc. 9). Tenenar
A0JKeH OblJl yrajaatb, B KaKOM Nopsiike NMOAHUMAJHCh 3TH
¢Gurypsl. .

Byaem cumTtaTth, 4T0 ¢Uryphl NOJHHMaTcH 6e3 NOBTO-
peuuii, Torpa oflilee YHCAO BO3MOKHBIX NMEpPecTaHOBOK ITHX
¢duryp pasno 5!=120. [1pu npoBesenun ceanca sBbIbHpaeTcs
OJHa H3 3THX IepPecTaHOBOK. Tenenmat Ha3blBdeT APYrylo
NepecTaHoBKYy 3THX (uryp, # ero ycmex teM OoJbllle, 4eMm
6o.ablie GUryp om yrajaer. V3 mnoacuyeros, npoBeleHHBIX
Ha ctp. 69—70, BoiTeKaer, YTO NPH CaAy4YaHHOM yrajablBaHuH
pesyabpTaTthl 6blin OB NpHMepPHO caedyollye: B 44 cayuasax
u3 120 He OGblia Gbl yragasa HH ofHa dQurypa, B 45 cay-
yasix — oAHa ¢urypa, B 20 cayuasix — aBe ¢urypel, B 10
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cayuasix — TpH (UFYpEH M B OJHOM CJyyae — Bce NATb (-

ryp. B cpeanem npu cay4aiiHoM rajaHui YMCJO NMPaBHJIBHO

Ha3BaHHLIX {HTYp paBHO
45-4-20.2-410-34+5

120 =1,

TO eCThb HasbiBaeTcsi ofHa ¢urypa u3 naru. Ilpu n padnuu-
HHIX (QHUrypax B cpefHeM JOJI2KHa yraiblBaThCcsl OJHA ¢ury-
pa u3 n. Ecau cucTeMaTHYeCKH yrajbiBaercsa Godbliee 4iic-
JO GUryp, TO HajAO0 TILATEIbHO H3y4HTb B UeM M€&J10 —

A
WAV,

Puc. 9.

IIPOMCXOAHT JH (KaK 4yacTo GBIBAeT) XKYJbHHYECTBO UIH Aeli-
CTBHTENbHO JaHHLIl YeJoBeK o6jajaeT OcOOLIMH C€rocof-
HOCTSIMH.

BhisicHUM, H3MEHHTCS JH YHCJAO yrajbiBaeMbiX B Cpe-
HeM ¢uryp, ecjH AONyCcTHUTbL NOBTOpeHHs. B atom cayuae
BMECTO IIepeCTaHOBOK HMeeM pa3MelleHHs C NMOBTOPEHHsIMH.
Ho uucno Takux pasMellleHHH M3 A 3J1€MEHTOB, IPH KOTO-
PblX HH OJHH 3J€MEHT He HaXOAHTCS Ha CBOEM «3aKOHHOM>»
MecTe, paBHo (n— 1)* B camoM gene, Ha MepBOM MecTe
MOKeT ObITb M060H M3 3/1eMEeHTOB, KpOMe NepBOTO, Ha BTO-
poM — n1060it H3 3/MeMeHTOB, KpoMe BTOpOro, H T.A. HHH-
MH CJIOBaMH, Ha Kaxk/Joe MeCTO HMeeM 7 — | KaHAM/JaToB,
[To npaBuny npousBefeHHs BHIBOAMM OTCIOAQ, 4TO ofllee
YHC10 BO3MOXHBIX KOMOGHHauUH#A paBHO (n— 1)%.

HailifneM, BO CKOJIBKHX CJyyasX Ha CBOEM MecTe" CTOHT
B TOYHOCTH OAMH 3JeMeHT. EcaH cBOe MeCTO 3aHHMAerT,
CKa)KeM, NepBHil 3JeMeHT, TO ocTaeTcs ellle n— 1 Mecr,
KOTOpble HaZo 3aHaATh. lIpH 3TOM Ha KaXJaoe MecTo
npeTeBayioT n— ] KaHAMAATOB (BCce 3AEMEHTHl, KpoMe
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«3aKOHHOTO BJajesbUa» 3ITOTO MecTa). 3HAuuT, UHCJAO pas-
MCHIEHHMH, B KOTOPBIX NEpPBBHH W TOJNBKO MNEpBbill 3jeMelT
CTOMT Ha cBoeM Mecte, paBHO (n — 1)"~l. Ho Tak kKak Ha
CBOEM MecTe MOKeT CTOATh JNIO60H H3 7 37JeMEeHTOB, TO
YHcJ0 pa3MmellledHil, rie He cMelleH B TOUHOCTH OJHUH 3Je-
MeHT, paBHO n(n—1)7~1, CoBeplleHHO TaK Xe J0Ka3pl-
BdeTcs, 4TO YMCAO pasMellleHHHl, B KOTOPHIX He CMelieHO

poBHO  ieMentos, paso Cp (n— 1)"*.

Hanpumep, B cayuae nsiTu pasiHuHbBIX 371€MEHTOB NOJY-
yaeM clelyioHiuil pe3yabTaT: 4YHCJI0 pa3MelleHHH ¢ NMOBTO-
PEHHSMH, B KOTOPBIX BCe 3JIeMeHTHl CMelleHbl, paBHO 4°=
=1024; pasMelneHHufl, rae POBHO OJHH 3JIeMEHT CTOHT Ha
cnoeM ‘Mecte, 5-4%*=1280; pa3meuwleHHH, rie pOBHO ABa
3]eMeHTa OCTAaJHCh Ha CBOMX Mecrax, 10-43=640; Tpu —
10 -42=160; yerblpe — 5:4=20 u natb — 1 -49=1. ‘Beero
nMyeeM

1024 + 1280 + 640+ 160 4 20 + 1 = 3125

pa3sMelledufi, 4To coraacyercsi ¢ popmyJoil
A} =5°=3125.

B cpemmem 6yner yraabiBaThesl INpH cayyafiHOM ra-
AAaHHH

1280 +640.2-160.3--20.4-+1.5

. 3125 -

OtBer moayuyuacs TOT Ke caMbli — NpHu cayuailHoMm raja-
HHH MOXHO yrazaTtb OAHY (Urypy M3 NATH He3aBHCHMO OT
TOro, AONYCKAalOTCsl NOBTOpeHHs ¢uryp uan Her. OaHako
pacnpefesieHde 4Hcaa YrafaHHHX GUryp OyJeT yxKe HHbIM.
OHo ykasano B cjaeayomlell Tabauue: ’

1.

) ’me.'xo Ees
§ra§1:1rb;f;’ux nosTopenHi C nosropeuusmu
0 0,366 0.328
1 0,375 0,410
2 0,167 0,205
3 0.083 0,051
4 0 0.006
5 0,009 0,000




O6ujan 3apaua o cmeuteHun ')

CoBeplueHHO Tak ke, Kak H pa3oGpaHHbIC BbILIe 3ajavll,
peuniaercs ofllass 3ajaya O CMeWeHHMH: Hadru 4ucao D,
nepecTanosok u3 N 3AeMenTos8, npu KOTOPolX Hi OOuH sae-
MeHT He OCTaeTcs 8 nepgoHadancrom noaoxeruu. Otser
naetca dopmydaoii

Dn:Pn—C/‘an—-l "i" Cipn-Q_ “e + (_l)ncﬂz

=l —f 55—+ @

UutaTte b, 3HaKOMBIl C Teopneii psiioB, y3naer B BbIpaXKeliHH, CTOR-
Hiex B CKOOKax, HaCTRUITYIO CYMMY pas/oxKeHus el

OGobutan dopmyay (3) Ha cayuail n=0, noiyyaeMm, uTo
ecTecTBeHHO NpHHATL Dy=1.

HHcno nepecTaHOBOK, MpH KOTOPHIX POBHO 7 3J1eMEHTOB
OCTalOTCA Ha epBOHAYAJAbHBIX MecTax, a OCTajlbHbie 1 —f
MEHAIOT CBOE MOJIOXKCHHE, BHIpaxkaercss (HopMyaoil

Dn,r= CZDn—r- (4)

B camom peae, cnauana Hajo BeIGpaTh, KaKHe HMEHHO f

3;€MEHTOB OCTAlOTCSl Ha MecTe. DTo MOXHO cenath Cn
criocof6aMH. A ocTalbHble 11— r 3JIeMEHTOB MOXKHO Iepe-
CTaBJATh INOCJAe 3TOro JOBRIMH croco6aMH, JHIUb Ob HHU
OJJHH M3 HHX He 3aHs/ NepBOHAYAJNBHOTO MeCTa. ITO MOXKHO
caenath D,., cnoco6amu. [lo mpaBuny npoHsBejeHHs TO-
JyuyaeM, 4To ofulice UHCI0 TpeOyeMhIX MepecTaHoBOK PaBHO
ciD,_,.

PazoGpeM Bce mnepecTailoBKH Ha KJacCHl B 3aBHCHMOCTH OT TOLO,
CKOJIbKO 3JeMENTOB OCTaloTCst HeMOABILKHBIMH NPH AaHHOfl NepecTaHOB-
Ke. Tak Kak ofuiee YHCA0 NepecTaioBox paBHO f1!, TO NoJyuaeM crie-
Aylouiee TOXK1eCTBO: :

n n
4 | r
IZ!— Z Dn, r— z CnDll-f- (5)
r=0 r=0
Ilpyroe TOAKACCTBO, CBAsBIBAWOUiee 7! # uucjaa Dn,r, noJaydaercst
CAeayIoliHM OGDRSOM. BozbMem Bce ri! nepecTaHOBOK  3J/€MEHTOB
ay, ..., dp ¥ NOACUHHTAEM, CKOJIBKO YHCEA BO BCeX 3THX NepeCTaHOBKaXx

) dtor nynkT MoMKer ObiTb NPONYWEH HPH NMEPBOM HTEHHH.
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0CTaN0Ch 12 CBOMX MecTax. JTOT pacyeT MOXKHO cHellaTb ABYM# CHO-
cobamy. Bo-nepBeix, 3aMeTHM, YTO ecJi4, HalpHMep, 3JeMeHT 4; Haxo-
JIATCH Ha CBOEM MecCTe, TO OCTAJIbHbie¢ 3JIEMEHTHl MOMKHO IepecTaB]fATh
Pii=(n—1)1 crocoBani. IMostomMy B (n— 1)! mepectaHoBKax sJe-
MEHT @) HaXOAHTCH Ha mepBoM Mecre. ToyHo Tak Xe B (n— 1)! mepe-
CTaHOBKaX 3JIEMEHT d; HAXOAHTCA Ha BTOPOM MecTe ¥ T. A. Bcero mo-
ayyaem n(n—1)!=n! sneMeHToB, HaxoAAIMXCA Ha cBoux Mecrax. Ho
UHCAO 3THX 3JIeMEHTOB MOMKIO MOACYMTaTh H HHaue. Yncyno nepecratio-
BOK 7-T0 KJacca, TO eCThb TaKHX, UTO B HHX I 3JIeMEHTOB HaXOMHTCS Ha
CBOHX MecTax, paBiuo D, .. Kamian takas ftepecTaHoBka AaeT HaM T
HETIO/ABHXKHBIX 3JleMeHTOB, [lo3ToMy ofllee HMCJI0 HEMOABHKHBIX 3Jje-
Memoa B TNepPecTaHoBKax r-ro Kaacca passo rD,, , 1 Bcero mosaysaem

Zan,r HEMOARHXKHBIX 3.]eMeHTOB. TeMm caMBIM [0Ka3aHO TOXKIECTBO

r=0
m n
= ZOrD,,, r= 2 rCiDy_,. (5")
r= r=0

®opmys1a BKIIOUEHHS] H HCKJIOYEHHs T03BOJSET PEIlHTh
H TaKylo 3ajauy: HQlTu 4UCA0 nepecTAHOB0K U3 N 3/eMeH-
108, nPU KOTOPbLX JAHHbIE ©' IAEMEHTOB CMetjeHbl (& 0CTadlb-
Hble MOTYT ObIThb KaK CMEILEHbl, TAK H OCTAaBaTbCA Ha CTa-
puix MecTax). OT1BeT naetca gopmyaoit

mM—Crn—)I4+Cln—2)!— ... +(—1) (n—r)L (6)

Cy6daxropuanst )

HekoTtopble aBTOpbl HasniBaloT uuciaa D, cy6¢amopu-
asamy. DTH YHCAA HMEIOT MHOTO OGIIMX CBOHCTB ¢ OObIY-
HbIMH ¢akTopuanami. Hanpumep, ana ¢akropuanoB BhI-
NOJHSAETCS PaBEHCTBO

—(n—1)[(r— 1)1+ (z—2)1]. (M)
B camom pede,
a—N[r—)+E—2=@n—1)(n—2)n=nl

Ilokaxem, 4TO 39TO Ke paBelCTBO BEpHO H s cyGdak-
topuanoB Dy, To ecThb, UTO

n=(n_1)[Dn—1+Dn-2]' (8)

Hasa 3toro samenuM D, u Do HX pasioXKeHUAMH IO

-

) DTOT MyHKT MOdeT ObiThb NPONYUiEH NpH NEPBOM YTEHHH,
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dopmyae (3). Mbl noayuum, otienss B BbipakeHHH D,_;
NocJIe/lHee caraeMoe, 4to

(n—l)[Dn~1+Dn_21=(n—1>[(n—1)!+(n—2)!1><
X[1 = frd g —ar - S ) )

Ho no dopmyae (7)
(n—1){(n— D!+ (n—2)!]=nl.
Kpome Toro,
(1 = =t [ G S,
IToatomy
(n—N[Dyoy~+Dyey] =

_ )
=1 —rwhww T ey T
(="~ (—1> ]
+w=nr T+ D,

HoxasaiHoe cootHowenne (8) MoXHO, caelys Oiitepy, BbiBeCTH
C MOMOLUBI) YHCTO KOMGHHATODHBIX paccykAeHuil. PaccMOTpHM BCe Ie-
PecTaHOBKH, B KOTOPHIX BCe 3jleMeHTL! cMellenbl. I[lepBoe MecTo B TaKHX
MepecTaHOBKax MOXKeT 3aHATh JoGo# 3/eMeHT, KpoMe mnepsBoro. Tak
KaK WYHCJIO OCTaBLIMXCH 3J/IeMeliTOB pPaBHO n—1, 1o Dy, nepecTano-
BOK pa3bHro Ha n— 1 rpynm B 3aBHCHMOCTH OT TOrO, KaKof 3JieMelT
3aHsa NmepBoe MecTO. SICHO, YTO BO BceXx rpymnax 6y11e-r MOPOBHY 3Jle-
MEHTOB,

CocunTaeM, CKOJMBKO 3JIEMENiTOB B ounofx H3 3THX [PYII, CKaMeM
B TOHN, TAe NepBoe MeCTO 3aHAJ BTOPOH 3JeMeHT. DTa rpynna pasbu-
BaeTcs Ha ABe YaCTH: Te, B KOTOPHIX MepBbifi 3JEMEHT CTOHT Ha BTO-
pPOM MecTe, H BCe ocCTasibHbie, EciH MepBBIA 3JeMeNT 3aHAJ BTOPOe Me-
cto (a BTOPOfAl, KaK MbI NOMHHM, — MepBOe MeCTO), TO OCTaBlUHeCs
n—2 31eMeHTOB MOXHO NEPecTaBlATb JioGbiM o6pasoM, JHIL Obl HU
OJHfi- H3 HHX He 3aHsJ CBoero Mecra. JTo MOXHo cienats D,_, cno-
cofamy. 3Hauut, mepBas uacTb COCTOMT H3 D,_p NepecTaHOBOK.

IMokaxem, 4TO0 BTOpas 4acTs cocTouT H3 D, 1iepecTaHoBOK. B ca-
MOM Jefle, BO BTOPYIO 4acCTb BOMAJYT BCe NePeCTaHOBKH, B KOTOPHIX Mep-
BEIfi 3/IeMEHT He CTOMT Ha BTOPOM MeCTe, a OCTaJbHBeE 3JeMeHTh He.
HaxoJsATC Ha CcBOMX Mecrax. Ecsin .BpeMerio ciuTaTh BTOPOe MeCTO
«3aKOHHBIM» [IJIf TIEPBOrO 3/7eMeHTa, TO HOJYYHTCS, 4TO NePBLifl, Tpe-

THH, 4eTBepTHH, ..., M-H 3JeMeHTbI He HaxO[ATCs Ha CBOMX MecTax.
Tak Kak YHC/IO 3THX 3JeMeHTOB paBiio n—1, To Bo BTOpO#l uacTu
n—1 mnepecraHopokK., Ho Torza Bca rpynma coCTOHT H3 Dyo+Dn_t

nepectaHoBoK. Tak Kak BCe MHOXECTBO CMeINAOUIHX TMepPecTaHOBOK Co-
cTout u3 (n—1)-i rpynnel, To B Hero BXOAHT ~(n— 1}[Dawat+Dn_i]
nepecrarioBok. Tem cambiM JoKa3ano paBelcCTBO (8).
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M3 dopmyanl (8) BeiTeKaer, 4To
Dn_ nDn-l:'— [Dfx—l"" (fl"— I)Dn—‘_’]~
[Mostomy npu H3vmeHeHuH 1 Boipaxenue D, — nDn -y TOJIbKO

MEHAET 3HaK. anMEHﬂH 3TO COQTHOIUEHHE HECKO/IbKO pas,
noJjiyuaeMm, 4to

D,—nD, = (—l)n—‘2 [Dy— 2D\
Ho D=1, a D=0, u noatomy _
D,=nD,_,+(—1)". (9)
Bta dopMysna nanomuHaer cooTHoweHue n'=n(n—1)! aus
akTopHaJ0B.

Brinuuiem 3sHayeHus cy6hakTopHaIoB A4 nepBuix 12 Ha-
Typa/AbHBIX YHCea -

n Dﬂ n Dll n Dll n Dll

1 0 4 9 7 1854 10 1334961
2 1 5 44 8 14833 11 14684570
3 2 6 265 9 133496 12 176214841

KapasaH B nycrbiHe

ITo nycroine uder xapasan uz 9 sepbaodos. fMyrewect-
8ue OAUTCA MHO20 OHell, U HAKOHeY, 8ceM Hadoedaer sudeTs
snepedu ce6s 001020 u 1020 e gepbaroda. Crorvkumu cno-
cobamu MOXHO nepecTasuty 8epba0dos Tak, 4To6bL snepedu
Kamooeo sepbaroda wen Opyeod, wem paxsuie?

. Tarue nepecralioBKH HaBepHfiKa cyuiecTByior. Hanpu-
Mep, MOXKHO NepectaBHTh Bcex Bep6soaoB B obpatTHoa IO-
pAjKe, TaK YTO NOCJIeAHHH OKa;KeTcs 1epBbiM i T. 4. B 06-
uleM, Kak r.iacuT apa6ckas 110roBopKa, <KOrja KapaBaH Io-
BOpauyMBaeT Ha3al, Xpomoit BepO.110J] 0Ka3bIBAETCA BIIEPE/IHS,
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[an pemenus 3anaud nepeHymepyeM BepG6JIofioB B nep-
BOHAYAJIbHOM NOPAAKE OT KOHUA KapaBaHa K HAyaly YHCAd-
mu 1, 2, 3, 4,5, 6, 7, 8 9, Takum obpasom, nocnaenuui
BepbaIoA NoJyyaeT 11oMep oAuH, npeanociaeauuii — romep 2
H T. 4. Ham nyxkHo nalTH Bce nepecrtanoBKH 3 uicea 1, 2,
3, 4,5,6,7, 8,9, BKOTOPBIX He BCTPETHTCA HH OJHA M3 map
(1,2),(2.3), 3,4), (4 5), (5 6), (6,7), (7, 8), (819).
Jina pewenns 3ajgaud croBa HCNOJAb3yeM GOPMyay BKIOUe-
HHH 1 HCKJIOYeHHUH,

Cocuntaem cHauaaa, BO CKOJIbKO NEPECTAHOBOK BXOAHT
napa (I, 2). Mbl mMoXeMm CYUHTaTh B TaKHX NepecTaHOBKax
3Ty napy 3a OAMH 3JeMeHT, [losTomy ofillee YyHCAO 3/IeMEN-
ToB Gyner He 9, a 8 H YHC/I0 NePeCTaHOBOK, COAEPKalHX
(1, 2), paBHo Pg. Tot ke peayabTaT nosayyaem AJs Bcex
8 nap,

Tenepr paccMOTpUM TNepecTaHoBKH, COAepkKallHe ZHall-
Hble ABe Hapbl, B 3ToM cayuyae o6beaHiisieM J€MEHTHI, BXO-
AfiuMe B Kaxkaylo u3 3atux nap. IIpu sTOoM ecaum obe napsi
collep/KaT OAMH H TOT e aaemeut (nanpumep, napn (1, 2)
H (2, 3)), To o6bensieM Bce TPH 3JeMeHTa. B NpPOTHBHOM
clywae (Hanpumep, aaa nap (1, 2) u (5, 6)) ob6bveauHsAem
3JeMeHTH 10 ABa. B ob6oux cayuanx nocie o6beAMHEHHS NO-
JYyUuTCA 7 HOBBIX 3J€MEHTOB (UacTh M3 HHX SIBJfeTCA napof
HaAH TPOMKOH MepBOHayaJbHHX), KOTOPbIE MOXHO NepecTaB-
JATb APYT ¢ ApyrosM P, cnoco6aMu. A fBe mapbl MOXKHO BbI-
6pathb u3 BocbMH Ca COCOGAMH. ]

CoBepileHII0O TaK e A0Ka3nBaeTcs, 4TO KOJHYECTBO
IlepecTaHOBOK, COAEPIKallHX JaHHbie k£ nap, paBHo Py [IpH
5TOM k£ nap MOXHO Bbi6path C% cnocobamu. Tlo thopmyae
BKTIOUEHHH U HCK/IIOUEHHH MO.TyyaeM, YTO KOJHYECTBO mepe-
CTaHOBOK, He COJep:Kalllux M OAHOH u3 3ajaHHBIX Nap,
pAaBIO

Py — CyPs—+ CiPy — CiPs—+ CsPs —
— CiPy+ CiPs — CiPy - CsP, =
8 7 6 5 4
=819 — g~ —a
3 2 1 )
+-6—,—W+-8—,] == 148 329.
COBepIHeHHO TaK XK€ JOKa3blBaeTcfl, UTO KOJHUYECTBO
BepecTaHoOBOK M3 n umucen 1, 2, 3, ..., n,He coOAepKaWHUX HU
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oano#t us nap (l, 2}, (2, 3), ..., (n—1, n), BelpaxaercH
topmynoit
En=Pn—C}1—an—l+Ci—1Pn—-2*“‘
—C3_1Pas+ . +(—1)H—ICZ:%P1=
=(n——1)l[n—”—1+”—2-—”;3 4. +§—n——1_)—171,]
(10)

Beipasum nosnyueHueili oTBer uepe3 cyGdaxropuans. das 3rtoro
pa3sobbeM KaxkJoe caaraeMoe B NpPaBoOfi WaCTH Ha [Ba:
D=k (=1fn  (=DF]
k1 k1 (r—11"

Msi nostyunm, yto .
1 1 ( )n- ( 1)"]
=l —— - — !
E,,—n.[l “—|—2! R 1)!+ +

1 (_ )n -2 (_l)n—-l]
—{-(n—l)![l——l—t-{——ft— + 2),'*‘(,1_1)!

(B 06e ckOOKH MBI HOGaBIIH MO OZHOMY — MOCJELHEMY WJEHY; OueBHA-
HO, 4TO 3TU WIeHbl B3aHMHO YHHUTOXKANlOTCHA, TaK KaK MOcjie PacKpHITHA
CKOGOK npeBpaujalotcsi cootBeTcTBeHHo B (—1)” u (—1)»-1), Ho mep-
Basg CKoGKa — 3TO He uTo miloe, Kak D,, a BTOpas — He UTO HHOe, Kak

Dy_1. Iostomy
E,=D,+D,_, ' (11)

Hrtak, uncno mepecrasoBok u3 1, 2, 3, ..., B KOTOphle He BXOJMT
Hu omna u3 map (1, 2), (2, 3), ..., (n—1, n), pasHo Dp+Dy1.

CoBepllieHHO TakK K€ J[OKa3biBaeTcf, YTO KOJHYECTBO
NepecTaHOBOK M3 1 3JIEMEHTOB, B KOTOPble HE BXOAAT 3ajaH-
Heole r<n— 1 nap, paBHo

Po—CPy i+ CPyst o+ (—1) CoPur. (12)

HHo#t oTBeT mMOJyuHTCA, €C/AM UYHCIO 3anpelleHHbIX nap
6osbute, uem n—-1. Ilycrb, HanpuMep, kpome nap (1, 2),
(2, 3), ..., (n—1, n), B NepeCTaHOBKH He J0JKHA BXOAHThb
u napa (n, 1). Paccyknas TOUHO Tak e, Kak M Bhilie, No-
JYYHM, YTO OTBET BhIpaxaeTca hopmy/aon

IFn—Pn“’Clpn 1—+—C,,P,, 2—(—1) CP,, k‘+‘
. _+_(_1)n lcrl IP —
_ 1 1 (_ )n l]
=ntfl — g — o+ | =D,y (13)
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B camom jese, B 3TOM cCJyyae YMCJIO 3anpelieHHBIX nap
paBHO n, a cayuyasi, KOrja B NepecTaHOBKY BXOAAT Bce s Iap,
6bITh He MoxXeT. Beab, HanpuMmep, eC/1H B NepeCTaHOBKY BXO-
aat naps (1, 2), (2, 3), ..., {(n—1, n), TO nepBEIM 3Je-
MeHTOM sBJsieTcs |, a NoclAeAHUM n M nostoMy napa (n, 1)
B lepecTaHOBKY He BXOAMT. [loaToMy nocaeanuit uieH B Gop+
myne (13) papen(—1)""' Ca7'Py, ane (—1)"CpPo=(—1)"

Belio 6bl uHTepecHO AaTh noayuyeHHOMY OTBeTy Fp=
=nD -y YHCTO KOMOHHATOP1IOE 0GOCHOBAHHE,

Karanme Ha kapycenu

Ha rapyceau karawrca n pe6ar. Onu pewiusu nepecects
Takum o6pazom, 41066l gnepedu Kaxdo2o okasarcs opyeol,
dem Goin panvuie. CKOAbKUMU cnocoGamu OHU MOZYT 3TO
cderato? .

dra 3ajaya noxoxXKa Ha peLleHHYIO Bbllle 3ajayy O Ka-
papaHe. Ho Tenepr uMCA0 3anpelleHHBIX Nap paBHO f;
AOJIKHBI OTCYTCTBOBaTh maphut (1, 2), (2, 3), ..., (n—1, n)
u (n, 1). Kpome ToOro, nepecraHoBKH, noJyuyaemble ApYyr H3
Apyra nepecaikoll pe6GAT No Kpyry, Mbl He 6yaeM CUHMTAaTb
PasJqHYHBIMH — KOT/Aa Kapycesb 3aKPyXKHTCA, HX He pasJu-
yninb. [losToMy U3 % 3JeMeHTOB MOXKHO cjesarth JHIb
Py.y=(k—1)! cyuecTBeHHO pa3JHuHbIX NnepecTaHoBok. Ha-
KOHell, B HOBOH 3ajaue MOTyT ObITb NepecTaHOBKH, B KOTO-
pble BXOAAT Bce n nap. Takoii 6yner, HanpuMep, HCXOAHAasA
nepecTaloBKa. YYHIbIBag Bce 3TH 0O0CTOATENbCTBA, MOJY-
yaeMm 1o ¢opMyJse BKJIIOYEHHH H UCKJIOUEHHH, UTO YHC/I0 HC+
KOMBIX [IepecTaHOBOK PaBHO

Qu="Pu1— CoPu_s+CrPys— ...
cor A (=1)TICRTIP - (1) CR (14)

./'Ierxo NpOBepHTL, YTO 3TO BLIPa>KeHile MOXKHO 3aMHCaTb B BHAE
-3
Qn=Dn-1_Dn-2+Dn—-3_ vee +(_1)n D,. (15)

-1
B camom aeqe, u3 popmyast (14) B cuay pasencTsa C,’f— Cﬁ_l =
= C*_| cnenyer, uto npa n3>!

Qn+Qn—-l=Pn—l_C}1—-l‘Dn—-2+C?x—an—3— s _*__(_l)n,
19



a 970 Bupaxeuue paBuo D,_; (cM. ctp. 75). Takum o6pasoM, Q.+
4+Qu-1=D,_;. Kpome Toro, us dopmyan (14) Buirekaer, uto Q,=0.
Mkl uneenM, TakeM 06pa3oM, yTo

Qn+Qn—1= Dy_y
~Qne1—Qu-2=—Dp-»
Qn—2+ Qn—3= D,_s,

1" Qy==1""3D,

CKaaablBan 3TH paBencTsa, MPHXOAHM K cooTHouweHino (15).

Ouepefib B Kaccy

¥ Kaccor kunotearpa crour odepedo uz m-+k ueaosex,
npudem m 4eaosex umeor pybau, a k — noatunnuru. buaser
8 Kuxo crout 50 Kon. u 8 Hawase npooaxu Kacca nycra.
Croabumu cnocobamu mozyt pacnoiazarecs 8 odepeodu awo-
- Ou ¢ pybasamu u NOATUHHUKAMY TAK, 4T0 o4epeds npodder
6e3 3a0epiKu, TO eCTb HUKOMY He npudercs xoats cdayu?

Hanpumep, ecau m=~k=2, T0 61aronpuATHHIMH GyAyT
JUlllp ABA cayyasi: Ipnp U OOpp, rie N o3Hayaer No.j-
THHHUKH, a p— pyOaH. B ueTbipex ke cayyasx —ppni,
pnpm pOnnp u Nppn BO3HHKaeT 3aJepXKKa — B MNEPBbIX
TpexX cAyyasx yiKe NepBbIl 3pHTEJdb He CMOXET MOJYYHTh
cllauH, a B NOC/JeNHeM CJyyae y Kacchl 3a[epXKHTCA TpeTHH
3pHTEIb. '

[Tpu ueGonbiux 3HaueHHAX m U R 3agauyy MOXKHO pe-
IUHTH NMpsiMbiM NepeGopom. Ho ecan m u k cpaBHUTeNbHO
BeJHKH, TO TNpsiMoii nepeGop He nomoxer. Beap uuncao
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Pas3NHYHBIX TEpPecTasoBOK H3 m pybOaefl U k MOJNTHHHHKOB
paBHO, KaK Mbl 3HaeMm,

P(;n, k):-"_nj:ﬁ.!_

mlkl
Ecnu, Hanpumep, m=~k=20, 10
401
P(20, 20)=m,

a T0 Yucao 6oJblie CTa MHJJIHAPLOB.

BriBenem ¢dopmyJy, BeipaXawoLlyo YHCIO HCKOMBEX KOM-
O6uHauufl yepes m u k. Ham najo, takum o6pasom, HaHTH
YHCJI0 MepecTanoBoK U3 m OyKB p U & GYKB N, o6saaalolux
caeayowuM cBofictBom: aas awoboro r, 1<LrLm+k, yncio
6ykB I B NMEPBLIX 7 YJeHaX MepecTalOBKH He MeHbllle, YeM
YHCA0 OykB p (MOJTHHHUKOB AOJXKHO ObITb He MeHbIUE, YeM
py6Jeil, HHaye O4Yepeab 3aCTONOPHUTCA).

SlcHo, uTO mAS paspelHMOCTH 3alaYH HEOOXOAHMO, UTO-
6bl BBUTOJHAJOCH ycioBue m<k, uHaue ouepelb HaBepHsAKa
3a/lepXKUTCH — NMOJTHHHHKOB He XBATHT, YTOGbI AaTh cRavy
BCeM BJaajeabiiaM py6ael. TlosTomy Mbl 6yfeT cuuTarts, 4TO
0<m<k. Kak u B HEKOTOPHIX APYrHX KOMOHHATOPHBIX 3a-
Jlayax, 3/eCh BbLITOLHEe HCKATb YHCAO «HeOaaronpHsITHBIX»
clyyaes, TO ecTb C/yuaeB, KOrja ouepelb 3alepiKHUBaeTCH.
Ecan Mbl HafileM 3TO UHCJ0, TO, BbIUTS €ro H3 YHCAA

P(m, k)= Cipyr Bcex nepecTaHoBOK #1 GYKB p U k GYyKB H,
[OJYYuM OTBET AJS Halued 3ajnaud,

Cefivac 6yner J0Ka3alo cjelyiouiee YTBEpaAeHHE: YUHCIO
1e6aronpUATHLIX CAy4YaeB /sl MepecTaHOBOK U3 M GYKB p
U k 6ykB n paBio P(m—1, k+1)= m ik TO €CTh YHCAY
BCeX IMepecTaHoBOK U3 m — | O6ykB p u k41 6ykB n. 310
JoKasbiBaeTcsl cjaenyioouuM obpaszom. Bospbmem mobyio He-
6J1arONpUSATHYIO NepecTaHOBKY u3 m OykB p U R OYKB T.
[Tycte ouepenb 3amepikuBaeTcsl Ha KaKoM-TO Mecre. Toraa
nepes 3THM MecToM OyldeT OAHHAKOBOE KOJHUUECTBO. OYKB
1 U p (BCe MOJTHHHUKH YHAYT Ha clayy BJaajleabiaMm pyo6-
Jeii), a Ha caMOM 3TOM MecTe CTOHT OYKBa p — HHaue oue-
pefb 6JaronoJyyHo npouwna 6ni uepe3 Hero.

Hrak, HOMep MecTa, Ha KOTOpOM 3alepKHBaeTcs oue-
penb, HMeeT BHA 25+1, a nepel 3THM MecTOM CTOUT S GYKB
n u s 6ykB p. IlocraBum Temepnr BHepeAn Hauieil NepecTa-
HOBKH ORHY GYKBYy N (eC1H ouepejib 3aNpoTecTyeT, TO CKa=
KeM, 4To 3TO Renaaercs, YTOObI 06/erYHTb pasMeH MOHET),
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Y wac noayuuTcs nmepecTaHoBKa u3 /M 6yks p u k41 6ykB I,
npudyeM NepBod OYKBO#l TOH MepeCTAHOBKH sBJseTcd M, a
cpean NepBBIX 2542 O6yKB nopoBHy OykB p M I (6bl10 S
6ykB m U S+ GYKB p, Mbl 106aBilid OAHY OYKBY I U CTaJ0
IOPOBHY) . ,

A Temepb clesaeM omepaiHio, KOTopas BHI3OBeT Heynlo-
BOJIBLCTBHE BCEX.BJajenbileB py6aell M pajoCTb BJaaaebileB
MOJITHHHMKOB — Ha MepBbIX 2542 MecTax y KaxKaoro obnaa-
natedas py6Jast 3aMeHHM ero MOHeTy Ha NOJTHHHHK, a Kax-
JblA MOJATHHHHK 3anmennm pyO.aem. Hanpumep, eciau ouepelb
HMesaa BHA

nnopnpnppnppnnpnnp,

TO OHa 3alepKUTCH Ha MecTe, oTMeuennoM O6ykeoii p. Ilocae
TOTO KakK BIepeRy NMoCTaBAT GYKBY I U NMPOU3BEAYT OMHCAl-
HY10 3aMeHy, MOJYYHTCSl ouepelb BUAA

pppnpnpnonpnprOononpnnmp,

Tak kak Ha nepBoix 2542 mecTax O6blJIO OAHHAKOBOE
KoaHuecTBO pyG6aeil W MOJTHHHHKOB, TO Moc/e 3aMeHbl 06-
I1ee KOJNHYECTBO MOHET KaXKAOro BH/Aa He H3MEHHTCS, H MBI
noJsy4uM nepecTalioBKy u3 m GykB p H k41 OykB I, mpuuem
Tenepb nNepBoil 6ykBoi craHer p. Krak, Mbl cONOCTaBHJH
KaXnofi «HeOMaronpuaTHOH» NOCAEN0BATENLHOCTH H3 M
GykB p U k GYKB N NMOCAENOBaTeNbHOCTh U3 M OyKB p H
k+1 6ykB m, HayHHawILywOCA ¢ 6YKBBI P.

[TokaxkeM, 4TO TakHM NyTeM MOXeT ObITb NOJyYyeHa Jio-
6as nocsiefoBaTe1bHOCTh U3 m OykB p U £+ 1 OGYKB i1, HauH-
Hawpomasicss ¢ 6ykBol p. B camos Jese, BO3bMeEM Takyw Mo-
ciaenoBaTeqabHocTh. Tak Kak Mbl nmpefnosnaraeM, uto m<k,
TO Ha -KaKOM-TO MecTe YHC10 6YKB I W p cpaBuserca. Ecan
3aMeHHTb OT Hauana A0 3TOr0 MeCTa BKJ/IOYHTEJIbHO BCe
OyKBbt I Ha p, a Bce OYKBLI p HAa M H OTO6pPOCUTH NEPBYIO
O6ykBy N, TO KaK pas nogyuyurcs nebnaronpusiTHas paccra-
HoBKa py06siell ¥ NMONTHHHUKOB B ouepenu. Ouepenb 3anep-
JKHBaeTCsl Ha TOM CaMOM MecTe, rie B 3afaHIlof nociaeno-
BaTeJbHOCTH BIlepBhie CPABHAJIOCH YHCA0 OYKB IT H p.

Mbl ycTaHOBHAM TakdUM 06pasoM, UYTO 4uUCA0 HebAa20-
NPUATHBLE pacnoaoxcerul pybael u NOATUHHUKOB 8 ouepedu
8 TOYHOCTU PABHO HUCAY BCeX NepecTaHoB8OK u3 m GyKks p
u k+1 6yke n, Hawunarouwguxca ¢ 6ykeot p. Eciu ot6pocutsb
IlepByi0 OYKBY, TO IOJYYATCH BCEBO3MOXKHbIE NepecTaHOBKH
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U3 m—1 6ykB pu k+1 GykB m. A 4HCJI0 TaKUX MepecTaHo-
BOK DaBHO
Pm—1, k-+1)=Cpniik
(

I/ITaK, Ypcao HeGJarOMpHATHBIX MEpPecTaHOBOK paBHO
Cm+k. Tak Kak YHCJA0 BceX MepecTaHoBOK U3 m OYKB p H R

6ykB 1 paBHO Cmyir, TO YHCJAO GJIATONPHUSTUBIX NEPeCTaHO-
BOK BblpakaeTcsi popmynod

-1 E—m--1
z+k— %yk:"—kjj*'_:lr’“ z:k- (16)

B uacrtHocTH, ecin k=#1, TO €CTb €CIH B OYepeld OfHla-
KOBOE KOJHUeCTBO pyG.ell U IOJTHHHHKOB, TO OHA NPOHIET

1 ) . k .
B —k;+—l-Czk cayyasx U 3ajeprKHUTCA B Cor cnyyanx.

k
Er1

Takum oGpasom, ueM Gosblie R, TeM Melbliie MPOUEHT Gaa-
TONPHUSITHBIX CJy4yaes.

Hama 3anaua noaHocthio peiiteHa. PaccmoTpum Tenepb
Apyryio, BecbMa 6JU3Kyio K HeH 3anauy. MmenHo, npeano.io-
JKHM, UTO KaccHp Obla NMPeLYyCMOTPHTEAEH H 8 Hatase 8 Kac-
ce 1eman0 q nOATUHHUKOB. Bo ckoavkux caywasx npotider
Oe3 3adepacku ouepeds, cocroawan usz m obaadarened pyo-
aett u k o6aadatenell nOATUHHUKOB?

SIcuo, yto ecan m<g, TO ouepelb HaBepHAKa MNPoOAIET
6e3 3ajep:KKH — NOJTHHHUKOB, KOTOpbie ObLIM B Kacce ¢
€CaMoro HauvaJja, XBaTHT, UTOGbl YAOBJETBODHTbL BCeX BJja-
neabies py6aeit. Ecau xe m>k--q, To ouepelb HaEepHAKa
3ajiepKUTCcs — O6LIero Yuc/aa NOJITHHHHKOB B Kacce U B oue-.
pelH He XBATHT, YTOGBI 1aTh CAauy BceM BJajesabiaM py6-
acii. IloaToMy Mbl MOMKeM OrpalHYHTbCsl PacCMOTPEHHEM
Clydad, Kotaa

q<m k—4q.

MoxHo cuHTtath, nanee, UTO ¢ HNOJTHIIIHKOB MOSIBHIHCH
B Kacce MOTOMY, UTO B Ha4aje OYEPeIH NMOCTABHAH ¢ HOBBIX
JiofeH, HepxaBuWlX MOJITHHHHKH. [losToMy 3amauy MOXKHO
nepedOpMyJHPOBaTh CJACAYIOUIHM 06pa3ont:

B ouepedu crour k-+q 4eaoBex ¢ NOATUHRUKAMU U M
weiosex ¢ pY6AaMu, nputem fepanie q MecT 3aHUMAT 064
Aadareau nOATUHHUKO8. Bo croaokuy c.zytta}zx HUKOMY He
npudercs scoare coauu?

dra 3ajaya peulaeTcsl TOUIO TaK Ke, Kak pa3o6paHHbiii
Bblllc 4YacTiblii cayyaili ¢=0. Mel GyneM HCKaTb YHCIO
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He6naronpUATHBIX cayyaeB. B Ka10M TakoM cayuae 3aaep -
Ka NMpOH30fifeT Ha uesoBeKe, BIEepesH KOTOPOTO HaxXOAHTCA
OJHHAKOBOE KOJIHYECTBO .S py6Jelt H NOATHHHHKOB, a caM Oil
JEPXKUT B pyKax pyb6ub, [locraBuM BrnepeaH OvepelH eule
OJIHOTO YesI0OBeKa C MOJTHIIHHKOM H 3aMEHHM Y {1epBbIX 25 42
4e/loBeK pYOJaH Ha MOJATHHHHKH, a TOJTHHHHKH Ha Py6.H.
Y Hac nosnyuuTcs nepecranoBKa W3 m pyGuaelt u R+q+1
MOJNTHHHHKOB, MpHUYeM NepBbie g+ | MecT 3aHHMaIOT PYO.IH.
[Tpu sTOM n06asi Takasi mepecTaHOBKA MOXKET ObITb €ilHH-
CTBEHHBIM 06pas3om moJyueHa H3 He6JaronpHATHOTO pacro-
Aoxenus py6Jeil u moatunxukoB. Ho nepsrie g+41 py6aeit
MOXKHO OTOPOCHTB UM TOTJa NMOJyYaTcsl BCEBO3MOXHbIE Mepe-
CTAllOBKH H3 M —g-—1 pybaeit U k+g+1 NOATHHHHUKOB.
Uuceao )Ke Taxnx iepectanoBok pasuo P(m—q—1\, kg4

~1 °
+1)=Cri% . Mbl n0Ka3a/u, uTo B paccmaTpuBaemMon 3a-
1
nave Cni%~ " He6aaronpHsATHbIX nepecrauosox A Tak xak

o6uiee YHCJIO NMEPECTaHOBOK paBHO Chik» TO uHCHO Gataro-
[PUATHBIX NepecTaHoBOK AaeTcs opmysiof

mir—Cnit ™. : (17)

HcnoabsoBanHbIf Bbillie MpHeM NMO3BOJ/ISET PEIUHTb H MHO-
rue apyrue sanaud, Hampumep, Hcnonn3dys ero, Jerko Ino-
JAY4UTh CAeJylollHe Pe3y/1bTaThi:

Ecau m<k, 10 wucro nepecranosox uz m 6yke p u k
6yke 1, Takux, 4To neped rkaxdodl Gyxeol (Kpome nepeoi)
cTout 6oavute 6yKe N, 4em p, PABHO

Crvk-1— Cimih- 1—-k—_,;~'-n— M4 kel (18)

Paccyxnenne npoBOAHTCS TOYHO TaK e, KaK H Bbille,
TOJIbKO He Hano 106aBasTh B Hauasae GYKBYy II.
d1a popmyna sepHa npu m<k. Ecnn ke m=~k, T0 uHcao

o 1 e
MepecTaHoBOK C YKa3aHIbIM CBOACTBOM paBio —- Co

B stom MoxHO y6eautbcsi caeayouuM ob6pasoM. Kaxpas
TaKasi NepecTaHOBKAa MOJXHa HauHHaThbea GyKBoit N u 3a-
KaHuuBaTbesl 6yKBoOit p. Ecin oT6pocHTL 3TH GYKBBI, TO MO~
JNyuuTcs nepecranoBka H3 B—1 6ykB p U k— | OykB I
Jlerko BHAETb, UTO AJi 3TOH MNEepPeCTaHOBKH Ouepeib MNpoii-
ner 6Ge3 3sanepxek. O6GpaTHO, H3 KaXAOH NepecTaloBKH
k—1 6ykB n u R— 1 6YKB p, A/15 KOTOpOil oueperb MpPOXo-
I4T Ge3 3anepikeK, MOJIYUYHTCA NMyTeM NpHOABIEHHs B Ha-
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yaJge OYKBbl 11 H B KOHIE OYKBbl P TI€PeCTAHOBKA ¢ HYKHBIM
HaMm cBofictBoM, Ho yucio nepecranoBoK H3 k-1 OGYKB I
u k—1 6yks p, npu KOTOprx oyepelb NPOXOAHT 6e3 3a-

Lep:KKH, KaK pa3 paBHO —-—Czk 2+

3apava o ABYX wWepeHrax

B xom6uHatopuke uyacro ObiBaer, YTO JBE BecbMa Jaiie-
KHe Ha MNepBbIfl B3ris 3alayd CBOAATCA OAHA K Apyrofl.
PaccMorpuum caenywomyo sanauy:

CKoabKuMU CROCOGAMU MONCHO NOCTPOUT6 21 4eA08eK
pasHoeo pocTa 8 dse weperau NO n yer08eK 8 Kaxcdod, 4To-
ObL 8 Kaxdod wepenze OHU CTOAAU NO POCTY, NPUHEM Kaxi-
Obiii 4wenogex 6 nepeou weperze Gbli Bbitue C(TOAUE20 3Q
HUM uea0BeKa 80 8TOPOLU weperze?

[Tokaxcem, uTo pelieHHe 3TOIl 3aaayH CBORAHTCA K yike
pelleHHOMY BOMNpocy o6 ouepend B Kaccy. [ToctaBuM Jiojed
TpebyeMbIM 06pa3oM B [Be IepeHrH U JaJ UM BCeM CTOSILLIIM
B NepBOf IlepeHre Mo MOJTHHHHKY, a BCEM CTOSILIHM BO BTO-
poil wepenre —mno py6.1i0, Noc1e YEro BHICTPOHM Bcex 1O
pocty B OfHy KoJonHy. ITosyuurcs ouepenbr u3 #n obaaja-
Tesell MOJTHHHHKOB H n o6sxapfateneit py6aei. M3 ycaosus
3a/layl CIAefyeT, 4TO 3Ta ovepelb NMPOXOAHT 6€3 3aXepKKH.
B camom nese, nycTh KTO-TO 3aHHUMaeT k- MeCTO BO BTOPOH
mepenre. Torma cpenn BaageabieB py6aelt gaumbp k2 —1
Bblllle Hero. A cpelu Baafe/bileB NMOJTHHHHKOB Bblle HEro
no KpahfHeil mepe k uesOoBeK (CTOSILIWA nepel HHM H BCe
cTOsilHe Mo fipaBywo cropony). [TosTomy, Korga OH nonoii-
JleT K Kacce, TaMm GyneT no KpaHHelt Mepe OAHII NMOJTHHHIK,
H cllaya eMy obecleyéHa.

"~ OG6partHo, nycTb 3ajlaHa HEKOTOpasi paccTaloBKa 7 4e.l10-
B€K C NMOJTHHHHKAMH H 7 ueJoBeK ¢ py6JsiMu, MpH KOTOPOH
ouepelb NPOXOAUT 6e3 3axepkKH. He Ttepas oO6LIHOCTH,
MOXKHO CUHTaTb, YTO Bce 211 Ye/OBEK CTOSIT Mo pocty. Bribe-
peM Tenepb Bcex obJalaresell MOATHHHHKOB M NMOCTaBUM HX
No pocTy B NEpPBYW llepeHry, a obmanarenaeit py6aei — BO
BTOpYylo wepeHry. IIpenocTasasiem unTaTe/ 10 NPOBEPHUTD, YTO
noJy4yeHHOe MOCTPOEHHE YJOBJIETBOPSIET YCJIOBHAM 3alauH.
Orciofa caeayer, YTo BO3MOXKHBIX MOCTPOEHHH CTOMBKO e,
CKOJIbKO 6J1aronpnm-m>1x NepecTaHoBOK H3 A OYKB N H n

6YKB p, TO €CTb ‘rl Cia.
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HoBble cBoficTBa coueTanmii |)

BriBeseHHble B MpeAbIAYIIUX NyHKTaXx ¢GoOpMyJasl NMO3BO-
JAIT YCTAHOBHTh [aJjbHefinHe CBOHCTBA YHCJA coueTaHHH
Ch (cM. crp. 52). as storo pasobbem Ha KJjaccel BCe
«He6/1aronpHATHbIe» NMepecTaMoBKH U3 m GYKB p H & OGYKB I
Mgl BHIENH, YTO ANS TAKHX NEPECTAHOBOK OUepelb 3aaep-
JKHUBaeTcsl Ha MecTe ¢ HomepoMm 25+ 1, mpuueM mepel HHUM
CTOHT § OyKB p H § OYKB I, HAa HeM CTOMT GYKBa p, a oue-
pellb BIJIOTb A0 5TOrO MecTa MpoXoAuT Ge3 3afepxku. OT-
HeCceM K S-My KJaccy Bce HebaaronmpHsiTHble NepecTaHOBKH,
AJisl KOTOpBIX 3ajepxKa NMPOHCXOAMT Ha Mecte 25+ 1. fIcHo,
UTO S MOXKET NMPHHHMaTb 3HaueHue O, 1, 2, m—1.

Hafinem, ckoJbpko nepectaHoBOK on;lm- B s-i kaacc. Ha
NepBbIX 25 MeCcTax MOTYT CTOATh JoGbie GaaronpHATHLIE
NepecTaHoOBKH H3 § OYKB p H S GYKB I — Bellb 10 MecTa 25+ |
ouepellb He ocTaHas/HBaerca. Kak Mbl BHIENH, YHCIO TAKHX

-s—j_—_l_ C3s. [Hanee, na Mecre 2s+1
CTOHT GyKBa p, a mocae Hee — Ji06as MepecTaHOBKa OCTAB-
mHxea m—s—1 6ykB p u R — s 6ykB 1. Yucao 3THX nepe-
CTaHOBOK paBHO P(m—s—1, k—s)=CmiiZss—1. Takum
0o6pasoM, B CHAy NpaBHJa NPOHU3BeNEHHs 4HCJIO HebJaro-
NPHATHBIX nepecraﬂosox §-FO KJlacca paBHO

m-—s-—1
CQsCm f-h-25—-1-

NMepecTaHOBOK paBHO

s+1
Tak kak o6mee YHCJA0 He6NaroNpHSATHbIX MepecTaHOBOK

paBHo Cii4 a YHCJO KI4CcCOB paBHO M — l, TO moayuaeM
npH m<k cCOOTHOLIEHHE

Cocm+k 1+ CQCm+k 3+
5 CICaT s o CBhCh i =ClTk. (19)

ITO COOTHOINEHHE SIBJSIETCS YACTHBIM CayuaeMm ¢>opmynb{

m=~1 -

G- p— C3:757 T Cmibip-2sc1=Cm3t ™ (20)

s=p

-1
rie p<m<p+k (B nepsom caaraemom C; cuuraercs
paBHbM Hy/a0). @opmyaa (20) nokaseiBaeTcsl Tak Xke, Kak

1) DtoT nyHKT MOXKeT ObITb NPONYI(EH HPH NEPBOM UTEHHUH,
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u (19), nyrem pas6ueHusi Ha KJacchl HEGJArOMPHATHBIX
nepecTaHOBOK H3 /m OYKB p H k+p GyKB I, Y KOTOPbIX B Ha-
vaJje cTosit p 6ykB m (cM. cTp. 83).

Tenepp paccMoOTpHM COOTHOLIEHHS, MOJYyYalOIIHECS My-
TeM pa3bueHHs Ha KJacCh 64aconpusrTHbiX TEpecTaHOBOK,
COCTaBJIEHHBIX H3 k 6yKB p u k 6ykB n. Yucno sTHX nepe-

CTAaHOBOK paelo C%,. Tocae NPOXOXKAEHHS BCEH ove-

k+1
pell B Kacce BHOBL He 6yAeT HH ORHOrO NMOJTHHHHKA — BCe
OHHM yAAYT Ha cpauy. OQHaKo AJsl HEKOTOpbIX 6s1aronpHsr-
HBIX MEPecTaHOBOK H paHee BO3SHHKAHOT MOMEHTHI, KOTla B
Kacce HeT MOJTHIIHHKOB; TOJMbKO TO OOCTOSITEILCTBO, YTO
CIEAYIOUIHA 3pHTEAb AaeT MOJTHHHHK, ClacaeT oyepelb OT
3afiepKKH. Pa3obbeM Bce 6JaronpHsTHbE MepecTaHOBKH HA
KJIacchl, OTHeCsl K S-My KJaccy BCe NepecTaHOBKH, B KOTO-
pbIX Kacca BNepBbIe HE HMeeT MOJTHHHHKOB Ha 2s-M MecTe,
s=1, 2, k.

HaﬁﬂeM YHCJ0 NepecTaHOBOK B S-M KJjacce. Kaxnas
TaKasi NepecTaHOBKAa pa3OuBaeTcss Ha JBe vacTH. Ilepsmbie
2s 6ykB 06pa3yloT nepecTaHOBKY H3 s GYKB N H S OYKB p,
TaKylo, YTO neped Kaxjaoll ee 6YKBoH Gosbie OYKB I, 4eM
6yKB p (HMHaye BbIpaBHHBaHHEe BNepBble NMPOH3OLLIO Gbl He
a 2s-M MecTe, a paHbiue). Mbl BHEIH, YTO UHC/AO TAKHX

NepPecTaHoBOK paBHO %'CSS‘_IQ (cM. ctp. 85). Ilocne mpo-

JaxH TepBbIX 25 GUIETOB NMONTHHHHKOB B Kacce HeT. Ifo-
3TOMY, YTOGBI ouepelb NMpouria Ge3 3afepXKH, MociaelliHe
k—s 6ykB p U k—s OyKB n J0JKHBl 06pa3oBaTh 6Jaro-
NPUATHYIO TNepecTaHoBKY. Ho uHCIO TakHX NepecTaHOBOK

panlok—__l?mCQk"_szs (cm. ctp. 83). Ilo mpaBuay mpousse-

AeHHda nmoaydyaeM, 4Yto B Kiaacce

1
mCQS 2CQk 2s

nepecTaHOBOK. A Tak KaK ofliee uydca0 6JaronpHATHBIX
nepecTaHoBOK paBHO k+1CQ’“ TO MOJyYaeM TOXAECTBO

R
k41
2 S(k—{—t—-—l CQ CQk QS_CQkk- (21)

§=
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Ecau BBectH o6o3Hauenue

1 s
m C‘ZS = TS:

TO (1>opMyﬂa'(2l) npuMeT CIeAVIOWHA BHA:
TyTpi + T\ gy oo + T To=Ts  (22)

Ecau onHo cootnouwenne mexay yucaamn Cp noayuaer-
s cnenyowuym o6pasom. 3asaaum vucno [, 1<KI<m, v paso-
ObeM MHOXKeCTBO Bcex O.JaronpuATHBIX NEPecTaHOBOK Ha
K.Jacchl, OTHECS K S-My KJaccy Bce NepecTaHOBKH, coAepHa-
l{He CpelH NepBbiX [ 3/eMeHTOB POBHO § 6YKB p. Toraa uuc-
710 OYKB 11 cpenu NepBuix [ saementoB paBHo [ —S. Tak Kak
OYKB 1 10JXKHO OBITb He Melibille, yeM GYKB p, TO S YIAOBJET-
BopsieT HepaBeHcTBaM 0<2s< L.

Haifizem uncao nepecraHoBok B s-M Kaacce. Kaxnas
TaKasi NepecTaHOBKa pachajaeTcs Ha [Be YacTH: OJHA CO-
CTOMT H3 nepBuiX | GYKB, a Apyrasi — U3 MOCAeHUX k+m — |
6ykB. B mepByto uacTb BXoauT [ —s GykB 1 u § 6yKB p. [Ipu
3TOM TakK KakK BCsl N€pecTaHoBKa GJaronpHsTHA, TO H €€ 4acTb,
cocrosiulasi U3 nepBblx [ Gyks, ToxXe GaaronpusatHa. A u3

{—s5 6vkB 1 H § GYKB p MOXHO COCTaBHTb 11:'}5;‘*—13-05
TA4KHX NepecTaHoBOK.

[Tocne Toro Kak IpoitaeT nepsBasi 4acTb MePeCTAHOBKH,
B Kacce Oyaer [ — 2s MoJTHHHHKOB, Bropas uacTb nepecta-
HOBKH COCTOHUT H3 £ —[+s GVvkB m 1 m —s 6yks p. Hucao
MepecTaHOBOK, MPH KOTOPLIX 3Ta 4acTb oyepead NPOXOAHT
Ge3 sajaepxkkl, Bbiuuciagetcs mo ¢opmyae (17) na crp. 84,
B KOTOpPOI Hajlo 3aMeHHTb g Ha [ —25, m Ha m—s H k na
k—I+s. V3 stofi QopMynabl BHITEKAeT, YTO BTOPAs 4acTh

- s—1-1
NepecTaHOBKH MOXeT GHTb BHGpaHa Criry —Cmizot

cnoco6aMi. [To npaBHay NMpOU3BeAeHHS MOJNyyaeM, 4TO UHC-
JI0 IepPeCTaHOBOK B S-M KJacce paBHO

{—2s-F-1 Cls[ m-s Cm+s—l—l

m ‘m+k-1—— “m+k~{ |-
Tak xkak oOulee uilcio OJaronpHATHHIX NMEPECTAHOBOK H3 A
k—m-1
6ykB 1 H m GYyKB p paBHO -—k—_—};—i{_— mik . TO TOJydaeMm
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TOXKJIECTBO 1)

E(%

{—25+1 Astpm~s miys—1-1 ke—m-+1

——2_¢cflc —C | =2 em

[—s 1 [} me—k-l m+k~!{ & 1 m+ks
- + + .

(23)

(3mecy Cf npu p<O0 cuuraetcss paBHHM Hyuo.) Unrareab
6e3 Tpyla BLIBEJET afaJOTHYHble COOTHOWIEHMS, yCTaHaB-
JuBasi Te HW/IH MHBle MeTOIbl pa3GHeHHs MEepPecTaHOBOK Ha
KJAacCHI. :

l l
1) Yepes E(v—) oGo3Hauena yeaas 4acTh uHCI2 5



TNABA IV

o KOMBMHATOPHMKA PA3IBMEHWA

B 3amauax Ha pa3MellcHHS, NEPECTAaHOBKH H COYETAHHA
M3 JaHHBIX 3JE€MEHTOB COCTaBJSJIHCh Pa3iHuHble KoMOHHa-
IHH, H MBIl CYHTAJIH, CKOJbKO TaKHX KOMOHHaUHH MOJy7TaeT-
cfl NpH TeX WJH HHBIX orpannueHnsx. Cyabb6a 3J€MEHTOB,
OCTaBIMHXCSl MocJe BblGopa KoMOGHHaUMi, HAC MOYTH He HH-
TepecoBasa. VMHOH BHI HMEIOT 3a371auH, K KOTOPHIM Mbl CeM-
yac nmepeiigem. B aTHX 3ajavax 3/eMEHTbI AeJMATCSA Ha ABe
HIM Gosbluee uHC/IO0 TPYNN, H Hago HaHTH Bce CnocoObl
TAKoro pasjena.

IIpn sTOM MOryT BCTpPeTHTbCS pa3lHylble CJayyaH.
HHorma cyllecTBEHHYIO poJb HIrpaeT MOPsAOK 3J€MEHTOB
B rpynnax: ganpHMep, KOrja CHTHaJbIUHK BHIBEIIHBAET CHI-
HaJbHble ¢Jlard Ha HECKOJbKHX MauTax, TO AJf1 HEro BaxKHO
He TOJbKO TO, Ha KaKofl MauTe OKa)eTcsl TOT HJH HHOH
¢dJar, HO H TO, B KaKOM MOpfAKe 5TH ¢JariH pasBelIHBAiOT-
ca. B Apyrux xe cayvasx MNOPAJAOK 3JeMEHTOB B Tpynnax
HHKaKoil posin He HrpaeT. Koria MUrpok B AOMHIIO BHIOHpaeT
KOCTH M3 KyuH, eMy 0e3pasinyio, B KaKOM MOpPSiAKe OHH
NPHAYT, a BaXXeH JHUIUb OKOHYATEJAbHHIH pe3ynbTar.

OtaunyaioTcss 3ajaud M MO TOMY, HIpaeT JH poJb Mops-
JoK camux rpynn. Ilpu urpe B AOMHHO HTPOKH CHIAT B-onpe-
JedeHlIOM NOpAAKe, H BaKHO He TOJbKO TO, KaK pasfiedH-
JHMCb KOCTH, HO H TO, KOMY KaKHe KOCTH AocTajaHch. Eciu
XKe s packaafpiBaio ¢oTtorpagHH no OJHHAKOBbIM KOHBEp-
TaM, yTOOBH MNOCAAaTb HMX MNPHATENO, TO CYLIECTBEHHO, KakK
pacnpeneasarcsa ¢doTtorpadHu N0 KOHBepTaM, HO NOPSAJLOK
CaMHX KOHBEPTOB COBEpILIEHIIO HeCyllecTBeH — BeAb Iia
NouTe HX BCe paBHO CMEMIAIOT.

Hrpaer poab u To, pasjanuaeM JH Mbl MeXAYy COOOH
CAMH 3J€MEHTHl HJH HET, a TaKikKe pasiHyaeM JH MeX1y
co6oil rpynmel, Ha KOTopble mensTcsl sJjeMeHTol. Hakoneun,
B OJHHX 3ajayaX HEKOTOphie TpyNnbl MOTYT OKasaTbes My-
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CTLIMH, TO €CTh He COHEpXKallMMH HH OJXHOTO 3JeMeHTa, a
B APYTHX TaKHe TPyNnbl HeAONYCTHMH. B cooTBeTcTBHH O
BCEM CKasaHHBIM BO3HHKaeT ULl Pj pasjJHYHbIX KOMOU-
HATOpHbIX 300a4 HA pa3bieHue.

MUrpa B gOoMHHO

Ilpu uzpe 8 domuro 4 uzpora deaar noposuy 28 rocred.
CrkoabKumu cnocobamu OHU MO2YT 3TO €0eAaTsb?

Pasgen KocTefl MOXHO BBINOJHUTbL CJEAYIOLUHM obpa-
som. CHauana KakHM-TO 06pa3oM NOJOXKHM Bce 28 KocTeit
B pan. Ilocne sToro mepeulil Urpok GepeTr nepBble 7 KOcTef,
BTOpOii — BTOpBle 7 KOCTell, TpeTHil — cienyioliue 7 KocTei,
a ueTBepTHi 3aGHpaer cebGe ocTaTOK. $ICHO, UTO TaKHM
06pa3oM MOXHO TNOJYYHTb BCEBO3MOXHbIE pa3GHeHUs
KOCTell,

Tak kak uHcA0 BCex mNepecTaHOBOK M3 28 3/eMeHTOB
paBHO 28!, TO MOXeT MoOKasaTbcfl, uTO ofliee YHCJO BCeX
cnoco6oB pasfiena pasHo 28!, Ho 310 HeBepHO — BeAb nep-
BOMY HTpOKY COBepIIeHHO 06e3pas/jHyHO, YTO OH BO3BMET
cHayasJa — KoCTb 6:6 WaM KOCTb 3:4; eMy Ba)eH JHUb
OKoHyaTe/bHbIl uTOr. [losToMy Ji0Gas mepectaHOBKa Mep-
BbIX 7 KOCTell He MeHsleT cyllecTBa Jeja. He meHser ero u.
Ji06as nepecTaHOBKAa BTOpBbIX 7 KOCTeH, TPeTbHX 7 KOCTEH
H mocaeAHHX 7 Kocteil. B cuay npaBusa NpoH3BeJeHHs MO-
ayyaem (7!)¢ nmepectaHOBOK KocTeil, He MEHSIIOIUHX pe3YyJb-
TaTa pasjeJa.

TakuM oGpasom, 28! nepectaHOBOK KocTell JensiTcsl Ha
rpynnbl no (7!)* nmepecTaHOBOK B KaXJOH rpymme, NpHueMm
NEepPeCTAaHOBKH M3 OJHOH TPYNNbl NMPHBOAST K OXHHAKOBOMY
pacnpenenenuo Koctefi. OTtciona c'nenyeT, YTO YHCJAO0 CNO-

o 28!
co00B pa3fena KocTeil paBHO T 310 yucao npubau-

JKEHHO paBHO 4,7 - 1015,
K ToMy ke pe3yabTaTy MOXHO NpPHATH HHaue. [TepBbiii
UTPOK J0/MKeH BLibpaTth 7 Kocreit u3 28, Tak Kak NmopsiioK

) 7
3THX KocTeil Ge3passnueH, To oH uMeeT Ca; BuiGopos. Ilocae
3TOrO BTOPOH WIPOK JOJKeH BoIGpaTh 7 KOCTelt H3 OCTak-

7
wuxcs 21 KoetH, dto MoxHO caenath Cyr cnocoGamu, Tpe-

» 7
THil UrpoK BbiGHpaeT u3 14 kocreil, a notomy umeer Cia
BO3MOXHOCTell BbiGopa. HakoHen, -ueTBepTOMY HIpOKY

7 o
ocraerca C7, TO ecTb €JHHCTBEHHbIT BHIGOP.
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-Tlo npaBuay mpousBeae s 11oayyaeM, 4To MO.IHOE YHCAO
BO3MOXKHOCTEH paBHO

7 AT AT AT 281 211 14! 28!
CosCaCiuCr = 17y 14171 7T o @nE

CoBepureHHO TaK e j0Kas3biBaeTCsl, YTO MpPH WIrpe B
npegepaHc, re 32 KapThl ACAATCs MeXAY TPeMms MrpOKamH
no 10 kapt kaxmoMy, a aBe KapThl KJadyTca B IIPHKYT,
YHCJIO PA3JHUHLIX Cay paBHO

321 o s

Bo3mo:Kii0, y uutate1sl BO3HHKAET BOMNPOC, CTOHT JIH
BoOGLIe TPaTHTb BpeMmsl Ha H3yueHue kapTounbix urp? Ilo
3TOMY MOBOAY HANOMHHM, YTO HMEHHO H3yue€HHe a3apTHBIX
ATp [ajo TOJYOK JJisl MepPBOHAYAJbHOrO pa3BHTHS KOMOH-
HAaTOPHKH M TeopH BeposATHOcTell. Takue nepBOKJACCHBIE
MaTeMaTuKH,- Kak [lackaab, DepHyasan, Diiaep, YUeGbies,
OTTauMBaJId HAEH M METOAbl KOMOGHHATOPHKH H TEODHH Be-
POSAITHOCTEH Ha 3ajauax o6 uUrpax B Opes] H pelKY, KOCTH
H KapThi. Muorue ujeu Teopuu urp (pasfes MaTeMaTHKH,
IHPOKO MPHMEHsieMbiil B S5KOHOMHKE M BOGHHOM JeJe) nep-
BOHA4Ya/JbHO OQOPMHANCL HA H3YYEHHH NPOCTEHLINX MOJe-
JAell KapTOUHBLIX HIP.

Packnagia no ujMKam

-

3amaun o AOMHHO H npedepaHce OTHOCATCSA K KOMOH-
HATOPHbIM 3aladaM Ha pacKjJafblBaHHe NPeAMETOB MO AUIHU-
Kay. OGilasi 110CTaHOBKA 3THX 3aJlau TaKoBa:

Haror n pazauuroix npedmeros u k awjukos. Hado noso-
HUTL 8 Nepablll AUUK Ny NPedMeTo8, 80 8TOPOL — Ny npeo-
meros, ..., 8 k-ti— ny npedmeros, 20e n+na+ ... +np=n.
CroabKumu cnocobamu MOMHO coeaaTb TAKoe pacnpede-
jierue?

B sajmaue 0 JOMHHO pPOJb fILHKOB BBINOJAHSIH HTPOKH,
4-poab npeaMeroB — KocTH, Paccyikaasi TOUHO Tak e, Kak
M B 3TOHM 3ajade, NoJyuyaeM OTBeT B OOLUEM cJayyae: YHUCAO
Pa3/MUYHBIX pAcKJajoK MO SILLHKaM PaBHO

nl
Pln, ny ..., n’“)znl!nQ!...nk!' (1)
drta dopMyia BO3HHKJIA y HaC paibliie NPH peuieHHH:
caenylolLeil, Ha TiepBbill B3rJsAL COBCEM HeNOXoyKel 3axaym:
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Hauerwotca npedmetot k pazauursix tunos. CKoAbKo pas-
AUYHBLX NEPECTAHOBOK MOICHO COeAaTb u3 n, npeomeros
nepeo2o Tuna, Ns npPeomMeTo8 8TOPO20 TUMA, ..., Ny npeome-
108 k-e0 TUNnA?

I 31ecob oTBeT Gbia1 faH (bopmynou

nl

Pn, ny ..., nk)=n,!n2!...nk!’
rie n=n+n;+ ... +n, (cs crp. 39). UroObl ycTaHOBHTD
CBSI3b MEXIY 3THMH 3ajflauaMH, 3aHyMepyeMm BCe 7 MecT,
KOTOpbLI€ MOryT 3aHHMaTb HawlM npeameTol. Kaxmoll nepe-.
CTaHOBKe COOTBETCTBYET pacnpeleleHHe HOMEPOB MeCT Ha
k kaaccoB. B mepBhil Kmacc nonmajaioT HoMepa TeX MecT,
iIa KOTOpbie MOomnaJjH npeAMETHl NEePBOro Tiina, BO BTOPOH —
noMepa MecT NpeiMeTOB BTOPOro THna H T. A. Tem cambiM
YCTaHABJAMBAETCA COOTBETCTBHE MeEXJy NepecTalloBKaMu ¢
NOBTOPEHUSIMH H PaCKJaAKol HOMEPOB MECT MO <«ALIHKaM»,
[TousiTHO, uTo opmyabl pelneHus obeHx 3ajgay OKa3aaHChb
O/{HHAKOBBbIMH.

Byxer useros .

B 3amaue o packiajke 3Je€MEHTOB MO SIIHKAM Mbl CUH-
Ta/Il HU3BECTHBIM KOJHYECTBO  MNpPEJMETOB, NONajalolllX B
KaXJblil MK (HanmpHumep, YHCIO KOCTEH, KOTOPblE€ TOJMKEH
B35ITb KaXAblil Hrpok). B GosbLIMHCTBe 3amau o pasnefe
NpeiMeTOB 5TH KOJHUECTBa He YKa3blBaioTCs,

Hsoe pebar cobpanu 10 pomaiuex, 15 sacusvkos u 14
He3abydok. CroabKumu cnocobamu OHU MO2YT pa30esuTs
Ty yseroi?

~ Scho, uTO poMalIKH MOXHO pasaeauTb 11 cnocoGamu —
NepBLIl MOXET He B3fITb HU OJHOIl poMaiuKu, B3fiITb | po-
Mauky, 2 pomaluky, ..., Bce 10 pomauiek. TouHO Tak XKe
BACHJAbKH MOXHO pa3jaenuTb 16 cnocobamu, a He3aGyakH —
15 crnioco6amu, Tak Kak UBETH Ka)XI0r'0 BHAA MOMXKHO Je-
JIUTh 11€3aBHCHMO OT LBETOB APYroro Buja, TO NO NpPaBUly
npousBeneuuss noayuaem I1-16-15=2640 cnoco6oB pas-
fejia UBETOB, .

Pazymeercsl, cpean sTux cnocoGoB ecTb M KpafiHe He-
crpaBe[JIHBLIE, TPH KOTOPLIX, HanpuMep, OAUH H3 peGAT
COBCEM He noJayyaeT LUBeTOB. BBeleM NO3TOMY OrpaHHUEHHE,
470 KaXXAblil U3 peGAT A0JKeH NOJYUHTh He MeHee 3 HBET-
KOB Kaxkporo Buma. Torja poMalIKH MOXKHO pasAenHTb
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JIHIUb NATHIO - cllocoGaMH: nepBblfi MOMET B3ATb cebe 3, 4,
5, 6 uan 7 usetkoB. TouHO Tak XKe BacCHIbKH MOXKHO pas-
neauth 10 cmoco6amu, a He3abyaku — 9 cnoco6amu. B sToM
cayyae oOliee UYHCIO CNOCOOOB AeaeHHS paBHo 5:-10.9=
=450,

Boofllte, eciu uMeeTcsi ny NPeIMETOB ONHOTO COpTa, Mg
NpeAMeTOB APYroro copTa, ..., iy NpPeIMeToB R-ro copTa,
TO HX MOXHO pa3sJieIHTb MeXJy ABYMs JIOAbMH

(r 1) (ny4-1) ... (re+1) )

cnoco6aMH. B yacTHOCTH, ec/iii BCe NPEAMETbI OTJAHUYHBI APYr
OT JApyra M HX YHCIO PaBHO R, TO ny=fs=,..=Mg=1 H
NOTOMY eCTb 2% cnocoGoB pasnedna.

Ec/in Xe 11a10XUTh 106aBOYHOE OrpaHHYeHHe, YTO KaXK-
ABHH W3 YY4aCTHHKOB pasjena AOJKEH TOJYYHTb He MeHee
Sy NpeaMeTOB MNepBOro COpTa, Sy NPEAMETOB BTOPOro COp-
Ta, ..., S NpeAMEeTOB A-ro copTa, TO YHCJIO CNOCOGOB pas-
Jena Bbipaxaercsl GpopMyJson

(1 — 251+ 1) (= 25, +1) . (g — 25+ 1) (3)
Mul NnpeaocTaBjasseM 4yHTaATeJ 10 J0Ka3aTb 3TH YTBEP2KACHHS.

3apaua o ukncne pgenurencH

BoiBenenHass HamMu ¢opmysna (2) nosBodsieT pPeUIHTb
CACAYIOIYIO 3aayy TEOPHH UHCeJ:

Haiity, ckoabko menuTtesnell ecTb y HaATypajbHOTO YHC-
aa N. Ons storo pasnoxuM N Ha NPoCTble MHOXHTEJH:
N=plipy2... pyt, A€ Py, ..., Pp— PA3NHUHBIE TPOCTbIE
yncaa. Hanpumep, 360=23.32.5. Ilpu pasnoxeHHH yHcaa
N Ha nBa comuoxutenss, N=~N; N;, npocTble COMHOXHTE/H
pacnpegasiorcs Mexny Ny u Ny Ecau B N; COMHOXKHTEIb
p; Bofimer m; pas, j=1, ..., R, TO pa3joxeHHe HMeeT BHJ

N=(p}... p;"k)(p{'l' co PR,

Taxum obpasom, pasaoxenue N Ha gBa COMHOXHTENS CBO-
ANTCS K pas3jeny fy 3JeMeHTOB OJHOrO COpTa, fiz 3J€MEHTOB
BTOPOrO COPTa, ..., Ny 3JI€MEHTOB R-ro COpTa Ha JABe YaCTH.
A dopmyna (2) mnokaspiBaer, u4TO 3TO MOXHO CA€1aTb
(ng+1) ... (ne+1) cnoco6aMu. 3HAUHT, YHCIO AeTHTenei
y HatypasbHoro uucia N =pii... pit paso (m+l1) ...
... (np+1). D10 yncn0 oGosHavaioT T(N),

94



Coop 60K

Tpoe pebar cobparu ¢ abaonu 40 abaiok. CkosbKUMU
cnocobamu OHU MOeyT ux pasdeauts, ecau 8ce A6AOKU
cuuTaroTca 00UHAKO8biMU (TO €CTb €C/JH Hac HHTepecyer
JHUIb, CKOJbKO A6GJOK MOJYYHT KaXXAblli, HO He TO, KaKue
HiMeHNIo A6J10KH eMy AOCTaHyTCA)?

Jas peuleHust 3TOil 3ajayM NMOCTYNHM Tak: A00aBHM K
co6paHHBEIM f16/10KaM ellle 2 OJHHAKOBbIe [PYUIH, a MOTOM
nepecTaBHM BCEMH BO3MOXHBIMH crmocoG6aMu 40 sA6J0K H
2 rpyun. ITo dopmyne njsi nepecTanoBoK ¢ NMOBTOPEHHSIMH
UHCJO TaKHX MEPEeCTaHOBOK PABHO

2 42!
P(40, 2)=C42=—W=861.

Ho kaxpoli nepecralioBKe COOTBETCTBYeT CBOfi crnocol pas-
Aena 160K, TlepBomy u3 pe6GsAT Mbl AaeM Bce A0/10KH, Ha-
ynHas OT MNepBOro H JO TNepBOil [pYLIH, BTOPOMY — BCE
s16JI0KH, NoNaBLIHe MeXAy NepBOH W BTOPOH rpyllefl, a
TpeTbeMy — Bce SIGJOKH, JekaliiHe Mocae BTOPOH T[PYIHH.
$lcHo, YTO mpH 3TOM pasjHYHLIM MNepecTAHOBKAM COOTBET-
CTBYIOT pa3Hble cnocobbl pasgena. TakuM obGpasom, ofiuee
4icao cnocoGoB pasiena pasHo 861. I1pu stoM MOXKeT cay-
YUTbCS TaK, YTO OJHOMY (MJIH JdaxKe JABOHM) Yy4acTHHKaM
pasmgena Huuero ue nocraHercs. Hanpumep, ecan oamna us
rpyll nonafer NpH NMepecTaHOBKe B- HayaJjo, TO JHIIaeTCs
f16/10K NepBbIH H3 pe6AT, a €ClH B KOHel — To TpeTuil. Ecian
)Ke 00e rpylIH oKaXyTcs pAAOM, TO HHUETO He MOJYUYHT BTO-
pofi. Pas6Gepute caMu, UTO CJAy4YUTCS, ecau obe TrpylIH IO-
nagyT B HayaJo HJIH B KOHeLl.

CoBeplIelIHO TaK Xe H0KasblBaercs, YTO i OJHHAKOBHIX
NpeAMETOB MOXHO pPasfesdHTb MeXAy k& JHLAMH

P(n, k—1)=Chip-1=Crir-r (4)

crnoco6aMmH.

IIpeanosoxKum Tenepb, UTo AJjsi GoJbliel clpaBedIHBO-
CTH pasjiena yCJOBJeHO, YTOOB KaXAbll YYaCTHHK MOJYYHJI
no KpaiiHeit Mepe r npeiaMeroB. B sToM ciyyae Hajgo Ha-
uyaTh € TOro, YTO JAaTh KaxXJAoOMy no r npeameroB. [lociae
3TOr0 OCTaeTcsl n— kr NpPeAMETOB, KOTOPbIE MOXIO yXKe
pacnpefessitb NMPOM3BOIbHBIM 06pa3oM. A 3TO MOXHO cle-

£-1 £l
Jaath, KaK Mbl BHAeIH, Cpprin-1=Cn_p (r-1)-1 ciocobGamu.
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B uactHOCTH, ecau kamOoil u3 k y4acTHUKo8 00AMeH
NOAYHUTL He MeHee 00HO20 npeoMeTa, TO 3a0aua peulaeTcs
Ch=1 cnocobamu.

[Mocaeanuii pesynbTaT MOXHO BBLIBECTH H HHBIM 00pas
soMm. Pacnonoxum paHHple n npeaMeToB B psa. Torma
MeXAy HHMH Oyaer n— | npomexyTtkoB. Ecau B moboie
k— 1 U3 3THX NPOMEXYTKOB MOCTABHTL pas/esioulye mepe-
FOPOJAKH, TO BCe INpeaMeTh pasfeifitci Ha Kk HENyCTHIX
yacreil. [locjie 3Toro mepBas yacTb NepefaeTcsl NepBOMY
Juily, BTOpasi— BTOPOMY H T. O. Tak kak k— [ meperopo-
JOK MOJKHO NOCTaBHTb B 72— | NPOMEXKYTKOB Ct-1 cnoco-

k-1
6amu, TO yuca0 cnocoGoB pasiena pasuo C,li.

C6op rpHbos

Ecau jpensit npeaMeThl pasHbIX BHAOB, TO HaJ0 HAaHTH YH-
¢10 cnocoBoB pasjena AAA KaXXAOTO BUAA H MEPEMHOXHTD
nosyyeHusle yncaa. Pemnm, HanpuMep, CJAeLyOLLYIO 3agady:

Croavkumu cnocobamu moxcHo paszdesute 10 bGeavix
epubos, 15 nodbepe3zosurkos u 8 noOOCUHOBUKOB MEXOY
4 pebaramu?

ITpumenss pezyabTaThl NMpeABIAYILEro MYyHKTA, HOJyYaeM,
4TO OTBET HMEET BHJ

CHCHC3 = 41 771 040.

Ecau e KaXAblll KOAMEH MOJYUYHTb XOTA Obl MO OXHOMY
rpuby KaXmoro copTa, TO OTBETOM OYAeT

C3C3C3=1070160.

B cayuae, Koraa n pasiHUHBIX NMPEAMETOB NENAT MEXKARY
k nuuaMH 6e3 orpaHHYEHHN, KaXXAbll NpeiMeT MOXHO BpYy-
YHTb k cnocoGamu (OTHAB ero OJHOMY H3 YUaCTHHKOB pa3-
nena). [TosToMy uncao pelneHuil paBHO k*,

Hanpumep, 8 pasnHuHBIX NHPOXKHHX MOXHO pasfeidTb
MeXAy 5 uesoBekaMu 58=390 625 cnocoGamu,

Nockinka ortorpadmii

A xouy nocaate ceoemy Opyey 8 paszauunbix ¢oroepa-
ui. Croavkumu cnocobGamu s moey 310 €0eAaTy, UCNOAb-
30808 5 pasAudHbLX KOHBEPTO8?

° Jra 3ajaya Moxoxa Ha pELIEHHYIO B KOHUE Mpelblay-
piero nyHkra. ITostoMy, Kasajgoch Obl, OTBETOM SIBJISIETCS
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58=390625. Onnako mnochbliaTb MyCTble KOHBEDPTH HeAb3s,
HO3TOMY HdK/JaAblBaeTC HOBOE OrpaHiyeHHe — HH OAHH
KOHBEPT He JOJKeH ObITb nycThiM. HToObl yuecTb 3T0
‘orpaHiyeHHe, HCNoab3yeM dopMyJsy BKJIOUEHHI H HCKIIO-
yeHuit (oTBeT Ck-1 HeBepeH, Tak Kak ¢otorpaduu pas-
JIMUHBL) .

Hakigem cHayaaa, NpH cKOJbKHX cnocoGax pacnpejesne-
1IMs1 JaHHBIe 7 KOHBEPTOB OKA3BIBAIOTCS NMYCTHIMH (4 OCTalflb-
"Hble MOTYT ObITb Kak NYCTBbIMH, TaK M COAEpXKaTb (oTorpa-
¢un). B stom cayuae ¢ortorpadun kiaanyrcs Ge3 orpaHu-
yeHHH B 5—r KOHBEDTOB, H MO [JOKa3aHHOMY Bbille YIICJAO
TaKHX pacnpejejeHuit paBuo (5 —r)?8,

Ho r KoHBepTOB MOXHO BbIGpaTh M3 maTH C5 cnocofa-
mH. Otciona, npHMmeHsis (GOpPMY.1y BKJOUYEHHH H HCK/K0OYe-
_ Huii, BLIBOAHMM, 4YTO YHCJO pacnpejeseHHil, NPH KOTOPHX IiH
O[}Il KOHBEDPT HE OKa3blBaeTcd NyCTLIM, PaBHO

~1 8 2 3 8
5 —Cs- 4+ C3.3°—Cs5-2°+ C3+ 1°=126020.
CoBeplieHHO TaK e [0Ka3blBaeTcs, YTO ecJAH IMOCHI-
JaloTed 7 pa3jMyHbIX ¢oTorpaduil B £ pasaHUHbIX KOHBEp-

Tax, NpHYeM HH OLHH KOHBEPT He MYCT, TO YHCJO Ccnoco6oB
pacnpeneieHuss Bolpaxaercs (GopMy.0il

" —Ch(k— 1)+ Co(k—2)' — ... (=1 CET. 17
©)

[Tpenocrabasem unTaTedl0 pas3oGpaTb CJaeAyIOLLYO 3a-
pauy:

Hmerorca ny npedmeros fiepgoeo suda, n, npedmeros
gropoeo 8uda, ... H; npeomeros s-20 suda. CrOAbKUMU
cnocobamu MO¥CHO pa3dare ux k Auyam Tax, 4Tobbi Kajc-
Obudl noayuun xota 661 00uH npedmer?

OtBer Ha 3Ty 3a11aqy TaKoH:

Cn R lCrz +h-1- Crz vh-1— Ckcn R 2Crz k=200 C n e 2+
+ CiCrin-sChia-3. .. Codra— . (=17 CE7\ (6)

Hanpuwmep, ecan genar 8 ab6aok, 10 rpyw 1 7 anenabcH-
HOB MexXny 4 pebATaMi H KaXXAblH JOJXKEH MOJAYUHTbL XOTS
Obl OMHH QPYKT, TO pasdjes BO3IMOXCH .

CHCHCH — CICHCHCE+- CICACHCE — C3 =5 464 800
' cnocob6aMH.
7 H. 5. Buaenxsu a7



& naru Ha MauTtax ,

Jlo cux mop Mbl HE YUHTBIBaJiH MOPSAOK, B KOTOPOM pacs
M0JI0XEHbl 9JEMeHTH Kaxpaofi uacTH. B Hekoropmix 3anxas
4ax 3TOT MOPAMOK HAJO YUHTHIBATh,

Hmeerca n pasaudnbix cueHarbHolx (prazos u k madr,
HO KOTOpLle UX 8bl8eUlUBaroT. IHAUEHUE CUSHAAG 3A6UCUT
OT To20, 8 Kakom nopsadke pasgeulenst praeu. CkorvKumu
Cnocobamu MOXCHO passecuTe haaeu, ecau ace paaau doa-
HHOL ObIT6 UCNOAL30BAHLL, HO HEKOTOpble U3 MA4T MO2YT
0Ka3aTbCcA nYcToLMU? )

Kaxnplit cmoco6 paspeuinBaHusi GpJiaroB MOXHO OCYLIes
CTBHTb B JBa sTama. Ha mepeom sTame Mbl nepecrasisieM
BCEMH BO3MOIKHBIMH crocobamMu pAaHHble n ¢Jjaros, Ito
MOXHO cienaTe n! crnoco6amu. Ilocse atoro Gepem omuu
H3 CcrocoboB pacnpefeneHHss 7 OAHHAKOBBIX 1aroB mo
k MautaMm (HalmOMHHM, YTO WYHCIO 3THX CnocoGOB PaBHO
Chiho1). Ilycts 3TOT cmoco6 3akawodaercs B TOM, 4YTO Ha
fepByIC MauyTy HaJo NOBecHTb f; (J1aroB, Ha BTODPYIO 7y
¢naros, ..., Ha k-0 n, ¢aaros, rae A+ e+ ... Fnp=n.
Torna Gepem nepBble ny yaroB NaHHON NepecTaHOBKH U
pasBelinBaeM B TOJYYeHHOM MNOpSAKE Ha MNepBoil MauTe;
caefywiiue fy ¢dJarop pasBellMBaeM Ha BTOpofl MauTte
H T.A. fIcHO, uYTO, HCMOJB3ysl BCe MepecTaHoBKH A ¢uaros
1 BCe cnocoOwl pacmpejeeHHsl 7 OXHHAKOBBIX ¢aros 1o
k mauTaM, Mbl NOJYyYHM BCe CNOCOGLI pelIeHHS MOCTaBJEH«
Hoi 3amaud. [lo npaBuay mnpoH3BedeHHS NOJYYaeM, uTO
4YHCJI0 crocoGoB pa3BelInBaHHs (1aroB paBHO

- — I)!
1 Chha =0T — A (7)

BooGlie, ecau umeerca n pazAudHblX sewjell, TO HUCAO
cnocobos pacnpedenenus ITux geweld no k PasiudHbIM
AWUKAM € YHETOM NOPAOKA UX PACNONOICEHUR 8 AWUKAX
paso Apir-1-

K ToMy e pe3ynbraTy MOXHO NpPHIATH HHBIM NyTeM.
JobGaBuM K pacnpelensieMbiM n BeuiaMm £ -— | OQMHAKOBLIX
I1apoB H PAacCMOTPHM BCEBO3MOXKHLIE NepecTaHOBKH MOy~
YyeHHbIX n+k — | npeameroB. Kaxnasa takas nepecraHoBka
onpeleJser oJuH H3 cnoco6oB pacnpenencHus. MmeHHo, B
nepsblfl ALIMK KJAaAyT ,BCe NpeaMeThbl, HAyliHe B Mepecra-
HOBKe [0 nepBoro A00aBjaeHHOro uwapa (€cJH TepBbIM
NpeaMETOM B [€DeCTaHOBKe sBJAseTCs ONHH H3 [00aBJeH-
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HbIX 11apOB, TO MepBbI SIMMK ocraercsd nyctoim). Ilocne
3TOr0 BO BTOPOH SAIIIHK KJAaAyT Bce NpeAMETbl, NonaBliHe
MeK/Jy NMepBbIM H BTOPbIM LIAPOM, ... B k-il SIHK — Bce
ApeAMeThl, HAYIIHe Nocae wapa k£ — 1. SIcHo, 4TO npH TOM
MOIyYaloTCsl Bce pacnpeiesieHHs NpeaMmeroB, obGJajarouiie
yKasaHHbIMH cBofictBamMu, Ho 4hlcno nepectaHOBOK M3
n pasauYHBIX TNpPeAMETOB ¥ k£ — 1 OJMHAKOBBIX / L1ADOB
paBHO

(k=1
P(l_,l, o 1, k—l)——-—m—:—)—r—An B1:

n pas

AHaJOrHUHO pellaercss 3afaya B cJayyae, KOria Ha Kas
KAOH MauTe JOJIKEH BHCETb XOTA Obl OAHH (aar (MJaH, YTO
TO e caMoe, B KaXAOM slIHKe AOJKeH ObiTb XOTA Gbl
onud mnpeiamer). C nomouiblo ¢GopMyibl, BHIBEIEHHO! Ha
cTp. 96, moayuyaeM, 4TO B 3TOM cJjayyae HMeeM n! Cizl
crnocoGoB pacnpefesieHnsi. M 3ToT pe3yabTaT MOXHO MOJY-+
YHTb NyTeM BbIOOpA TOUEK pasjeda cpeiu n— | mpome-
JKYTKOB.

Monuoe Yucno cCurHanos

Jlo cux nop mbl cuutajd, yTo Bce JarH JOMKHH GHITb
HCTOJb30BaHbl AJs Nepedayu cHrHaja. Ho Mmoryr GuTth
CHrHaJMbl, AJ5 MepefaiyH KOTOPbIX HCNOAb3YeTcs JIHUb YacThb
¢aaros, npHueM AONYCKAKOTCA ¥ NycThle Mauthl, Haiimem
NnoAHOe 4UCAC CUZHAA08, KOTOPHLIe MOXCHO nepedaTe ¢ NO~
MOWDBIO N CUHAABHBIX (PAA208, BbIBCUIUBACMBIX HO kb MAYTAX,

Pa3obbeM 3TH CHIHaJbl Ha KJaccbl 1O 4YHCAY ¢raros,
yuaCTBYIOIIHX B CHTrHaJe.

[Mo dopmyne (7) ¢ nomouipio 3ajxaHHBIX § ¢Gaaros
MOXKHO nepefatb Aj.e-i CHTHAJNOB (YHCJO MauyT PaBHO k),
Ho s ¢aaros u3 n MoxHo Bei6paTth Cj cnoco6amu. [Tos

HTOMY YHCJO BCEX CHIHANOB B §-M Kaacce paBHO CrAiir-1.
3HayHT, NOJHOE YHCIO CUTHAJIOB naercs $HopMyJioil

CorAh-14 ChAL 4 CiArn + o+ CrAfih1. (8)

Hanpumep, ¢ nomouipro 6 pasaHyHLIX q)JIarOB Ha 3 MauTax
 MOXKHO nepeAaTk

1+ Ci AL+ Ce AL+ CEAR 4 CRAS 4+ CIAS + CSAS =42079
- CHTHAJOB,,
7*

Vs
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Ecnau He donyckaTb, 4TOGHl HEKOTODbie MauTH 0YCTO-.
BaJsl, 10 BMecTO GopMyanl (8) nosyuaem

CRChlikl 4+ CL G (k) + G Rl (e + 21+
oo = CRChZIn!  (9).

cnoco6oB.

PasHble CTAaTMCTHKM

3agaun 0 packjajKe NpEIAMETOB Mo fILUHKAM BecbMa
BaXXHbl AJs cratictiueckofl ¢u3nku. D1a HayKa H3yyaert,
KaK pacnpelensioTcss 1[0 CBOMM cBoHcTBaM (H3HUECKIe
YaCcTHIbI; HamlpHMep, KaKas 4acTb MOJIEKYJ JaHHOrO rasa
HMeeT NpH AaHHOH TeMmMneparype Ty HJAM IIHYI0 CKODPOCTb.
IIpu 3TOM MHOXeCTBO BceX BO3MOMKHBIX COCTOSIHHIT pacmpe-
Ieasi0T Ha GoJblioe YHCAO £ ManeHbKHX aueek (da3oBhix
COCTOSIHHI), TaK 4TO Ka)KJas H3 n 4yacTHIl MONMaJeT B OJHY
U3 siueexk. -

Bonpoc o ToM, Kakoil CTaTHCTHKe NMOAYIIHSIOTCHS Te HJH
HHbl€ YaCTHIbL, 3aBHCHT OT BHJa 3THX yacTull. B kiaaccuue-
CKOH craTiicTHUecKOH (HU3HKe, cO3MaHHOH MakcBessaoM 1
BoabuMaHOM, 4acTHULI CUHTAIOTCS DAa3JHUMMBIMH JIDYT OT
apyra, Takoil cTaTHCTHKe NMOAYHHAIOTCS, HaNpHMep, MoJe-
KyJanl ra3a. Mbl 3HaeM, YTO 7 Pa3jHYHBIX HacCTHL MOXHO
pacnpeienHutb no k suefikam k* cnoco6amu. Ecan Bce atn
k» cnocoGoB Npu 3aJaHHOH 3HEPTHH HMMeEIOT PaBHVIO Be-
POSATHOCTb, TO TOBOPAT O crarucTuxe Maxcseaia — Hoaoy-
Mawa.

Oxka3zaJioch, YTO 3TOH CTaTHCTHKE TOAUIIHSAIOTCA He Bee
tdusnyeckne 06beKTol. POTOHBI, ATOMHbBIC IAPA H ATOMBI, CO-
JepxKallHe YeTHOe YMCJAO0 3JeMEeHTApHBIX YacTHL, NOAYH-
HAIOTCA HHOH CTaTHCTHKe, paspaboraHHOH JHHWITENHOM H
AHANCKIM yueHbIM Dose. B crarucruxe bose — Jidnwired-
Ha YacTHLbl CUHTAIOTCS HEePasJHUMMBIMH IPYT OT ApYyra.
[TosToMy HMeET 3HAUEHHeE JIHLIb TO, CKOJbKO YaCTHI[ MONaJjao
B Ty IH HHYH fAYefiKy, a He TO, KaKHe HMEHHO 4acTHHDI
TyaAa nonagd. DTa 3ajaya NOXOXKa Ha 3afauy o pasje.e
a6;a0Kk (M. cTp. 95). Mbl yXKe 3HaeM, YTO NpPH TaKOM
[M01X0/1€e MoJayiIaeTcs Cﬁl}e-lz(}ZM_l Pa3JHUHBIX CTOCO-,
0oB pasfeira. B crarucruke bBose — DiiHITeliHA Bce 3TiH
¢nocoObl CYHTAIOTCSA PaBHOBEPOSITHBIMH.

Onnako Aass MHOTHX UacTHL, HalpHMep, TaklX, Kak
3/J€KTDPOHBI, [POTOHBI ¥ HEHTPOHHI, HE TOAHTCH U CTATHCTHKA
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Dose — JfiHwiteliHa.- Jaa HuUX B KaXaoll sdyeiike MoXeT
HaXOAHTbCS He Gosiee OJHON YaCTUILI; MPHYEM pa3/JHYHBIE
pacnpefie/eHns, yAOBAeTBOPAIOIINE YKa3aHHOMY YC/JOBHIO,
HMEIOT DAaBHYI0 BepOATHOCTb. B 3ToM cayyae MoXeT ObiTb

Cr pasaMuHbIX pacnpejeneHHil, DTa CTaTHCTHKA Ha3bl-
BaeTcs cratuctuxol Jupaxa — depuu.

Pa3buenns uncen

B GosblunncTBe paccMOTPEHHBIX Bhillle 3a/1a4 NPEAMETH, -
nojJjexaiite pasjeay, Obljl pa3JHUHBIMH, Tenepb Mbl e«
pexXoAMM K 3ajadaM, B KOTODbIX BCe pasjiesseMhle npej- -
METbl COBepLIEHHO OANHAKOBBEL B 3TOM c/Jyyae MOXHO Fo-
BOPHTbL HE O pasfiede INpeiMeToB, a 0 pa3bHeHHH HATY-
paJibHLIX 4YHCE] Ha cjaraeMbie (KOTOpble, KOHEYHO, TOXe
JIOJKHBI OBITb HATYPAJbHBIMH YHCIAMHE). ’

3dech BO3HHKAET MHOTO pa3/jHyHbIX 3afay. B OaHHX
3aflayaX YYHTbIBaeTCs NOPSJAOK CjaraeMbix, a B JPYIHX —
HeT, MoOXHO paccMaTpHBaTb JHUIL pa30HEHHS Ha dYeTioe
HJIH TOJIBKO Ha HeYeTHOe UHCJIO cjaraeMblX, Ha pa3/HYHbie
JJIII Ha TIPOM3BOJbHBIE cjaraeMmble B T.1. OCHOBHHIM MeTO-
JOM pelleHHsl 3ajday Ha pa3bHeHile HBJAETCA CBEIAEHHE
K 3ajauaM O pa30HeHIIH MeHbUINX 4iiceJ HJH o pasdiie-
HHI Ha MEeHbllIee YHCJA0 CJlaraeMbix,

Ornpagka Ganfieponu

3a nepecoiaky 6aundeposu wado ynaature 18 kon.
CroabKuML CHOCOGAMU MONCHO ONAQTUTL €e MAPKAMI CTOU-
moctoro 8 4, 6 u 10 xon., ecau dsa cnocoba, orauwaro-
uyuecs nopadKoM MApPOK, CHUTAIOTCA PA3AUdHBIMU? '),

O6osHaunm uyepe3 f(N) uMcaI0 cnocoGoB, KOTOPBIMH
MOXKHO HakJen1b Mapku B 4, 6 v 10 xon. tak, yTo6bt obLUas
CTOMMOCTb 3THX Mapok paBHajace N. Toraa maa f(N)
CPaBeANHBO CJAEAYIOlee COOTHOLIeHUe:

[N)=f(N—=4)+F(N—=6)+[(V—10). (10)

B camoMm gzese, nycTb liMeeTcsl HEKOTOPBIH cnocof Hak.aefi-
Kil Mapok ¢ oflei cTouMocTblo N, H nmycTb mocsaeiHefi Ha-
K/JeeHa MapKa CTOIMOCTbIO B 4 Kon. Torla Bce ocCTajbHble

') Banac Mapok pasAMMNOrO HOCTOHHCTBA MbI CMHTaeM IEOrpaHis
YeHHBIM, :
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Mapku crtoatr N — 4 xon. HaoGopor, npucoeanHsis k moboi
KOMOHHALHH Mapok olulefl ctouMoctbio N — 4 Kol OJAHY
YeTHIPEXKOMeEyYHYI0 MapKy, mojgyyaeM KOMOHHALMIO MapokK
crouMoctbio B N kom, Ilpu 3atomM u3 pasHblx KOMOHWHaAUHM
crouMoctbi0 B N — 4 Kom, nosyyatcsi pasHble KOMOHHAUHH
croumoctbio B N Kom. MTak, uHc/l0 HCKOMBIX KOMOHHAUMII,
rie mnocaefHell HaKieeHa Mapka CTOHMOCTbIO B 4 Xor.,
paBHo f(N — 4).

TouHo Tak e moKa3biBacTCs, YTO YHC/JIO KOMOHHAUMIL,
OKaHYHBAIOIIUXCA Ha LIECTHKONEeYHYI0 MapKy, paBHO
f(N—6), a Ha HecAATHKONECYHYIO MapKy OKaHUYHBAIOTCA
f(N —10) xomGuHaumii. TlockonbKy Jr06as KoMOHHaUMA
OKaHYHBaeTCsd Ha MapKy OAHONO M3 yKa3aHHbIX THIOB, TO
0 NpaBHJYy CyMMBl Nojyyaem cooTHouieHne (10).

CootHoutenne (10) nosBosseTr CBECTH 3a4auyy O HaKJeH-
BaHHH MapoK Ha cyMMy N KOm. K 3aJayaM O Hak#€HBaHHH
MapoK Ha MeHbliue cyMMbl. Ho npu maabix sHauenusax N
3ajlayy JIerko pelIHTb HemocpeicTBeHHo. [IpocToit noacuer
NIOKa3bIBaEeT, YTO

[O=1 j)=[@Q)=[@)=0, [#)=1 [E)=0,
f)=1, [(7)=0, [@)=1 [(O)=0.
PasencrBo f(0) =1 o3nauaer, yto cyMmMy B 0 KON. MOXHO
YyNJATHTb €IHHCTBEHHBIM 0GpAa30M: COBCeM He HAKJIeHBas
Mapok. A cymmy B 1, 2, 3, 5, 7 1 9 xon. BooGuie HHKakK
He/b3sd NMOJYYHTb ¢ noMoilblo Mapok B 4, 6 u 10 kon. Hec-
nosab3ys 3Havenus f(N) maa N=0,1, 2, 3, 4,5,6,7, 8,9,

Jaerko HaitH f(10):

f(10) = (6)+[ (4)-+ [ (0)=3.
[Tocne 3TOTO HaXOAHM .

f(A)=[(T)+[(5)+[(1)=0,

[(12)=F(8)+[(6)+[(2)=2

n 1.1 Hakonen, nonyyaem 3Hauenue f(18) =8, Takum 006~

pa30oM, MapKH MOXHO HaK/JeHTb BoceMblo cmocobami. ITH

cnocoObl TAKOBDLI;

10, 4,4; 4, 10, 4; 4, 4, 10; 6, 4, 4, 4, 4, 6, 4, 4,
4, 4,6, 4 4,4, 4,6 6,6, 6.

OtmMmertum, uto sHaveHus f(N) mna N=1, 2, 3, 4, 5, 6, 7,
8, 9 MoXHO OblJIO MOJYYHTb MHAye, HE NMPHBOJAS Hemnocpens
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eTBEHHOR mnpoBepxi, [eiao B ToMm, uto npu N<0 umeem
[(N)=0, nockonbky OTpHLATEIbHYI0 CYMMY HeJb3sl Yill1a-
THTb, HAKJCHBas HeOTPHLATeJbHOE KOJHYECTBO MapoK.
B 10 Xe BpeMms, kak Mbl Buienu, f(0)=1. [TostomMy

FN)=F =3+ (=5 +[(—9=0

TouHo Tak ke noayuyaem 3Hauenue f(2) =0, f(3) =0. A nas
N=4 nmeenm

[@)=1O)+F(—=2)+](—6)=1.
O6ulas 3afja4a O HaKnekKke MapoK

PasoépaHHaﬂ sallaua ABIAETCH HAaCTHBIM C/yYaeM cies

nyioneil obuieii 3agayn;

Hmerorcs mapku 00CTOUHCTBOM 8 My, Mo, ..., Ny KON 1).
CKoAbKUMU  CHOCOBAMU MOXCHO ORAQTUTL € UX MOMOWbLIO
cymmy 8 N xon., ecau dsa cnocoba, oraudarowyiiecs nopsod-
KOM, CHUTAIOTCA paa;zutmbmu?

B sTom cayuae uncao f(N) cnoco6oB ymOBIETBOPSIET
COOTHOLIEHUIO

[(N)=[N—=n)+FN=m)+ ... +[(N—ny). (11)

Tpu 31oM f(N)=0, ecit N<0 u {(0)=1. C nomolbio co+
oTHoutenus (11) moxuo Hafitu f(N) mnna awo6oro N, mocaes
posatesqbHo Buuncass f(1), f(2), ..., f(N—1).

PaccmoTrpum wacTHHH cayuail 3TO# 3ajauH, Korja n,=
=1, n,=2, ..., np=*k. Ml mosyuaeM BCEBO3MOXKHble pa3s
6uenus uyucaa N Ha caaraeMmble 1, 2, ..., &, mpuueM pas-
GHeHHs, OTJMYalOLHeCs NMOPAAKOM CJaraeMblX, CUHTAIOTCH
pasauyHbiMH, OGO3HAUHMM 4YHCJAO 3THX pa30MeHHH uyepes
¢(k; N)?). U3 cootromernus (l11) caemyer, uto

¢k Ny=¢(k; N—1)+¢(ks N—2)+ .
voo +@(; N—F). (12)
[Ipu atom
ok O)=1 u ¢k, N)=0, eciu N <O.

1) Bee umena ny, ..., fp pasnHuibl, a 3amac MapoK HeOTPaHHYEH.

?) 3mecy U B jaspHefilleM MH OyjleM Ha MEPBOM MeECTe YyKashbl«
BaTh YMCJO CJaraeMblx, Ha BTOPOM-— pasOuBaeMOe UYHCJO H Ha MOCAed-
HeM — OrpaHHUCHHA Ha3 BeJIYHHMY CJaraeMbiX,
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Boiuucnenne @(N; k) -MONKHO YNpPOCTHTh, €cAd .3aMes.
THTb, UTO .

¢IN—1; B)=oN—2; k)4 ... +@(N—Fk; k)+
+ N —k—1; k)

H TIOTOMY

. O(N; B)=2¢(N—1; b)—¢(N—k—1; £). (13)

$IcHo, 4TO cnaraemble He MOryT ObiTb Gosbuie N. [lo-
atoMy @(N, N) paBHO uncay Bcex pasGuenuit N Ha HaTy-
panbHble csaraemble (BKJayas H «pasOuenne» N=»N),
Ecau umcno cnaraemuix pasHo s, To nojyuaem CN_i pase
6uennii (cM. ctp. 96). Iostomy

¢(N, Ny=Cx_1 +Choi+4 ... +CN¥ZI=2""1

Hrtak, Mbl JoKa3ajH, 4TO HaTypajbHOe uyHca0 N MOX-
HO pa30uTb Ha cjaraeMbie 2¥-1 cnocoGamu. Hanomuum, uto
NPH 3TOM YYHTHIBAeTCs NOPAIOK CJlaraeMbix.

Hanpumep, uncio 5 MoxHO pa3buTh Ha caaraesmble
25-1=16 cnocoGamu:

5=5  5=34 141 5=142+2
5=4+1 5=14+34+1 5=241+1+41
5=1+4 5==1+4+143 5=14+2+4141
5=2438 5=24241 5=14+142+1
5:=342 5=24 142 5=1414+142
141414141

KomBuHaTopHble 3afauM Teopuu MHOPMaLLMK

Jajgauy, MOXOXKYIO 11a TOJALKO YTO peLleHHYIO, NpHXO-
nuTcA pewiaTb B Teopun Hugopmauuu. Tlpeamonoxum, uto
cooflleHne TnepefaeTcd € NMOMOIUBIO CHTHAJI0B HECKOJBKHX
runoB. JlaMTe1bHOCTb nepefaud CHTHaJa MEPBOrO THMA
paBHa f;, BTOpPOTO THna fs, ..., k-r0 THMA f; e€JUHHL BpeC-
MeHH. CKOAbKO pas3audHbix C€OOOWeHUl MOXHO nepedars
¢ nomowybro atux cuenaroe 3a T edunuy epemenu? Ylpu
5TOM YYHTBIBAIOTCS JAHIIbL «MaKCHMaJbHBIE» COOOLLIEHHS, TO
ecTp coOOUIEHNA, K KOTOPLIM HeJb3sl MPHCOEJHHHTb HH O/~
HOTO CHTHAaJ4, He Bbliild 3a PaMKH OTBENEHHOTO IAs nepe-
Jaull BpeMeHH,
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0O003HauilM UHC10 cOODILEHH I, KOTOpbie MOMKHO Inepe-
naTb 3a Bpems T uepes f(T). Paccyxknmass TOYHO Tak Xe,
Kak M B 3aJaue O Mapkax, noayuyaem, uto f(T) ymoBierBo-
psieT COOTHOLIEHIID

[N =T —t)+ oo [T —t). (14
ITpn stom cuosa f(T) =0, ecau T<0 u f(0)=1.

.
Npobnema abutyprenta

Hocrynaowuii 8 soicuwee yuebroe 3asederue 00AXCEeH
coars 4 IKk3usena. OH noaaeaer, 470 048 NOCTYNACHUSN OY-
der docrarouno Habpare 17 oukos. Ckoavkusu cnocobami
OH MOXCCT €0aTb 3IK3AMEHbL, 4TOObL HABEPHAKUL NOCTYNUTO
8 8y3?

JTa 3alaua MOX0Ka Ha 3ajauy O Mapkax, HO OTIn-
ygeTcs OT Hee TeM, YTO YKa3aHO YHCAO «MapoK», KOTOPBIMU
HaA0 «¥M1aTHTbL CyMMYy B 17 oukoB». 3a Ka:Kiblfl ycneiHo
CAaHHbLI 3K3dMeH nocTynatouliil noaydaer 3, 4 win 5 6aa-
JoB. Oboswauuy uepes F(k; N) uucio ciocoGos, KOTO-
puiMH MOXHO HabGpaTb N Gaadon mocae k sxksameno. To-
Ta [IMEET MeCTO COOTHOLUEeHle

F(ls Ny=F(k =13 N—3)+ F(e—1; N—4)+
- +F(k—1; N—35),
BbIBOJ, KOTOpOFO COBepUIeHHO dHaJOTHYeH BbLIBOAY COOT-

nomienus (11) ua crtp. 103.
OTcloia noaydaen, uto

Fi4; 17)y=F3; 14) + F(3; 13) + F(3; 12)=
=F(2; 11)+2F (2, 10) +-3F(2; 9) +2F (2; 8) -+ F(2; 7) =
=2-+3F(2; 9)+ 2F(2; 8~ F(2; 7),
[IOCKO/1bKY Habparb |l 6anioB mocide 2 3K34MEHOB HEBO3-
MOXHO, a HabpaTb 10 Gasion MOXKHO eAHHCTBEHHBIM 00-
pasoM — MOJYYHUB ABE NATEPKIL.
[1poa0aKas BeIYHCACHIIE, TOAYY A€M, UTO
F4; 17)=2+43F(1; 6)45F(1; 5)+4
—+6F(1; H)+3F(1; 3)-FF(1; 2.
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Ho F(1; 6)=F(1; 2)=01), a F(I; 5)=F(1; 4)=F(1;3)=
=1. [lostomy F(4; 17)=16. TouHO TaK K€ BBIBOAUM, YTO

F(4; 18)=10, F(4; 19)=4 u F(4; 20)=1.

Hroro noayuyaem 16+ 10+4+1=31 cnoco6 ycnemHoi cras
Y 3K3aMeEHOB,

ToT e pe3yJbTaT MOXHO MOAY4YHTb HHaye. JIerKO MPOBEPHTBb, YTO
17 OuKOB MOXIIO MOJYYHTH JHIIb ABYMS CYUIECTBEHHO Pa3/HYHBIMH CHO-
cobaMu: 160 MOMYUHTh 2 mATepKu, | uetBepky u 1 Tpoiiky, mmbo mno-
ayuntb | nsTepKy M 3 ueTBepKH, DTH OTMETKH MOTYT JIOGLIM croco-
60M pacnpejessThCs NO cAaBaeMbIM npeaMeraM. Tak Kak

4! 4!

T0 17 oukoB MOXHO moayuuTb 16 cnoco6amu. TouHo Tak Ke noACYH-
TEIBAETCA YHCJA0 crnocobop moayuuts 18, 19 n 20 oukos.

BooGuwe, nycte F(m; N) — uucno cnocofoB pasGue-
Huss N Ha m claraeMblX, KaxKJoe H3 KOTOpPHIX paBHO Ofs
HOMY M3 YuCea 7y, Mg, ..., Ny, Toraa aas F(m; N) Benoss
HfeTCsl COOTHOMIEHHE

Fimi NyY=F(m—1; N—n)+...+F(m—1; N—n,),

(15)

KOTOpOe BBLIBOAMTCA TOYHO TaK iKe, Kak cooTHoweHHe (l11).
Mbl npepocTtaB/isieM YHTATENIO NPOBECTH 3TOT BbIBOJ.

B uvactHociu, ecau my=1, nx=2, ..., ny=~k, TO nonay-

yaeMm pas3GueHus N Ha m ciaaraeMbiX, KaxJAoe H3 KOTOPbIX

paBHO oxHOMy H3 uucen 1, 2, ... k. OO603HauuM 4HUCIO

3THX pas3buenuii uepes F(m; N; k). Torna paa F(m; N, k)

HMeeM COOTHOLIEHHE

F(m; N; )y=F(m—1;, N—1; k)4

+Fm—1;, N—2; b)4+ ... +F(m—1, N—k; k). (16)

Kak u na ctp. 104, u3 3TOro COOTHOHIEHHS BBLITEKAET, YTO

F(m; N; iy=F(m, N—1; k)4

+Fm—1, N—L k)—F(m—1, N—k—1; k). (17)
[lepelineM Temepb K 2ajayaM Ha pa30HeHHS, B KOTO-

pbiX paséﬂemm, OTJIMYAIOUIHECA TOJbKO NMOPAAKOM cJjarae-
MbIX, CUHTQIOTCst OTHHAKODBbLIMHU.,

1) Iects 6aanos 3a oiHH K3aMeH DOJYYHTh Helb3s, a ¢ ABOiHKoil
B MHCTHTYT He NPHHHMAIOT.
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¥Ynnava AeHer

B roweanvke aexcatr mowerot 6 I, 2, 3, 5, 10, 15, 20 u
50 kon. no 00HOU moneTe Kaxc0oz2o0 doctourcrsa. CKoab-
Kumu cnocobamu MOXCHO YnaAaTUTb ITUMU MOHETAMU 34 no-
KYnKy CcToumocreio 8 73 Kon.?

B 3roit 3afaue MOpAKOK MOHET He HIpaeT POJH — BaK-
HO JIHHIb, KAKHE HMEHHO MOHeTbl GepyTcsl Ajst ynaaTbl. Bpe-
JIeM caejylollee obo3HayeHne; yepes

F(n, ny .oy nyy N)

OyaeM 0003HAUaThb YHCAO CHNOCOOOB, KOTOPBLIMM MOXHO
ynaatiTb N KOM. ¢ NOMOWbIO MOHET Pa3JavYHOTO JOCTOMH-
cTBa 1y, Ny, ..., Ny, KOM., Oepa He Dojece yeM 1O OAHOH MO-
HETE Ka)10ro J0CTOHHCTBA. Pa3obneM Bee crnocolnl ymaaTh
Ha JBa KJacca B 3aBHCHMOCTH OT TOTO, HCMOAb30BaHa HJH
HeT MOHeTa JOCTOHMHCTBOM B M, Kom. Ecau oHa Hcnosb3o-
BaHa, TO OCTaeTcsd YIJIATHTb CYMMY B N — n,, KOIL ¢ IO-
MOUIBIO MOHET B Ay, Mz, ..., Am-y KOM. A 3TO MOXHO che-
aate F(ny, ny ..., Amy; N—ny) cnocobamu. Ecan xe
MOHETa B f, KOIM. He HCMOJb30BAHA, TO HAJ0 OMLIATHTbL BCIO
cyMMy B N Koml. ¢ NOMOIULIO MOHET B Ay, A2, ..., Ap—t KOIL
A st0 MoxHO caeaarb F(ny, na, ..., NMp-1; N) cnocobami.
Otcrona crepyer, UTO HMMEET MECTO COOTHOHICHHE

F(ny, n,y, ..., ny N)=

=F(n,ny ...,0, i N—n,)+F(n,n, ..., n,_; N).
(18)

3TO COOTHOILEHHEe NO3BOJAET CBECTH 3azayy o BLIbope H3
m MOHET K 3ajave o BblGope u3z m — 1 moner. [ToBropsd
3TO Xe paccymiAeHHe, CBOAHM K 3afaue o Boibope u3 m— 2
MOHET H T. A., oKa He fofirem aubo 10 3agauu o6 vijare
HYJeBOA cyMMbl, 1160 70 3agayu o BbiGOpe U3 OAHOM MoO-
HeThl. Ofe 3ajaud pelaloTcs ofHO3HayHo. [lpu 3ToM B
X0Je BbIUHC/JAEHHS MHOTHe cjaraeMble OTOpachiBaloTCA.
Benb ccan ny+nst ... <N, to F(ny, ns, ..., iy N)=
=0, Tak KaKk MONeT He XBaTaeT Ha oiliaTy Hokynku. Kpo-
Me TOro, eciu nm>N, To coorHolneHue (18) 3ameHnsercs
Ha

F(n, ny ..., ny; Ny=F(n, #y, ..., 0,13 N),
NOCKOJIbKY MOHCTA M, B yIJaTe y4acTBOBaTb HE MOJXKET.
107



IIpuMeHUM ONUCAHHBIH. METOA K pelleHHI0 Hauiefl 3a-
adayn. Ilo cootHouienuio (11) BHIBOAMM CHayada, YToO

F(, 2, 3, 5, 10, 15, 20, 50; 73)=

=F(, 2, 3, 5, 10, 15, 20; 23)+

-+ F(1, 2, 3, 5, 10, 15, 20; 73)=

=F(l, 2, 3, 5, 10, 15, 20; 23),
Tak Kak 1+2+4+3+5+10+15+20<73 u nmotomy F(l, 2, 3,
5, 10, 15, 20; 73) =0. Hanee monyuaem, uto
F(, 2, 3, 5, 10, 15, 20; 23)=

- =F(, 2, 3,5 10, 15 3)+F(1, 2, 3, 5, 10, 15; 23).

Ho
F(, 2, 3,5, 10, 15; 3)=F(, 2, 3; 3)=
=F(1, 2; 0)+ F(1, 2; 3)=1-+4F(1; 3)+F(1; )=2.

Buiumcinm BTOpoe ciaraemoe
F(l, 2, 3, 5, 10, 15; 23)=
=F(, 2,3, 5 10; 8)4+F(1, 2, 3, 5, 10; 23)=
=F(l, 2, 3, 5, 10; 8),

tak kKak 14+2+4345+10<23. Ho F(l, 2, 3, 5; 8) =
=F(1,23;3)=2
OKoHYATeNbHO NOJYyYaeM, YTo

£(1, 2, 3, 5, 10, 15, 20, 50; 73)=4.

Hrak, Tpebyerylo yniaTy MOXHO NpousBecTd 4 cnocoGaMu,
a umenHo 50, 20 n 3 kom.; 50, 20, 2 u 1 Kom.; 50, 15, 5 u
3 Kor. ¥, HaKoHel, 50, 15, 5, 2 u | kKomn, .

Mokynka koHder

B maeazune npodarorca KOH(eTo! HECKOAbKUX COPTO8:
3 copra croumoctero 2 Kon. 3a WTYKy u 2 copra crou-
MOCToI0 3 Kon. 3a wiryky. CroabKumu cnocobamu MmO*CHO
Kynute KoHgerot Ha 8 xon., ecan 6pare He bosee 00nO4
KOH(beToL Kaxcdoeo copra? :
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PeuieHue 3agauu- nojyvaercss H3 CAEAYIOUHX COOTHO-
WeHHH:

F(2,2 23, 38 =F(2,22 35 +F2 2 2 3 ==
=F(2 2 2 2)+2F(2 2 2 5)+F(2, 2, 2 8)=
=F(2, 2 2 2)=F(2, 2 0)+F(2, 2; 2)=

=14F(2; 0)++F(2 2)=3.

Hrak, MOKynKy MOMHO cienaTh 3 crnocobaMi — KYNITb
no ojiHoll KoH(eTe o0oHX copTOB 3a 3 KOMH. U J00aBHTb
K HuM a106yio U3 KOH(eT 3a 2 Ko

Kasanochk Obl, CTONBKO e pelicHUi liMeeT 3ajlaua:

B rowensvke sewcar 3 moneror no 2 Kon. u 2 MOHETH
no 3 xon. Crkoabkumu cnocobamu MONMHO Ynaaiute ¢ No-
MOWDBIO ITUX MOHET cymmy 8 8 Kon.?

ITo 3aBHCHT, OJHAKO, OT TOrO, KaKHE HMCHHO MOHETHI
JexaT B Koweabke. Ec/ail MoHeTH Mo 2 Komn., paBHO Kak H
MOHeTH M0 3 KON., CUMTaJHUCh PAa3THUHUMBIMIH, TO 3a7aua
coBmajfaer ¢ pasobpaHHOH M YIJIATY MOMHO INIPOH3BECTH
3 cmnocobamu. Ecau e Bce MOHeTb 10 2 KOI. Hepas.jH-
YMMbl, TO OCTAETCSl E€AMHCTBEHHDLIH crmocof ynaatol: 2 Mo-
HeThl 110 3 Kom. U | MoHeTa B 2 Kom.

Takum o6pa3om, 3afayd Ha YIJIATY HMeEIOT Pa3Hblil Xa-
paKTep B 3aBHCHMOCTH OT TOrO, Pa3JHYHMbl HJI HET. MO-
HeThl O/IHOTO M TOTO XC JOCTOMHCTBA. Pa3oOpaHHBI Bbllle
MeTOoA pelleHHs TOAMTCS JAHIIbL B CJayyae, KOrga Bce MO-
HEeThl CUHTAIOTCS Pa3/HUHBIMH HE3aBHCHMO OT TOrO, HMEIOT
OHH OJHHAKOBOE HJH pa3HOe J0CTOHHCTBO. [Tokaxenm Te-
nepb, KaK pemiaTh 3a/1a4y B cJayudae, KOrja MOHETL! OJHOTO
JOCTOHHCTBA CUHTAIOTCS HEPa3JJHUYLMbIMH,

B xoweanoxe nexcar 10 mower no 2 kon. u § moHeT no
3 xon. CroabKumu cnocobasu MOXCHO YNAGTUTL ITUML MO-
Heramu cymmy 8 22 Kon., ecau MOHETb. 00HO20 CGOCTOUM-
cT8a Hepaszauumst Opye ot dpyea?

O6o3HauuM uHcJa0 peiueHuil 3agauu  uepes ®(10-2,
5.3; 22) (102 osnauaer, uto y Hac 10 MoHer mo 2 xom.,
a 5-3—uro ectb 5 MoHer nmo 3 ko). Pasobbem Bce crmo-
coObl peleHHs 3a7a4il Ha KJIacChl B 3aBHCHMOCTH OT TOTO,
CKOJIKO HCIIOJIb30BaHO TpexKomeeyHHX MoHer. Ecau, Ha-
NpHMEpP, HCIOAbL30BAHbl JIBE TaKHe MOHETHl, TO OCTAaeTCs
ynaatuth 16 KO, ¢ TOMOIIBIO JABYXKOINEEYHBIX MOHET,
& ec/IH HCIOJbL30BAHB BCe 5 MOHET, TO OCTaeTcsl yIJATHTb
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JAuilib 7 Kom. Ec/n e TpexKoleeyHble MOHETH COBEpLIEHHO
He HCNO/b30BaUCh AJS YIIaTHl, TO BCe 22 KOMN. Hal0 yIa«
THUTb JABYXKONEeYHbIMH MoOHeTaMH. TakuM o6pasoM, umeeT
MecTO paBCHCTBO

D(10-2, 5-3; 22)=®(10-2; 22)+
4+ D(10-2; 19)4+D(10-2; 16)+
+®(10-2; 13)-+D(10-2; 10)=-D(10-2 7). (19)

Ilpoponxkath fanblie He HafO, TaK KaK Yy Hac TOJBLKO
5 TpexkomneeyHbx MoHeT, flcHo, uTo 10 ABYXKOMEEYHBIMH MO-
HeTaMHu HeBO3MOXHo ymaatuth 22 kom. ITostomy @(10-2;
22) =0. Hanee, oueBHUAHO, UTO HEUETHYIO CYMMY HEBO3-
MOXHO YIJATHTb [BYXKONEEYHHIMH MOHETaMH, a UYETHYIO
MOXKHO YIJ4THTh €AWHCTBEHHHM o6pasoM. Ilostomy Hu2
dopmyanr (19) crnenyer

- ®(10-2; 5-3; 22)=2.
Ectb TOIBKO 2 cnocofa ymjiaThl:
22=8.2+4+2-3=5.2+4-3.

Kak pazmeHsiTb FPHBEHHMK!

Uurateao, HaBepHO, NMPUXOAUTCS KaXIblfl AeHb MO He-
CKOJIbKY Pa3 MEHATb I'PUBEHHHKH — /5 Npoe3ja Ha MeTpo
HYXKHH NATaYKH, A5 pasroBopa no tesaedoHy-aBTOMATy —
JIBYXKOINEeYHble MOHEThl, a AJAA TOro yToObl BLIMUTb CTaKaH
rasupoOBaHHOH BOJAB € CHPONOM — TPEeXKOMeeyHble MOHETHI.
B cBsi3u ¢ 3TUM BO3EHKaeT BONPOC:

CronvKkumu cnocobamu MONMHO PAIMEHATL 2PUBEHHUK
(monery 8 10 kon.) Ha monerot 8 1, 2, 3 u b5 kon.?

dra 3ajaya MOXOxKa Ha pEIIABLIYIOCS B KOHIUE INpebl«
ayulero nyHkra. ToJbKO Telepb YHCJAO MOHET pasHOro Ao-
CTOHHCTBA He orpaHuuyeHo. IloaTomMy uHCI0 pewleHHH Mel
o6osHaunm Tak: @(1, 2, 3, 5; 10). Paccyxaas TouHo Tak
Ke, KaK U B TpeAblAylleM NMyHKTe, NMOJyyaeM COOTHOILIEHHe

D(1, 2, 3, 5 10)=D(1, 2, 3; 10)+4
+®(1, 2, 3; 5)+D(1, 2, 3; 0) (20)
(Bce cmmoco6nl pasMeHa pa3GUTHI Ha KJacChl O YHCAY BXO-

AAIMX B HHX martaukoB). $lcuo, uto @ (1, 2, 3; 0)=1—
ymaatuTh O KON, MOXHO €JHHCTBEHHHIM 00pasoM.
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Yrob6ul cocuutats M (1, 2, 3; 5), pasobbem Bce cnocobit
pa3MeHa 5 Kom. MOHeTamH 1, 2, 3 Konm. Ha KjaacCLl B 3aBH-»
CHMOCTH OT TOTO, CKOJbKO O€pyT TpexKomeeufiblx MOHeT.
Mbl mosyuum

(1, 2, 3 5)=0(1, 2; 5)+O(1, 2; 2)

(nMepBoe caaraeMoe COOTBETCTBYET cjayyalo, Koria He Ge-
percs HU OfHa TpexKolecyHass MOHeTa, a BTOPOe — KOTAA
6epyT OLHY TaKylo MOHETY).

[Tpomoaxas BelYHC/IEHHE, TONyHaeM

D(1, 2, 3; 5)=(1; 5H+D(1; 3)+
+O(1; 1)+ @(1; 2)4-D(1; 0).

Bce atn ciaraemble paBHbl 1, Tak Kak Jqiobas cymma Komnefi
KaMp YyIJauuBaerTcs eAHHCTBeHHoiM o6pasom. MHrak,
d(1, 2, 3; 5)=5. TouHo TaK Xe MOACYHTHLIBAETCS, YTO
®(1, 2, 3; 10) =14. Bcero nonyuyaem 14+5+1=20 cnoco-
60B pasMeHa.

Bmecto coorHomeHuss (20) MOXHO ObLJI0 B3Thb CHa-
yaJja COOTHOLIEHHE

®(1, 2, 3, 5 10)=0(1, 2, 3; 10)4+@(1, 2, 3, 5 5),

OHo moKasbiBaer, 4TO crnoco6b pa3MeHa pacmajaloTcs Ha
Te, rjie He HCMOMb30BaH HH OAHH MATAYOK, H Ha Te, TAe
X0Tq Obl OAHH NATAYOK HCIOJAb30BaH.

Boobule, ecain Hajgo sanaaTHTb N KON, MOHETaMH Jo-
CTOHHCTBOM B Ay, ..., Az KOIL, TO HMEET MeCTO COOTHOIlIeHHe

Dy, ooy Mpy, o8 N)=
=0y, eoey Rpeyy N)+D(ny, oo\, By nk;_N—nk). (21

OHo moKasbiBaeT, UTO AHGO MBl He HCMOJAb3yeM HH ORHOH
MOHETH B f KOI. H TOTAa Halo Bclo cymmy N 3amiaTuTb

OCTaJIbHBIMH MOHETaMH B fy, ..., flg—; KOI., JH0OO XOTb OAHA
MOHETa B M KOIl. HCIOJAb30BaHA H TOTAa HaA0 3alJiaTHTb
ocraBulylocs cyMMy N — n, KOIl. MOHETaMH B My, ..., Mp_y,

n, Korn. Ecam e, Kak 310 Oblo Ha cTp. 107, MoHeTH He
JIOJXKHBL TOBTOPATBCS, TO COOTHOMleHue (21) 3aMeHsercs
y&Ke BCTpeuaBlinMcs paHee (cMm. ctp. 107) cooTnouieHneM

F(ny, ., ne_y, ny N)y=
=F(ny, ... fu_p N)+F(n1, coey Bpogy N—ng).  (22)
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- Pasbuenne uncen Ha cnaraembie

. PaccmoTpum uactHmift cayyad 3ajadd O pasMeHe, Korfia
Jonyckatorca JnoGwule MoHeThl oT | jgo n kom. HMHBEMH cfxo~
BaMH, pelliiM CAedyIoUIYIO 3a4ayy:

Crorokumu cnocobamu  mONHO pasburs 4ucao N Ha
crazaemote, Kaxooe U3 KOTOPbLX PABHO OCHOMY U3 HUCEA
1, 2, ..., n (NOPAJOK CjdaraeMblX He YYHTBIBACTCH).

O603HauuM YHCJAO TaKkHX Ccrnoco6oB pas3bHeHHs uepes-

1
Iy ) Toraa uileeT MecTo COOTHOHICHHE
04 =145+ 0%, (23)
B canox aedae, eCJal YHUCJA0 1 He HCNOJAb30BaHO B Kauec-

cTBe cJjaraemoro, To N pasGuTo Ha caaraemble I, 2, ...

-1
.., n—1, a 370 MOXHO cAejaTb HEY cnoco6avu. Ecan
e 1 HCNOoAb30BAaHO B KayecTBe CJAaraeMoro, TO YHCJO
N — n pasbuto Ha caaraemble 1, 2, ..., 1, UTO MOXKHO CAe-

aatb -, cnioco6anu.
Hanoxnm Teneph orpaHnueHHe, 4TO 8ce cAaazaemole
00a%CHbt O6iTO pasaudnbimy. Yucno peuieHHit B 3TOM Cay-

yae o6osHaunm uepes Ox (nmpu stom ®f = 1). TIpemocra-
BJSIEM UMTATeNI0 MOKas3aTh, uTo Ana DY nMmeer mecto co-
OTHOMIEHIE

(DKI — (DAn "(— (DN—n (24)

(yHCI0 N Hestb3 BTOPOfl pa3 HCNObL30BATh B KauecTBe
¢jaraevMoro).
N 1
Kak serxko Bugets, ®1=1 u ®y=0 npu N>1, u ¢ no-
MOIIbI0 ¢opMyabl (24) MOMXKHO MOCJEJ0BATENBHO BhIUHCH

auth Oy ans Becex n u N. Jdas Iy yio6Hee BMeCTO cOOT
HoulcHHS (23) B3ATh COOTHOLUEHHE

n n-1 n-1 1 .
HN = HN + HN nt HN—-Qn e (25)
KOTOpO€ noJiydaeTcsa nocaeaoBaTC/AbHLIM NpUMCHCHHEM CO-

oTHomweHua (23). A nociae 3TOro JOCTATOYHO 3aMETHTH, YTO

1
Hy =1 (noGoe HaTypa/bHOE UYHCAO MOMKHO €IHHCTBEHHHIM
o6pa3oM pasJoXHTh Ha Claraemble, paBHue 1), Honbsyncr,

COOTHOMIEeHHeM (20), NOCAe0BATeAbHO BhIuHCAsieM [y Aas
Bcex N, notom Iy u 1. m.

1) 3uanesue IIJ mu nonaraem pasnuM 1,
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3aMeTHM, UTO YHCJIO BCeX cnocoGoB pasaoxenuss N HA

N
ciaraembie paBHo Iy —caaraemble, Goablline uem N, B
pasfoxeHHe BOHTH He MOryT. TOUHO Tak e UYICJIO CHOCQs

N
6oB pa3ioxenuss N Ha pasauuHble caaraeMbie paBHo Py

DvarpammHas TexHuka

[lepBoHauanbHble METOAL  JOKA3aTe1bCTBA  TEOPEM
0 pa36HeHHsIX uHCes ObLIH BeCbMa <J0XKHBI, Kak i BO MHO-
rHX BOMpPOCAaX MaTeMaTHKH, NMpHBJAeYEHHe reOMeTpHUeCKHX
coobpaxkeHHH YIIPOCTHJO H CAeJa/0 HarAAAHbiMH
JI0Ka3aTe/IbCTBA TEOPEM.

Kaxnoe pasbuenne uncia N Ha caarae- e
Mble MOXKHO H306pa3nTb B Blje Auarpaubl. Ka-
XKjlasi cTpOKa [HArpaMMbl COCTOMT H3 CTOJbKHX
TOYeK, CKOJBKO eNHHHI BXOAHT B COOTBET- o 4
cTByiollee caaraemoe. Hanpumep, pasGuenuio
7=14+14243 COOTBETCTBYeT  auarpaMMa  Pae. 10.
(puc. 10). '

Tak kak nopsiiok c.JaraeMblX B pa3OHeHIIH He Hrpaer
pPOJI¥, TO CTPOKH MOXKHO pAacCIOJ0XKHTb TaX, 4TOOb HX [JIHA
Ha He yObiBasa cBepxy BHH3. KpoMme TOro, mepBbie TOUKH
KaXnoi crpokn OyneM H3o0pamxaTb B OJHOM cTosGlLe.
Takne auarpammbl GyaeM na-
3bIBATh HOPMAAbHBIMIL.

C nomombio  Auarpainl
JCTKO JI0Ka3blBaTh PasJiiulibie
cpoiicTea pas6uennii. [Hoka- o o
J)KeM, Hanpumep, UTO 4uUCAO
c10c0608 pazbuenus wucra N © o @
Ha He boaee wem m cCiaqeae- m=4
MbLX TAKOE e, KaK u cnocobos Pue. 11.
pa3buenus N+m uHa m cara-
eaemoix. B caMoM pgede, amarpanmiia, M3o6paxkawoiuas pas-
GHeHHe uncia N Ha He Gojee uyeM /M CjJaraeiblX, COCTOHT
H3 N Touek, pacrmonoxeHHBX He 6Gojee ueM B M CTPOKaXx.
Jlo6aBHM K KaXXAOM M3 TaKHX AHArPaMM CTo.qa6el, cOCTOS-
M U3 m Touek (cM. pHc. 11, rae n3o6paxkeHo 310 npeo6-
pasoBanne gas N=05, m=4). [loayuntcs auarpamma, co=
crosmas H3 N-+m Touek, pacnosioKeHHbIX B /2 CTPOKax.
O6parHo, OTHHMasl NepBblil CTOAGEL OT KaXKAOH AHATPAMMH,
cocrosmeir W3 N+4m TOuUeK, pacnoJOMXEeHHBIX B BHJE

m—————
[ ] [ ] L\
~—— -
[ 2
[ ]

,
~

[ ]
[ ]
[ ]
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m CTPOK, MBI NOAYYHM JAuarpaMmy u3 N Touek, npuuyem
YHCI0 CTPOK OydeT He 6ogblue, UeM /1.

Mbl yCTaHOBMIM B3aHMHO OJHO3HAYHOE COOTBETCTBHE
MeXJy JHarpaMMaMH ABYX BHAOB, OTKyla cJelyeT, YTO,
YHCJO0 3THX AHarpaMM OAHHakKoBO. Tem caMbiM yTBepiKie-
HHe J0Ka3aHo.

HeckonbKo c/oxHee poKa3biBaeTcsl cjefyiollas Teos
pema (Teopema diinepa):

HYucao cnocobos pazbuenus N na He bosee vem m caa-
m(m--1)
2aemMblx PABHO 4UCAY CnOC0608 pa36ueuuﬂN—+————j————-

Ha M HepasHolx uacTell.

[

i

|

e o'«

i N

N

| N
e o le o oo o

i \

| 3
e o o o @ © o o, o e o o

Puc. 12.

Kaxpoe pas6ueHue uncia N Ha He GoJee uem m caa-
raeMbix H3obpakaeTcs B BHAe auarpaMmbl H3 N TOueK, co-
Jlepxameii He Gosee ueM m cTpok. JLoGaBUM K KaxKIo#
TaKOH JAMarpaMMme paBHOOCApPEHHBI NpsSIMOYrOJbHBIN Tpe-
YTOMBHHK H3 M CTPOK, IOCJe 4ero NnpHBeAeM AHarpamMmy
K HOopMasabHOMY BHAY (puc. 12), rie H3oOpaxkeHO TakKoe

npeobpasoBanue npu N=6, m=4. Tak Kak UHCIO TOueK

m(m+1)
B TpeyroJbHHKe paBHO v TO MBI TNOJYUHM JHa+

rpammy u3z N -+ —"—l—(%‘_—l-)

IIpn. sTOM BCe CTPOKH AHArpaMMbl 6YAYT pa3aH4YHON IJIHHBIL.
B camom pese, AJMHBI CTPOK HCXOIHOH [IHArpaMmbl He
yObIBalOT, a JAJHHB CTPOK TPEYroJbHHKa Bce BpeMs yBe-
JHUMBAIOTCA. 3HAuHT, nocje A00aBjeHHS TpPeyroJabHHKa
NnoJyyaeTca AMarpaMma, JUIHHBI CTPOK KOTOPOH BCe BpeMs
pactyT. CjejioBaTeNbHO, CTPOK OJHHAKOBOH JlJlI’IHbI GbITh
He MOXer.

OGpaTHO, u3 KaxAOH AuarpaMmbl AJsi  pasOHeHIIs

m{(m-+1
N+—-—£—-§t—l Ha /M HepaBHLIX C/laTaeMbIX MOMKHO YAaJHTh

TOYEK, COAEpKallyl0 m CTPOK.
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PaBHOGE/PEHHLIH NPAMOYrOJNbHbIH TPEYrolbHHK, COAepiKas
WwHA /M CTPOK, H NOJYYHTb AHArpaMmy ansi pasGuenns N
Ha He Gojlee ueM /m cjaraeMbiX. DTO COOTBETCTBHe MeXAY
AxarpaMMaMH IBYX BHAOB NOKa3blBaeT, YTO UHCJO HX OH+
HakoBo. Tem caMbimM Hallle yTBepKJeHHe IOKa3aHo.

JABoMCTBEHHbIE AMArpammbl

JluarpaMmbl MOXHO NpeoGpa3OBLIBATh TaK, YTOGLI CTPO-
KH CTaJgH cToj6uaMH, a cToa6ubl — CTpOKaMH. [las 3Toro
noeepHeM auarpamMmy Ha 90° W npuBeAeM ee K HOpMaJb-
Homy BHAY. Ha puc. 13 uzo6paxeHo Takoe npeo6pasoBa-
HHE AuarpaMmm.

$lcHO, uTO ecau NOBTOpPUTL 3TO Npeo6pa3oBaHHe, TO
CHOBa MNOJYUHM HCXOAHYyI0O auarpammy. IlosTomy Bce Ana-
rpaMMBbl pacrnajailoTcs Ha JABOHCTBCHHBIE JpYr JAPYry Hapel

° )

o o o o ¢ o

e o © ¢ e o ® o o
Puc. 13. , Pue. 14,

auarpavMyM (BNpoueM, HaJo HMeTb B BHJY, YTO HEKOTOpLIe
JuarpaMMbl JABONHCTBEHHH caMH ce(e, TakoBa, HallpuMep,
JuHarpaMmMa Ha pHc. 14).

[Tonb3ysick ABOHCTBEGHHOCTbIO OHArpaMM, MOXKHO CpaB-
HHBaTh pasOHeHHsi, NOJUNHEeHHble HEKOTOPHIM OrpaHHyes
HHSIM Ha BeJHUHHY cjaraeMblX ¢ pa36HeHHAMH, NOAYMHEH-
HLIMH OrpalHyeHHsIM Ha uHcao caaraemblx. Hanpuwmep,
HMEeeT MeCTO TaKoe yTBepXKJeHHe:

Yucao pazbuenuil N Ha caaeaemote, He npesocxodauue
n, pasno uucay pazbuenud N na ne bonee uwem n caa-
2aemoix.

B camom nmene, nMarpaMmul Aas pa3buchusi N Ha caa-
raeMnle, He INpeBOCXoAsilie 7, cOCTOSIT H3 N TouekK, NpH=
yem B KaxKIOH cTpOKe He Oojiee n TOYCK. 3HauHT, B 3TOH
JnarpaMme He GoJsee ueM n croabuos. Ho rtoraa aBofi-
CTBEHHAs AHarpaMma uMeet He 6oJjice UeM 7 CTPOK, TO €CTh
COOTBeTCTBYeT pa3CueHHi0 uyHcaa N Ha He Gosee ueM n
caraembix.
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TouHO TaK Xe NOKasblBaeTcs, 4TO uHcao pa3buenui N
Ha 7 cjaraeMblX paBHO YHcay pasOHeHIll Ha cjaraemble,
He MNpeBOCXOJsilde 7, XOTs Obl OJIHO H3 KOTOPHIX paBHO A.

Janee, paccMOTpuM pa3bueHHus yncaa N Ha yeTHble cla-
raemble, -OTi pa3bHeHHs wH300paxkaloTcs JAHarpaMMami,
CTPOKH KOTOPBIX COAepXKaT ueTHoe uxcao Touek. Ho rtorna
B JBONCTBEHHON AMarpaMMe GyneT yeTHOE KOJHUEeCTBO cja-
raemblx Kaxpaoro Buja (puc. 15). OTciona BbHIBOLHM TaKoe
yTBepXKAeHHE.

Puc. 15.

Koauuecrso pasbuenuil N Ha ueTneie caaeaemoie pasHo
KoauuecTsy pasbuenuti, 8 KOTOpble Ka#O0e U3 HUCEA 8X0-
Our uetHoe uuc.10 pa3 (pasymeercs, HEKOTOpble cjaraembie
MOTyT COBCeM He BXOJHTb, TOCKO/IbKY HYJb — YeTHOE

YHC10). .

TouHO TaK e 10Ka3blBaeTcs, UTO

Koauuecrso pasbuenuti N na HeweTHble caacaemoie pas-
HO KoaudecTsy pasbuenuil, 8 KOTOpvle Kaxdoe us caazae-
MolX, Kpome HaubOabuieeo, BXOOUT 4eTHOe HUCAO pas, «
Hauboabulee C.1a2aemoe — HeYeTHOe 4UC.10 pas.

opmyna inepa ') .
B cBA3y ¢ HEKOTOpbIMH BOnpocamit pasGueHuit Jilnep
H3yuis GecKOHeuHOe NpOoH3BefleHHe
A=1—x)1—xH) (1 —x%) ... (I —x")y ... (26)
PackpoeM B 3TOM TNpOH3BeleHHH fieppble 22 CKOOKH. Mbl
MO/yYHM BblpaXkeHle
A=l —x— x5 X7 — 42— xB 4424 ] X
X(l—=xB)(1—x) ... (1—x") ...

1) 2ToT nyHKT MoMerT ObiTh NpOAYLIEH HPH MEPBOM UTEHHH.
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rae TouKaMH 0603HaueHbl CjaraeMmbie, cogepiKauiHe x B 6O«
Jee BbICOKOH cTeneHH, uem 22. Mbl He CTaJH BBHIIIHCHIBATD
3TH UJEHbl, TaK KaK NOCJe YMHOXEeHHS KBaJpaTHOH CKOOKH
Ha | —x%8, 1 — x4, | M T. 1. OHH u3MeHATCS. BbIMHCAHHBIE
e uJeHbl 6ogblle MeHATbCS He 6ynyT HoaTOMy ecan
pacKphlTb BCe CKOOKH, TO NOJNYyUHTCA OeCKOHEUHBIH psL, nep-
Bbl€ UJIEHbl KOTOPOrO HMEIOT BIIJL

l—x— X% xS - X7 — 12 x5 o x2 (27)

Buano, uTO nocje ABYX OTPHLATENbHBIX U/NEHOB HAYT
JBa TIOJIOXKHTEJNbHbIX, NOTOM CHOBa [Ba OTPHIATENbHBIX
i T. A. OQHAKO 3aKOH, N0 KOTOPOMY HAYT NOKA3aTeH 3THX
Y/IEeHOB, YJOBHTb Fropasfno TpyaHee, IlyTeM IJHTENBLHOrO
_9KCNIEPHMEHTHPOBaHHSl DfijJep YCTaHOBHI cjelyiolllee Mpa-
BHJIO:

Ecau npespatute 6eckoneuroe npoussedenue

(1—x}l—x)(1—x3) ... (1—x").
8 pAad, TO 8 3ITOM pﬂdyskéytkin OTAUUNbL OT HYAS AULb CAQ-
Z:t .

eaemvte guda (—1)*x 2 | 20e k— HatypareHoe uucio.

Teopema Dhnepa umeer 60/bliOe 3HAYEHHE HE TOABKO
B TEOpPHH pa3GHeHHil Ha cjaraeible, 110 H B TEOPHH 3/LIHII-
THUECKHX (YHKUMHA M APYrHX BONpOCAaX MaTeMaTHUECKOro
aHajan3a. OJHaKO GOJBUIMHCTBO J0KA3aTENbCTB 3TOH TeO-
pemMbl JOBOJBLHO CJAOXKHL. Mbl HpHuBeleM ceiluac BecbMa
IpOCTOe TeOMeTPHYECKOe AO0Ka3aTebcTBO TeopeMbl diJepa.
[IpenBapuTeNbHO Ham MNOHAaZOOHTCH C(HOPMYJIHPOBATH 3TY
TeopeMy Ha fI3blKe TeOpHH pa3bHeHuH.

[Tpn packpblTHH cKOOGOK B BhipaXKeHHH (26) ciaaraeMbie
+xN BCTpeTsITC CTOIBKO pas, CKOJAbKHMH crnocoGaMu
MOXHO pa30uTh uHCA0 N Ha pasanuHble cjaraeMbie, [Ipu
3TOM XV nosBJsIeTCs, eCJH YiCa0 cjaaraeMblX yeTHo, a —xV,
€CJIM -3TO uHca0 HeueTHo. HanpuMep, pasOuennio 12=5-+4+4
+2-+1 coorBercTByeT caaraemoe (—x5) (—x?) (—x?) (—x)=
=x!2, a pa3buenuto 12=>5+44-+43 — caaraemoe

(=) (=) (=) = — x2

Taxknm o6pasom, Kos¢pduuuenT npn xV¥ B pasgokKeHHH
(27) paBeH pa3HOCTH MEeXIy KOJIIYeCTBOM pa3bHeHHi Ha
YETHO® YHC/IO Pas3/MUHBIX CAAraeMbiX H KOJHUECTBOM pa3-
OreHHH Ha HeYeTHOE YHCJO pa3/nuHbIX cJaraemblX. Teo-
pema Jitnepa yTBepiKiaer:
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Ecau wucao N ne moocer Goite npedcrasaeno 8 8ude

N 3k 1 k
=y TO OHO UuUMeeT OCUHAKOBOE KOAUYECTBO

pasbuenuil Ha weTHOE U Ha Hettemoe YUCAO PAZAUHHBLX CAL-
b2 + k
eaemolx. A Oas uucenr suda N = ——2——-, PAa3HOCTo MeX-

Oy aTumu Koauvecrsamu pagua (—1)*% (TO eCTh ecqn R yeTHo,
10 Ha | GoJblue pa3GueHHH Ha UeTHOe YHCJO CJaraemblx, a
ec/H Rk HeueTHO, TO Ha | Goabule pas6uemm Ha HeueTHOe
WHCJIO caraeMblX).

YHro6b f0Ka3aTh TeopeMy Diijiepa, nokaxeMm OAHH CIO-
co6 npespalieHds] AHArpaMmbl C YETHHIM YHCJIOM CTPOK B

B
o o o

o o o o o e o o o o

e o o o o o oooooo(“\
\
\\‘\

boooooo e o o o o o o0

Puc. 16.

JMarpaMMy H3 CTOJbKHX K€ TOUeK C HEeueTHbIM YHCJIOM
CTPOK; W obpaTHo. Tak Kak Mbl paccmaTpuBaeM JHIWL pas-
OueHHMs HAa pa3jiMuHbie cjaraeMble, TO JHAarpaMMbl TaKHX
pa3GueHH{l COCTOAT H3 HECKOJbKHX TpaneuHi, nocrabieH-
Hbix JApyr Ha apyra. O603HauMM 4YHCJO TOYEK B BepxHel
CTPOKe JHArpaMMbl uepe3 mi, a YHCJIO CTPOK HHXKHeHl Tpa-
nennn uepe3 n. Ha puc. 16 usobpaxkeHa auarpamma, Anas
KOTOpOH m=2 n n=3.

[MpennojoxuM, YTO AMarpaMMa COLEpXKHT He McHee
ABYx Tpaneuuit, npuuem m < n. B atom cayuae orGpocum
fIepBYI0 CTPOKY H YAJHHHM IOC/AeJHHe /M CTPOK HMXKHel
Tpanenuu Ha ORHY Touky. locse atoro obuiee uncao Touex
e U3MCHHTCS, BCe CTPOKHM OKaXyTcs pPasJHuHOH AJHHbI, HO
YeTHOCThL Ylicda cTPOK H3MeHHtcsa. TouHo Takoe Ke npeoG-
pasoBaHHe MOXHO CAeJaTb, €CJH juarpaMma COCTOHT N3
oaHO# Tpanewuu, npuuem m-< n— 1. Ha puc. 17a n3o6pa-
KeH pe3y¥bTaT TaKoro npeoOpasoBaHHsl JHarpaMmbl.

[lycth Tenmepn AuarpaMMa coepXHT He MeHee MABYX
Tpaneudi, npuuem m>n. Tornga or KakJIoit CTPOKH nocnaes-
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Hell TpanelHH BO3bMEM NO OJHOW TOYKEe H COCTaBHM M3 HHX
nepByi0O CTPOKY HOBOH auarpaMmbl. JTO MOXKHO CHAeNaTh,
TaK KaK Mm>n M NO3TOMY COCTaBJeHHas CTpPOKa Kopoue
nepBOi CTPOKH HCXOAHON AHarpaMmbl. Kpome Toro, Tak Kak
Mbl B3flJIH BCe CTPOKH HMIXKHeH TpameLHH, TO B IOJYyUYHB~
meHca AHarpaMMe Bce CTPOKH OYAYyT HMEeTb pas3J/HYHYIO

‘e @)
-
o o o o o o
-
e o © e o o o ‘o,
AN
\\\
N
e o o o o e o o o o'

Piuc, 17a.

AavHy. HakoHen, HOBasi puarpaMMa cOAEpXKHT CTOJNBKO TO+
YeK, YTO H MCXOAHAs, HO YeTHOCTb YHC/Ia CTPOK H3MeHH-«
Jacb — HOBasg JAuarpaMMa COAEPXKHT ellg OJAHY CTPOKY.
TouHo Takoe ke npeo6pasoBaHHe HOMYCKAIOT AHATPaMMBI,
COCTOsIIlHE M3 OJHOH TpameuwH, ecan n 2> m-—2, Ha

—————

(o o)
e o @ e o o
o o o o ‘o e o o o
N \,
“ AN
ooooo\\ﬂ o o o o o
Puc. 176.

puc. 176 nsobpaxeH pe3yabTaT ONHCAHHOTO Npeobpa3oBa-
Hua auarpammbl. CpaBHHBas PHCYHKH 17a u 176, Mbl yGes
KIAEMCH, YTO ORUCAHHble NPeobpas’os8anus 83aUMHO 00paT=
Hbl — ecau CHa4vara c0eaaTe OOHO U3 HUX, @ NOTOM 8TOpOe,
TO CHOBQA NOAYHUM UCXOOHYIO Juaepammy.

Takum ob6pasoM, duazpammer pasbuenui wucaa N, o=
nyckaowjue 00HO u3 3tux npeobpasosaruil, pacnadarorcs
HQ 00UHAKO0B0€ HUCAO OUACPAMM C HETHOIM U HEHETHLIM YUC-
20M cTPOK. OCTaNOCh BBIICHHTb, KaKHe K€ JHarpaMMbl He
JonycKailT ONHCaHHOro npeo6GpasoBaHHsA. $ICHO, YTO STH
AuarpaMMbl COCTOAT M3 OAHOfl TpameuHH, MPHYEM AJAs HHX
au6o m=n, au6o m=n+1. B nepsoM cayuae guarpaMMa
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3n2—n 3n2-}-n

COAEPKHT ——5— TOYEK, a BO BTOPOM ——p— TOYEK
(puc. 18).
[TpuBeneHHble paccyx[eHHs INOKasbigaloT, uto ecau N
3n2 +n
He AB/SETCS YHCAOM BHAA —5—, TO OHO HMEET MOPOBHY

pa30ueHHH Ha YeTHOE W Ha HeyeTHOe YHCJO pPasaiyHbIX CAd-

3n2+n
raeMbiXx. ECJIP[N= —12——— H 1 — YeTHOE 4YHCJA0, TO OCTaeTCs
e o o e o o o
e o o o e o o o o
e o o ¢ o e o o o o o
m=n=73 m=4, n=3

Puc. 18

OllHa JllarpaMmMa, He Jonyckailoias npeo6pasoBaHus M
nMeloilas yetHoe yucao cTpok. [lostomy pas6buenuil Ha veT-

HOe UHCJ0 cJaraemblX OKa)KeTcs Ha 1 Oosbliie, yeM Ha He-

3n2 +-n
YeTHOEe UHUC/JA0 cJaaraeMbix. ECJIH xe N='—T— I n — HEe~

yeTHOE YHCJ0, TO Ha 1 6onkiie 6yaeT pa3bueHuil HA HeyeT-
Hoe uuc/10 cnaraemelx. TeopeMa J0Ka3aHa,



[NIABA V

KOMBMHATOPHKA
HA WAXMATHOH BOCKE

Yenosexk 6poamt no ropoay

Ha puc. 19 uzobpaxen naan 2opoda (nNpHMCPHO TAaKON
BuA uMmeeT naaH KaHGeppel — cToanubl ABetpaaun). B aron
2o0pode nXk NpAMOY20N16HbIX KEAPTAAOS, pPA30eNeHHbIX
n— | «2copusonTarbHOLMUS U kR — 1 «8epruranroroimMis Y-
yamu. llyruux xouer nonacte w3 nynkra A 8 nyukr B

7, a0
A // /

7 X

Puc. 19.

4 @—t

Kpardatiuium nyTtem, TO ecTo 08U2A[Cb 8Ce 8pems Uil
«cAesq Hanpagos, uill «cHuly ssepxs. CKOAbKUMNU NYTAMU
oK moxcer dobpareca uz A g B? '

SIcHo, 4TO, KakiuM Obl NMyTeM HH IET NYTHHK, OH HPOii-
JeT yepes k-7 1epekpecTkoB (CYHTas TOYKY A, HO He Cui-
Tasg Touky B). Ha kKaxmom fiepekpecTke OH MOXKeT HATH
WJIM HAampaBo, #aH BBepX. B cooTBeTrcTBUH ¢ 3THM BCe ne-
pekpecTKil Aeasdrcsd Ha ABa Kaacca. CONocTaBHM TeM mepe-
KpecTKaM, rje OH BhOHpaeT NMyTh BOpaBo, uugpy 0, a tem,
rae oH Hiaer BeepX, undpy i. Tak Kak uiic10 NepeKPeCTKOB
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NepBOro Kaacca JO1KHO
paBHATbCH k, a BTOPOIO
n (MHaye MyTHHK He NO-
nazger B Touky B), To no-
JIYYHM IepecTaHOBKY, CO-
CTOAILYI0 U3 R Hysell H
n envuul. Kaxnofi ta-
KO/ NMepecTaHOBKe B CBOIO
oyepelb COOTBETCTBYET
HeKoTopuil nyTb. Ha
puc. 19 nsobpaken nyTs,
COOTBETCTBYIOLIHH mepe-
cranoske 0110001100.
Ho uucao nepecrano-
BOK M3 k uyselt u n ei-

AN
SN

7
7

HHL[ PaBHO
P(k) fl)-—: Z+k:
_ @A)
T nlkl (1)

ToMy e caMOMy paBHO H YHCAO KpaTyahiMX NyTeil 3
ABB

ApHuhmeTHuecKHii KBappar

IlepemetlteHHs NyTHUKA MO FOPOAY HANOMHHAIOT ABHXKe-
HUS WaxMaTHON anbd. Bo3dbMeM GeCKOHEUHYIO 1AXMAaTHYIO
JOCKY, OTDAHHYEHHYI0 ¢ ABYX CTOPOH NePNeHAHKYJSAPHBIMHU

JyuaMH, H NOCTaBUM B Yrjy 3Tofl ZOCKH JafAblo. Mul 6ynem
Mpeanosarate, YT0 Jaabsl ABHKETCSl MO NOCKe HJH CBepXy
.BHH3, 1K caeBa Hanpaso, KoMOuHHpYsA ApPYyr ¢ APYroM 3TH
JBHXKEHHS, MOXHO MOAYYHTb PasjiHuHbBle NMYTH, BeAyLIHe H3
YIJIOBOTO MOJISA B JaHHOE moJie JOCKH. HannlieM Ha KaxXaom
noJie AOCKH HHCJA0 3THX nyTell. SICHO, YTO HANMHMCAHHOE YHCJIO
3aBHCHT OT KOOPIAHHAT MOJfA, OT TOr0, B KaKOH BepTHKaJH H
TOPH30HTAAH OHO HAXOLHTCH.

Hawm 6yaer yao6HO HyMepoBaThb Bep'mKaJm H TOPH30H-+
taau uncmamu 0, 1, 2, ..., n, ... IIpu Takolt Hymepauuu yr-
Jgosoe noje nmoaydvaer koopauuatel (0, 0). HMcnonbsys pes
3yJIbTaT, NOJYYEHHbIHi NMpPH pelleHHA Npeabaylled 3anauH,
ybexxaaemcs, 9TO Ha nepeceqemm k-it BepTHKaJH U N-i1 TO-

PH30HTAJH CTOHT YHCIO Ch+r (4TOGH momacTs Ha 9TO NOJe,
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HaA0 CAeNaTh k xon0B BnpaBo u n xo108 BHu3). [ToacTaBuM
BMecTo Chix HX UHCIOBble 3HAYeHHs. Ml NMOAYYHM TOT/A
tabauuy 3. 3Ty TabAHLY HA- tasnmua 3

3LIBAIOT APUPMETULCCKUN KEa-
oparom. TlozHakomuMcess TOA-
poGHee ¢ c€ro CBOHCTBaMH.
BuumarebHOe H3yueHHe apHb-
MEeTHUeCKOTO KBajpaTta I[0-
Ka3blBaeT, YTO KaX/10e HalH-
callHoe B HeM YHCJIO MOJy- 15 35 70 196 ...
4aeTcs no CjaeAyloleMy 3aKo- 21 56 126 282 . . .
y: OHO pasHO cymme uucaa, R
HANUCAHHO20 HAO HUM, U 4UC-
Ad, HANUCAHHO20 caea OT Hezo. Hanpumep, Ham 4YHCJAOM
10=4+6 nanucano 4, a caena or nero 6.

[TosnyueHHOe HpaBW.IO JETKO BLITEKAET H3 aoxa3aHHoro
panee (cM. ctp. 53) pasenctsa Ch==Ch_i-+ChiZi- Ho ero
MOXKHO [0KasaTb H HenocpeACTBeHHO. B camom gxene, Ha
none (k, n) naAbsg MOXKeT [OMAacThb C OJHOrO H3 mnoJei
(k—1, n) uau (k, n—1). TlostoMy B cHay mnpasuia
CYMMBI YHCJO crnocoGOB mnomacTe Ha mnode (k, n) paBHO
CyMMe YHCJIa CcHoco6OB JOCTHTHYTH mojde (R—1, n) m
yucsaa cnocoboB AOCTHTHYTE Hote (B, n—1). A 310 ¥ ecThb
Hallle yTBEpXKAEeHHE.

R n

N3 coornomenuss C,ir=Cpir BHITEKAET, UYTO apHPMe-
THYCCKHIl KBaJpaT CHMMCTPHYECH OTHOCHTE/1bHO AHArOHAJH,
npoxoAdiiel depe3 yroa (Mbl O6yleM Ha3blBaTb ee 2Aa8Hol
Oduazonanabio). Bripouem, 370 CBOHCTBO TaKXKe JIerKO LOKa-
3aTh TeOMEeTPHYECKH — IIONacTh Ha MepecevyeHHe rn-il Bep+
THKaJH 1 k-l rOPH3OHTAJIH N Ha NepeCeueHue k- BepTHKAJH
U n-fi TOPU3OHTAJH MOKHO OAMHAKOBLIM YHCJAOM CHOCOGOB.

6 10 15 21 ...
10 20 35

— e et et et
D U W N -

M®urypHsie umcna

ITpu BLIuHCJICHHH 3;eMeHTOB Talanupl 3 MBI NOJbB30BA~
JICh KaK 3JeMeHTaMH NpeAblAylicl CTPOKH, TaK II 3JeMeH-
TaMH Npeabiaylero ¢roja0ua. Ho 10cTaTouyHo 6pij0 HCHO/b-
30BaTb 3JE€MEHTH NpeibiAylied cTpOKH. B camom JHese, Mbi
Jokazanu Ha c1p. 54 dopmyay (15)

Clp=CF i +CP L o —+C5.

Srta Qopmyna TNOKasHBaeT, YTO KaxKIALIH 3/JeMeHT Haliel
Tab/Hubl paBeH CYMMeE 3/1eMEHTOB NpelbiAyIlell CTPOKH,
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HayMHas C NepBOTO I KOHYasA 31eMEHTOM, CTOAHIUM Hemo=
CPEACTBEHIO 114/l BbIUlicAAeMbiM. Takum 0Gpason, nociaeao-
BaTeJIbHO CKJIAAbIBas 3JEMEHTH (1 — 1) -l CTPOKH, MBI Bbi-
YHC/igeM OAHH 3a APYTHUM 3JeMeHTH n-i CTPOKH. B

Tako#t MeTox BBIUNCAeHHA TabjHUbl 3 CBA3aH C BOCXO-
JAALHM K ApeBHerpeueckiim varemarukam Iludaropy u Hu-
Komaxy yueHueM o ¢urypueix uicgax. deno B TOM, UTO

uucaa 1, 2, 3, ... MOXHO H306pa)aTb CTPOKAMH H3 onuoﬁ,
[ ]
[ ] | ] [ ]
L4 ® ® ® ® PY
hd * o » o o e o o o
Pitc. 20,

ABYX, TpeX H T. A. TOYeK, a 3TH CTPOKH OGbEIUHHTD B Tpe-
yrojpHHKH (puc. 20). Toraa umcjao TOYeK B KaxKAOM Tpe-
yrolbHHKe OyJeT DaBHO COOTBETCTBYIOILEMY HHC/AY BO BTO-
po#t cTpoke tabauunl ). Tloatomy uucaa 1, 3, 6, 10, 15, 21
H T. l. HA3bIBAIOT TPEY2OAbHOIMU HUCAAMU, R-€ TPEYTONbHOE
YHCIO PABHO b
- I
Ck-) 1= Sk—;&

TouHO Tak Ke TPeyroJipHHKH, H300paXKEHHble Ha pHC. 20,
MOXHO OOBbe1HHATL B MHPaMHAB. UHCI0 TOYEK B KaxKIoi
NHpaMule pPaBHO COOTBETCTBYIOLEMY UHCAY B Tperbeil
CTpOKe Haiefi TaGauupl. [lostomy uncaa 1, 4, 10, 20, 35
H T. I. Ha3BIBAKOT nupamudasvreimu. VIX obuinii BUA Takoit:

(k+2) (k+1)k
Chro="—Tgg -

Yro6nl NaTh aHAJOTHYHOE HCTOJKOBAHHE UHCJAM CJedylo-
X CTPOK, Hafo ObiJlo Gbl MepeliTH K MHpaMilaM B MPo-
CTPAHCTBAX BBICIUIEr0 YHC/1a H3MepeHHuI,

Yuenue o QUIYPHBIX UHC/JAaX Ha MPOTIIKEHHH MHOTHX
CTOJIeTHI NPHBIEKA 10 MaTeMAaTHKOB, H GbLIO B CBOe Bpems
BaXXHBIM PasfesoM TEOPHH ulice.].

') Hanomuum, uto cTpoKu uyMepywotes uwncaamiu 0, 1, 2, ..., u no-
TOMY BCPXHsil CTPOKa — HyJiepas, cJjeRywuias 3a iieill — nepsas ¥ T: A.
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APMPMETHUECKHI TPEYrONbHMK

Bo3spmeM Teneps LOCKY, OFPaHHUEHHYIO TOALKO C OAHON
CTOPOHHI, 1I NMOCTaBHM Ha moJe A HyJeBol ropH3oHTaJH
wawky (puc. 21). Jpurasicb no npaBujaaM LialleyHol
WrpHl, 3Ta IAKa MO- '

yKeT nonactb Ha Jaie- £ 7 &
6oe nosie B objacry, 77%/ /47, %7, //V
OTpaHHYeHHON nps-- 275772 % v \
mbitn AB n AC. Cro- [ '/'/ /3/ %4 /,% 7%
Ba HamuuieM Ha Kaw- ¢ e 7 27/
JOM TMO0J1é YHCIO CHo- L 7 % 7 7
co6OB, KOTOPHIMUH Ha // % % 7/ %
HEero MOXKET nonacth % % L %
Hauia mamka, Mel Bi- { Z // % // %

UM, YTO HamnMCcaHHblE
YHcaa COBMAajaioT, no Puc. 21,

CYTH JieJ1a, C YHCAaMi

apu(pMeTHYECKOro KBapata H TOJbKO Hilaye pacrhojoKeHSL
ATO He YAMBHTEJbHO: €CJH 11I0BEPHYTh [JOCKy 1a 45° To
1salKa OyAeT JBHTaThCs 110 TOPU30HTAJbIBIM H BEPTHKA.Ib-
HbIM JIMHHSIM, M 3aj7a4a npeBpaTHT-
¢ B 3ajadyy O JABHXKEHHAX JalbH.
Uncna na puc. 21 oObiuHO H30- |
6paxaioT B BHAE TpPEYroJLHHKA
(raGanua 4). 3aech Kaxkaoc YHCIO 1 1
PaBHO CymMMe JBYX {HMCEJ NPEnbifLy- { 9 {
Hiel CTPOKH, MEXKAY KOTOPbIMH OHO
HaXOAHTCS. DTOT TPeyrodbiHK ya- 1 3 3 1
CTO HasnlBaloT TpeyroibHukom Ilac-
kaas. Omnako ewe mo Ilackaas (I 4 6 4 1
(1623—1662) ero 3uasm HTaJMbAH- -l il .l !
ckufl  -marematHk  Tapraabsa!)
(1500—1557). A 3a wmuoro Jer go TapTanbsa 3TOT Tpe-
YroJbHUK BcTpeuaercsi B paforax apaGCKHX MaTeMaTHKOB

TABAULA 4

1) Tapraapa Obla1 3aMeuaTeqabHbiM MartemaTukoMm. Kpome apubmerti-
YeCKOro TPEYroJbHIKa, Ol OTKPHLT (hOPMYJY pelleHHs AJs KyOHUecKHX
ypasuenni. On pacckasai 31y ¢GopMyay JIPyroMy HTalbfHCKOMY Mare-
matvky [l. Kapaauo. B3sB ¢ Hero KJsTBYy HHKOMY HE OTKPHIBaTb J0-
BepeHnbtit cekper. [lo Kapaano sckope ony0aukoBas 370 pelenne
B cBoeM yueGuuke aareGpul, u 1oToMy GOPMYJy AAA penieHus: KyGuye-
CKHX YypaBHenuit COBeplICHIIO flecuPaBeinBO Ha3biBawOT «opry.iof
KapaaHo», .
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Fuscspauna u Omapa Xaitama. Iosromy Mmbl GyseM Hazbi
BaTb €ro NpocTo apHPMeTHYeCKHMM TPEyroJbHHKOM.
ApudmeTHUECKHH TPEYrOJbHUK MOXKHO 3anucaTh H B Ta-
KOM BHJE:
TABAUUA 5

1 0 0 0 o0 O ...
1 1.0 0 0 0 ...
1 2 1 o 0 0 ...
1 3 3 1 0o 0 ...
1 4 6 4 1 0 ...
1 510 10 5 1 ,..

3aech Ha NepeceyeHMH k-0 BEPTHKAAM W N-Ii TOPU3OHTAIM

crout uncao Ch  (HanoMHuM, uTO KpaflHHe JIMHHUM HMEIOT
HyJeBHe Homepa)., Kaxnaoe yHcJI0 TpeyroJbHHKa paBHO
CyMMe 4HCJa, CTOSILEro Bbille ero, M 4Mcja, pPacrnosoXeH-
HOro B npeibplAyllleldl CTPOKEe HAaHUCKOCOK BJaeBo. Hanpuwmep,
Hal 4HcaoM 4 B 4yeTBepTOl CTpPOKe CTOMT uucao 1, a Haucko-
COK BJ1€BO OT 4 cToHuT YHCca0 3, u 4=1+3.

OTmeTHM ellle Cc/efyioilMe OCOGEHHOCTH apHpMeTHue-
CKOrO .TPeyroJbHHKa — 8Ce  3.1eMEHTbl, PACNOAONEHHbIE
govluie 2aa8HOU OuazOoHAAU, PABHbLL HYANO, A4 HYAEBOU CTO.4-
6ey cocreur u3 edunuy. Uucna, crToslllMe B M-H CTPOKE
apH(pMeTHYeCKOro TPeyroJbHHKAa, TO €CTb YHcJa ck npu
(OMKCHPOBAHHOM #, ABJSIOTCA KO3(PPULUHEHTAMH B pasJoxe-
HUH OuHoma (l+4x)® no crenenam x. IlostomMy HX Hasbl-
BAIOT TaKkKe GuHomMuassvHoimu Koapguyuentamu. Mul ocra-
HOBHMCS Ha 5TOM noApoOHee B riaase VII.

PacliMpeHHbIH apHPMETHUSCKHH TReYronbHHUK

ApudmerHyeckuii TpPeyroibHHK 3aHMMaeT JHLIb YacTh
naockocTH. PacnpocTpaHuM ero Ha BCIO IJIOCKOCTb, COXpa-
Hsisi COPMY/JHPOBAHHOE BHILE TPABHJIO — KaxOovld 3ae-
MEMT pagen CYmMme 3AeMeHTa, CToAw,ee0 HAd HuUM, U 3/e-
MmenTa npedoilyuield CTPOKU, CTOAWE20 HAUCKOCOK B84e80.
IMpi 3TOM, TaK KakK Hy.1eBOf cTo.16el, apH(METHIECKOro Tpe-
yrojibHHKa COCTOHT H3 €JMHHL, TO H B PAaCIUMPEHHOM Tpe-
YrobHHKe 3aN0JdHHM 3TOT cT0/16en, e AUHHLAMH,,
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[TpuMeHAs yKa3aHHOE NpPAaBWJIO K 3JEMEHTAM HYJEBOro
cTO101a, BUJHM, UTO Nepel] HHM HOJKeH ObiThb cToj0el, 3a«
noJiHeHHbA HyJasaMu. Ho Toraa u Bce pajbHeiline CTONGIE
BJEBO COCTOSAT M3 OAHUX Hy’eft. [TosToMy Hano JiHIIb Bhis
ACHUTb, YTO CTOMT HAJ HYJEBOH CTPOKOH TpeyroJibHHKaA.
Hanckocok oT nepBOro 3JeMeHTa HYJIEBOH CTPOKH CTOHT
udcao 1, a cam 3TOT 2JeMeHT paBeH HyJio. [losromy Han
HuM Hano Hanucate —1 (14 (—1)=0). Ho toraa, uro6n
AOJYYHTh HYJb H Ha BTOPOM MecTe IIepBOH CTPOKH, Halo
nocTaBUTh Haj HuM uucao 1. Tlpoponxkas pajee, yBHAMM,
YTO Haj NepBofi CTPOKOH MOSBHJIACh HOBasl CTPOKA, COCTOSAs
mas H3 yepeAymoilluxcs uucea 1 u —I. ToyHo Tak XKe 3a-
TMOJIHAIOTCS OCTaJIbHBIE CTPOKH BBEpX.

B pesyabrate nomyuyaem TabJauuy, uactb KOTOpPOH H30-~
OpaxKeHa HHXKe: :

TABAUUA 6

.. 011 —5 15 =35 70 —~196. . .
... 01 —410 —2 35 —56. ..
... 0|1 =3 6 —~1015 —21...
...0|1 —2 3 —4 5 —6...
..ol =1 1 —1 1 —1...
...0l1 00 o0 0 0...
...0]l1 10 00 0. ..
... 0]1 21 00 0...
...0]1 33 10 0. ..
... 01 46 41 0...
...0]1 510 10 5 1. ..

PaccmaTpuBasi yacTs 3Toft TabaulUbl, pacHOJOKEHHYIO
BLILLIE HYJIEBOA CTPOKH, yOexAaemcs, 4TO OHa OTJMYaeTCs
ot apudmernyeckoro Kpaapara Ha crp. 123 julb 3HAKaMH
yjeH0B, VIMEHHO, Ha fepeceyeHuH (——n) i rOpu3OHTaMH H
k- BEpTHKaJM CTOHT !Mc.no( 1) 1Ck ht Pasymeercs,
paccMoTpeHHe uacTH TabJMUBl He MOXKET CJAYXKHTb [10-
Ka3ateJbCTBOM TOTO, 4TO 3TO YTBEPIXKIEHHe BEPHO AJs
Bcex CTPOK H Bcex cT10q6U0B, UTOOH YyOequThCcid B €ro
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cnpaBemuBocm, 3amemM, HT0
(=17 'Ck (=1 CE =
= (=1 [CE e — CE b = (1) Ch e

(cM. dopmyay (11) ua crp. 53). [ToayueHHoe paBeHCTBO
noKasbiBaeT, uro B Tal.uue, COCTABJEHHOH M3 UHCEJ
k-1
(—1Y7'C 41, kit smemenr cTpoku n-+1 pasen cymme
3JEMeHTOB (—n)-H CTPOKH ¢ nomepamu R u k—I, I/Inaqe,
: k-1
NpaBHJIO 3anojienus Tabauusl u3 uncea (—1) Chrii-t
COBMajaeT ¢ NPaBHJIOM 3anoqaHeHus TabJHUbl AJs pacllu--
peHHOro apudmeTHyeckoro TpeyrosabHuka. Tak Kak, Kpome
TOr0, 3TH Tab MLl HUMEIT OAHHAKOBhIE CPOKH C HOMeE-
poM — | u HyJeBO# cToabel, TO BCe HX JIEMEHThl COBNAAaioT.
B ucxomHom aprnmeTHuecKOM TpeyroiibHHKe Ha Iepe-
cequpm n-fi TOPH3OHTAAH 11 k-H BepTHKAANl CTOAJIO UHCIO
Ck B pacliHpeHHOM TPeYroJbHIIKE Ha NepeceyeHHHu (——n) i
k-1
FOPM30HTANU H k-i BEpPTHKAJ/IH CTOMT 4Yuca10 (—1) Chir1e

TTosToMy MOMXKHO 0B0OLIHTH CIIMBOJ Cr Ha OTpHLATEIbHEIE
3HAYEHHH 71, IOA0XKIB . :

Ctp=(—1)"1Chi. (2)

k
Kak nokasbiBaer Tabanua 6, oGo6uieHue cumsosda C, Ha
OTpPII.LaTeJIbeIe 3HaueHHsd R TPHBHAJBHO: NPH k<0 HMeeMm

C¥=0 (cM. Takke crp. 202). Kpome Toro, Ck=0, ecan
0 _< n<k.

ifaxmaTtHbIM KOpONb

Apudneruueckiii TPeyroibHHK MOXHO MNOJYYHTHL CJe«
pyoiuM obpasom. [locTaBum B AeBOM BepXHeM Yray Tab-
JHUB «OIHOCTOPOHHEr0 LIAXMaTHOr0 KOPOJ», TO €CTh (PH-
Fypy, KOTOpasi MOXKET XOAHTb TOJbKO Ha OJHO NoOse BREpex
H Ha OJHO I0.Je HAHCKOCOK BnpaBo. Hamucas Ha Kaxaom
nOJie YHCI0 cnocoBOB, KOTOPBIMI 3Ta (PUIYyPa MOXKET AOHTH
RO STOTO M0.15, Mbl NOJAYYHUM apu¢pMeTHYECKIH TPEYrOJbHHK.

3aMeHHM Telepb <«OAHOCTOPOHHETO KOpOJs» OGBIYHBIM
WaxMaTHEIM KOPOJEM, OFPaHHUlIB ero CBOOOAY NepeiBHIKe-
HUS JHIUb OJHMM YCJOBHEM: KOpOJb AO/JXKEH Bcéraa HATH
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prepel, Ha CAeAyIOUlyi0 FOPH30HTAadb. A TOro uTodnl KO«
poJsib MOr MCNOAB30BaTh CBOH HOBble BO3MOXKHOCTH, Halo
paclHpHTL AOCKY, B3siITb AOCKY, OrpPaHHUCHHYI TOJLKO.C
OAHO#l CTOPOHBI npsaMoil JiuHueld. Ha puc. 22 13obpaxeHa
" Takad [0CKa, Ha Ka)XAOM I[iole KOTOPOH YKasaHo 4ucao
cnoco60B, KOTOPLIM MOXKET AOCTHTHYTH €ro KOpo.b, NepBo-
HayaJbHO HaXOAUBLIHMHACS 1ia nojde A.

Pas6epemcs, kak coctapieHa HoBas Tabsuua. [Ipeditos
JOXHM, YTO IJAA KaKJAOro NOJf TOPH3OHTAII #1-— | yKe

A ]

[ 77 /5!2194/5 W0 4 U1
787 063 U
22 v
7 // f
! [
Puc. 22.

HafieHo, CKOJbKMMH CHOCOOAMH MOMeT MNONacTh ha Hero
uapcTBeHHbll ckuTagneu. Hafigem, ckoibkumu cnocodamu
JocTuraloTes noasa n-ii ropusoHTaqau., Ha kaxiaoe us srtux
noJsiell KOPOJib MOXKeT NONAacTb € OAHOTO U3 COCEAHUX IOJCH
ropH3OHTaJMU 1 — | (Aexalllero npsamMo Hajl HHM, HaHCKOCOK
BOpPaBO M HAaWCKOCOK BaeBO, ¢M. puc. 22). ITo npasuay
CYMMDI NIOJIYHaeM CJACAYIOMWHH pe3yabTar:

Yucao cnocobos, KOTOpbiMU WAXMATHLIL KOPO.1b AOMCET
0oCTUCHYTL HEKOTOPO20 NOASL N-il 20PUSOMTAAU, pABHO
cymme uucea cnocobos. KOTopoimu 0OCTU2QIOTCA TPU COCEO-
HUX noas eopusonrasu n-— 1.

[Tpu sTOM cuuTaercs, 4TO AJs1 NOJS, HAa KOTOPOM KO-
pOJib CTOMT B camMOM HauaJe, ecTh OJMH Takoil crnocob (me
JBHTaThCsl ¢ MecTa), a AJAg OCTaJbHHX MOJied HYJAeBOH ro-
PH30HTas/H TaKHX CNOCOOOB COBCEM HeT.

O60o6ueHHbIN apPUMETHHECKMA TPEeYrONnbHUK

TpeyrosbHUK Ha pHc. 22 MOMKHO 1300pa3uTh HHaue,
CABHIYB BCe UHCJaa BNpaBO Tak, 4ToOb Tabuauua ymecTH-
Jach Ha 4acTH [AOCKH, OTDaHHUEHHON ABYMSI MEPIEHAUKY-
JAPHBIMH JYYaMH.
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B stom cayyae mpaBu/io MOSYYeHHMs KaKaoro uyucaa Ttab-
JUUb GOpPMYJAHPYETCH TaK:

Kaxdoe uucro pasno cymme Tpex wucen npedsidyujedi
CTPOKU: CTOAWEe20 npamo Had Hum u 08yx coceOHux caeéa.
[lpu arom 6 yzay croutr wucao I, a 8ce ocraivHvle 3Ae-
MEHTbL HYAEBOU CTPOKU PABHBL HYAIO.

Hanpumep, unciao 16 B ueTBepTOH CTpOKe sB/ASETCH
CyMMOI uyncen 3, 6 U 7 TpeTheill CTPOKH.

CoBepLIEHHO $ICHO, Kak aajblie 06061ath apu@pMeTH-
UeCKHH TpeyroibHHK. Bo3sbMem kKakoe-HHOYAb HaTypaJibHOE
YuCca0 m U OyAeM 3anoJHATL TaGJHIy MO TaKOMY NPaBHJY:
B J€BOM BEPXHEM Yriay noctaBuM uucjao 1, a BO BCe OCTallb-
Hbl€ KJETKM HYJEBOH CTPOKH — HYJH. A mocje 3Toro B Ka-
XKAYI0 KAeTKY NEpPBO CTPOKH 3anuilieM CyMMY m 3/eMeH-
TOB HYJEBOH CTPOKH: CTOfILIEr0 NPSAMO Hal HCKOMHIM [
m — 1 2jeMeHTOB BJIEBO OT Hero. ficHo, YTO TOrJa MepBEE
M 371€MEHTOB NEPBOH CTPOKHU OKaXKYTCA PaBHBIMH €IHHHIE,
a ocrajbHble — HYJAI0 (€cAM TpPH COCTABJAEHHH CYMMBl He
XBaTaeT cjaraeMhblX, TO HeJ0CTaoUlHe claraeMele CYHTAIOT-
Cf PaBHBIMH HYJI0; HHBIMH CJ0BaMH, TabJaHLY AOMOJHSIOT
ciaeBa tabauned U3 Hynael (cM. tabauuy 7).

TABAUUA 7

00}j10 0 0 0 0 00O
00f{1 1 1 0 0 0 00O
00712 3 2 1 0 000
00}13 6 7 6 3 100
00 1|1 41016 19 16 10 4 1

CoBepIIeHHO Tak Ke 3arosiHfIOTCS OCTaTbHBIE CTPOKH
Tabauubl: KaXAbH 371eMeHT TabauLbl paBeH cyMMe m dje-
MEHTOB INpeAbIAYIedl CTPOKH: CTOALIEro npsMo HaJ HHM M
m— 1 croawux BjeBo. B vactHoCTH, apudMeTHUECKHH Tpe-
YrOJBHUK NOJY4aeTcsi npu m=2, TpeyrojbHUK Ha TabJjuue 7
npu m=3.

Has toro yto6Hl pa3anyath APYr OT Apyra apumeri-
YeCKHe TPEYrOJIbBHMKHU C Pa3JHYHBIMH 3HAauCHHAMH 11, Mbl
OyneM HasblBaTb HX M-APUPMETUYECKUMU TPEYSOAbHUKAMU.
dneMeHT m-apH(METHUECKOTO TpPEYroJibHHKa, CTOSLIMA Ha
IIePECeYEeHHH 71-H TOPH3OHTAJH H R-f BepTHKaJH, 0003HAUUM
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yepes Cn(k, n). Vi3 onpeaeneHna m-apupMeTHUeCKoro Tpe-
yroibHHKAa BbITEKaeT, yto yucaa Cp(k, n) yROBJIETBOPAIOT
COOTHOILUEHHIO

Cplk, )=Cpk, n—1)+Crk—1, n—1)+ ...
vio +Cplk—m—+1, n—1). (3)
[1pii 3TOM BBINOJHSAIOTCS YCJOBHSA
1, eciu OLELm—1;
Con (s 1)={ 0, ecau k>m.

OGo6ueHHble apuMETHUECKME TPeyronbHMKM
M M-uuHas cucTema CumcneHns

Yucna Cm(k,n) cBssansl ¢ m-HuHOfl cucTeMoil cuncsieHus. HMvenno,
Cn{k,n) pasHo KOAUHECT8Y N-3HAUYHLLY YUCEA 8 M-UYHOL CUCTeMe cyuc-
ACHUA, Y KoTopeix cysma uyudp pasna k. Tlpw 3TOM TepMHH «n-3Had-
Hble» MBI NOHHMAa€M B LIHPOKOM CMEIC/Ie, IONMYyCKast H 4HC/IA, HAYHHAIO-
IHecs! ¢ OJHOro MJH HeckKouibkHX nysefi. Hanpumep, 001 215 paccmatpH-
BaeTcsl KaK LIeCTH3HayHOe YHCIO, cyMMa LHp KoToporo pasHa 9,

Uro6bl f0Ka3ath chopMYyJIHPOBAHHOE YTBEPAAEHHe, 0003HAUHM KO-
JIHYECTBO 7-3HAUHBLIX YHCEA B M-HYHOH CHCTEMe CYHMCJAeHH:, cyMMa HHOp
KOTOPLIX paBHa k, uepe3 B (k, n). Mul nokaxewm, uro uucna B, (&, n)
YAOBJIETBOPAIOT TOMY e cooTHoweHuw (3), wto u Cm(k, n). B camom
neje, nociaeiHAs uxdpa uHcaAa ‘B M-HUHOHN CHCTEME CUMCIEHHA MOMKeET
NPUHHMATbL OIHO H3 3Hayenuit 0, 1, ..., m— 1., B cooTBeTcTBHH C3THM
cyMMa uudp (n— 1)-3naunoro uHcaa, NOJYYAlOIHETOCH H3 N-3HAYHOro
or6pachiBanieM noceftell nuQpbi, MOXKeT NPUHHMATh OAHO H3 3Hatue-
uuft R, k—1, ..., k—m+1. B cuay npasHla cyMMH NOJdyyaeM OT-
cloja, uto :

B (k, n)=Byu (k. n—1)-4 ... -{—B,’,,(k—m—{—l, n—1. (4

Kpome Toro, sicHo, uto Bm(k, 1) paBuo I, ecau OCASm—1, u
0 B npoTuBHOM csyuae (B m-HYHOH cCHCTeMe CUICJEHHSA eCTb TOJBKO O]-
HO OJHO3HAyHOE YHCJIO ¢ CyMMOll wHp A, ecan 0KE<m—1, U HU
OAHOro Takoro uucaa, ecad k==m), Takium o6pazoM, nepBas cTpoKa
Tabmuunl yucea B (&, n) coBnajaer ¢ mepBoil cTPOKOH TabJaHIBI uHcen
Cm(k,n). Tak xak 3akoHbl (3) U (4) COCTaBJEHHA 3ITHX TabJHU TOXKe
cOBnajamlT, T0 AAf AOObIX £ U n uMeeM Bn (&, n)=Cn(kn).

Hekoropuie cBoicrea uncen C,, (R, n)

Yucna Crn (k1) o6aazator psiiom cBOACTB, HANOMHUHAIOIHX CBOf-
crsa uncen Ch. ITo He yaAIBHTEABHO, MOCKOABKY B CHAY MNOCTPOEHHS
apudMeTHUECKOTO Tpeyroabiinka umeeM Co (k. n) = C}. B nepsyio ove-

peapr otMeTuM, uto Cn(k,n) OTauuno or wyas aute npu 0k <
L<n(m—1). Dro cpasy caeryer H3 TOro, YTO Kaxkjas chaelyouas
CcTpoka m-apHGMETHUECKOTO TPeyrojibHHKA J[JHHHee Mpejeliyllcd Ha
m—1,
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Haaee, nokamen, uto wucaa Crn (R, n) ofnanaior caefytolinM cBofi-
CTBOM CHIMMEeTDHH: : :

Chn(k, n)=Cp(n(m—1)—=Fk, n). )

Jlas 3Toro conocTaBHM KaXKIOMY f-3HaVHOMY UHCAY B Mi-HuHOfl cHCTe-
Me CHHC/IEHHS <IOMOJHNTEIbHOE YHCAO», NoAYHaloilleecs NyTeM 3aMelibl
Kax 10 UHGPH ee JonodHeHuem jo m < {. Hanpusmep, B 7-pHuHOM CH-
cTeMe CYHCAeHHs JonoauTenbHny K 3 140216 Oymer uneno 3526 450,
flewo, uto ecanm cymma uHdp jalfHOro uic/aa paBHANAch R, TO CyMMa
nudp AonoaHHTEAbHOro uucaa pasHa n(m — 1) — k. TlosToMmy n-3HAu-
HBIX. wiiced ¢ cyMmoil ungp k2 CTOAbKO Ke, CKOJBKO H € CyMMOH uudp
n{m — ) — k. Ho 310 3t BbipaxcHo paseiictBoM (5).

Taxk kak ofuiee KOJHYECTBO fA-3HAUNBIX UUCET B M-HUHOM cHcTeMe
caicaenys pasHo m™ (cM. cTP. 12),. TO HMEET MeCTO COOTHolueliHe

Cn 0 n)+Ch(l, )4 ... +Cp(n(m—1), n)=m" (6)
JlokarkeM Temepb COOTHOWEIIE

CnO DCHLk,n—=DF+Cpr(, ) Crpk—1, n—=0+ ...
v FCp . DCH O n—0=Cp(k n) (N

rae 0<I<n. Jas 37010 pa3obnen Bee n-3lauHbe uicaa ¢ cyMmoft uudp,
paBHoil k, Ha Kaacchl. K s-my Kaaccy oTHecem uHCia, CyMMa nep-
Boix [ uudp xoTopuix papna s, Torza cymma nocaeannx n—!
mupp Oyaer. pasua k-—s. [lo npaBuny npoHssefeHns HOAyvaew, .
410 B $-fi Kaace BXOAUT Cm (s, {)Cm(k—s, n —1) uucen. Tak xak o0-
liiee KOJHUECTBO A-3HAYHBIX UMCCA ¢ CyMMOR unpp R pasHo Cw(k, 1),
TO NO NPaBHAY CVYMMBI nosyuaeMm cooTHoHienHe (7).

B uactHoctu, npu [=1 coornoumenne (7) NPOHBOIHT K DPaBeHCTBY
(3) (tak kak Cn(k 1)=1 mpn 0 E<m—1 u Cn(k 1)=0 npun
k>m).

HakoHern, nokaxem, 4To HMEeT MCCTO PaBelicTBO

Colpoy (k—n, 1)+ C,Cpy_ (k—n+ 1L n—1+4 ...

e CCpy k—nts,n—5)F ...+ CCpy_y (k0) = Cpy (k, 1)
)]

HAasi storo pasoSbem Bce f-3llauible uiicaa B M-N4HON CHCTCMe CUMC-
Jeutis, cymMma uudp KoTopeix pasiia kR, lla Kaacesl. K s-Mmy kaacey,
0 s<n, orneces uHcaa, 5 mM-HYHON 3amucll KOTOPLIX BCTPEUALTCS
pOBHO § nyaed.

HaitneM, ckoabko unces BxoauT B s-fl kaace. Kamioe uieno s-ro
Kijtacca MOxXeT ObiTb BuldpaHo B ABa stana. Chnauaia peiGepen MecTa,
Ha KOTOPBHIX C10ST Hy/al. Tak Kak pacCMaTpMBAlOTCs f-3llauHble wucaa,
a KoaHueCTBO HyacH DaBllo S, TO 310 MoXet GuTh cdedauo Cj cnoco-
6amit. Tlocme 3Toro BLMepKHeM BCe HY/ Il YMCHBIUHM KaxIyl OCTaB-
wyrocs uudpy na 1. Mu noayunm (7 — s)-31ayHoe YHCIO, 3amHCaHHOe
uudppamu 0, 1, ..., m—2 (10 ecTb uncao s (m — 1)-HuHOA cHcTeMe
cuucaeHus), cyMma ulidp 3Toro yucaa pasHa £ — (n—s)=k —n-+s. Ko-
JIHYECTBO TaKIX unce.a paBHo Cm-1(k—n+s, n—s), U3 nposegennsix
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paccy:xAeHuil BHIIO, 4TO B S-if KAACC BXOAUT Cf,Cm_l (k—n-s, n—s)
ypces. Tak Kak ofilee KOJHYECTBO M-3HAUHBIX 4HCeJs, HMEIOUHX
cyMmy uudp R, pasio Cm (R, n), To B CHNy OPaBuia CyMMBl HOJydaeM
cooTilotlenye (8).

Taxk kak C, (k n) = C}, To u3 cootHomenust (8) cicayer, uto
0 n 1 -1 . n0
C3 (-, ”)=Cnck-n+cn g—n+l + ... +Crzck-
Ilosropio npumeHas ¢opmyay (8), noayyaem seipaxenue Cwm (R, n) ue-
pes GuiloatHaablibie Kosp@uuuenThl.
illawka B yray

BosbMem cHOBa GecKOHEUHYIO MIAaXMaTHYI AOCKY, Orpas
HWYEHHYIO ABYMs MepreHIHKYJASIPHBIMH JyYaMH, ¥ [0CTa-
BUM B YIJy 3TOH AOCKM mawky (puc. 23)'). Ha xkaxuaom
MoJe JOCKH HalHMLiCM 4iCJO0 Croco6oB, KOTOPLIMI IIAlKa

v
/] i Ul Ve 7
5 % 7
i v s f )
p 3 7 7

/& 0 7 0

Puc., 23.

MOMKET Ha Hero nonactb. Pesy.ibTaT O8ydeT OTAHYATLCHA OT
NOAYUEHHOro paHee, KOTAA A0CKa Obijla OTpaHHYE€HA TOJBKO
oanofi mpsaMoH auunpeit (cM. cTp. 125), Tak Kak Temepb
IHalKa He MOXeT nepefiTu BepTHKaJBHYI0 rpaHuny. [lo-
ITOMY HHCJI0 BO3MOXKHOCTE MONACTh Ha KaKoe-HUOyAb MoJe
CTaJ0 Mellblle: UAs Ha 3TO MoJie, Wallka He A0JXKHa 3a0M-
pathb cJauIKOM BJaeBo. Hanpumep, na voas, Haxoasuiecs
B/0.b IpaHulbl, Uidllika MOMET MOMacTb TOJABKO € OJAHOro

') Ha pucynike u3o0paeln Iy XKubii AJs Aaabitefiliero 108asoulibili
cToa0el.
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nmoJjs, a He C JABYX, Kak 370 6blno na crp. 125. Ha crp. 125
rOBOPHJIOCH, YTO YMCJIO, HanmHCAHHOE Ha KaXKAOM YepHOM
none, paBHO CyMMe€ ABYX YHMCEJ, HAlHCAHHBIX Ha COCEAHIX
YepHbBIX TNOAAX MpeAblAyllell ropH3oHTaad. Urobu 3TOT
3aKOH COXPaHMJ CHJAYy M cefiyac, 1aj0 TNPOBECTH eille
04Hy BepTHKAaJb CA€Ba OT IpaHHILbl, H HAa KaxXJOM €e dep-
HOM [0Je HamnucaTb HyJsb (ronacTe Ha 3TO MoJe HEBO3-
MOXKHO) .

IMomcunraem, CKOIBKHMH Ke croco6aMH MOXKHO MONacTb
Ha HEKOTOpOe Movie ¢ y4eTOM CAeJaHHOro orpaHuHuyenus. Ka-
KAbIA MyTh MOMHO 3anucaTbh B BHAE MOCAEA0BATENLHOCTH
HyJIeH M eAMHHL — HYJb 03HauaeT X0 BJEBO, a €IHHHUA —
xo[ BnpaBso. IIpu 3TOM uucIO HyJell H eJUHHL OnpeaenseT+
€Sl TOJIbKO NOJieM, Ha KOTOpoe J0/IXKHa monacTb watika, Ha-
npumep, Awboil nyTh U3 4 Hyjefi u 6 eAMHHU NPHUBOAHT
K MOJII0 Ha MepcceyeHHH BTOPOH BepPTHKAJH H JeCATOH ro-
PHM30HTAJAH (KaK M Bhllie, Mbl CYHTACM, YTO KpaHHHe JHHHH
HMEIOT HyJ1eBOH HOMep).

OnHako He q00as MocJef0BaTe/IbHOCTb HyJeH H efll-
HuW pomyctHMa. Hanpumep, Henb3s HayHHATe ¢ HyJd —
9TOT XOJ CPasy BbIBeJeT WIauiKy 3a mpejennl focku. Jony-
CTHMBIE NOCJIe0BaTeNbHOCTH 06./1a4a10T CAeAVIOLHM XapaK-
TEePHCTHYECKHM CBOHCTBOM: mepef KaXKAblM MeCTOM CTOHT
He MeHblle efMHHL, 4eM HyJeH — B KaXabli MOMEHT ABH-
JKeHHA YHCJIO XOA0B BNPAaBO AOJKHO ObITh He MeHblle, YeM
YHCJIO XOM0B BJIeBO, HHAye LIALIKA OKaXKeTcs 3a npejesnaMH
HOCKH, i

Mrtak, nam Hajgo HaiiTH, CKOALKO NnOCAe008ATEAbHOCTEL
us k Hysed u m edunuy obradaer CAeRYIOUHM CBOHCTBOM:
nepes KaXJAbIM MeCTOM NOCJ€IOBaTeJbHOCTH YHCJIO eJHHHIL
He MeHblIe, yeM yuca0 HyJefi. Ho 3Ty 3agmauy MBl yXe pe-
WHIH Ha cTp. 83 (TOMBKO TaM BMeCTO HyJell M eIMHHL
Opaau 6ykBbl p U n). TaMm OblJIO MOKa3aHO, YTO YHCJIO Ta-
——m—"ﬂ_tf—le}wk. 310
YHCJIO U HaJA0 HaNHCcaTb Ha MepeceyeHHH TOPH3OHTAMH m+k
H BePTHKaIH m — R.

ITocraBuM Temepb LIALIKY He B YroJ, a Ha g-e noJje Hy-
JeBofi TOPH3OHTAa/NM (BONMpeKH WIalleYyHbIM MpaBH/JIaM 3TO
nojge Moxet ObiTb H OenbiM). Teneph y UWIAUIKH TOSIBH-
JIOCh ¢ 3aMacHbIX XOAOB BJeBO. JTOT cay4yail COOTBETCTBYET
paccMoTpeHHOH Ha cTp. 84 3agaye, B KOTOPOH KacCCHp 3a-
paHee 3anaccsi g NOATHHHHKaMH. Mcnonb3ys mosyuyeHHBIH

KHX T0cJeA0BaTeJbHOCTEeH paBHO
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TaM OTBeT, MPHXOAHM K BHIBOAY: €CJH Ha HEKOTOpoe MmoJe
uralika nonajgaeT, celaB £ XOROB BJIEBO H /1 XOJI0B BIPaBo,
0 <L k< m+gq, TO YHCIO PaA3AHYHBIX CMOCOGOB MOMAacTh Ha

ik A v f// 7
24 v ) W) 7 U7
) Wl g V3 7

o
L)
X
N

N
NN\

S
N
[
N
N

77
) V) 1] Vi W] U

Puc. 24.

k k-q+1
310 mojle paBHO Cpyp — Cmis - Ha pue. 24 usobpaxena

Tab/Mila, BO3HHKAIOULas MIpH g= 3.

AputhmeTHueckui NATHYTONbHUK

TtoBepHeM mocky na 45°. Torga wanika 6yaeT ABHTaThCs
N0 BepPTHKAJ/JbHBIM H TOPH3OHTAJbHBIM TNpPSAMBIM, a rpa-
Hulla 6yJeT HaKJOHeHA K ITHM MPSIMBIM MOA yrjom B 45°
IMostomy 3amaya o wauike B Yriay NpHMeT CJedyIOUIHK
BHA:
B yeay waxmatnoid docku crour aades. CxoabKkumu cno-
cobamu OHa modxcer nonacte Ha nore (m, k), Osueanct
xpatuativium 00pasom u He nepecexas 80 8pema 0gudce-
Hus JuaeoHare docku (BCTaBaTh HA MOJSA AMATOHAJM JaAbs
MoxKerT) P

VM3 nokasaHHOTrO Bbhiliie cjedyeT, 4TO npH & < m UHCHO
3THX CNOCO60B pasﬂo%—l{i Chsr, 2 mpH k>m — HyI0.
Ecnn xe nepeHecTH AMaroHa/Jb Ha g noJeil BNpaBo, TO OT-
BeT npumet Bud: npu 0 < k& < m+gq 4kca0 cnoco6oB paBHO
Choe—Ci%', anpu b>m+q — nymo.

Ecan waxmMaTHas JOCKa KOHEeYHa, TO OTJIHYHble OT HYJs
Yhcaa 3TOH TalJHUbI 3aMOJHANIOT MATHYTOJNBHHK (pHC. 25).
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Ero HasblBaIOT apugmerusecKum NATUYSOAbHUKOM. DTO Ke
Ha3BaHHe COXPAHAIT U AJs TalJaulbl, nosaydatouieficsa Ha
6eCcKOHEeYHOH AOCKe, OrDAHHYSHHOH ABYMS NepreHIHKYJsdp«
" HbIMH JIyYaMH.

OcHOBHOe CBOHCTBO apu(pMeTHYeCKOro MNATHYTOJIbHHKA
cOBnaiaeT ¢ OCHOBHBIM CBOHCTBOM apH{pMeTHUeCKOTo KBal-
pata: Ka¥aoe 4YHCJAO apH(PMEeTHYECKOro MATHYTOJbHHKA
pPaBHO cyMMe IBYX 4HceJ: CcToslle-
ro BbIllIe HErO H CTOAILLEro cjaeBa 0T

A EAENENY 7] uero. OTnnyne e apHpMeTHYECKO-
112 AN SR ro MSATHYTOJbHHKA OT apH{MeTHYe-

CKOTro KBajpara COCTOHT B TOM, UTO
AL LALBUNTY JMaroHa/jb NATHYroJqbHHKa, pacno-
1141108013448 14| J0KeHHAs Ha ¢ JUHHH BhHLIE rias-

HOM [IHAroHaJH, COCTOHT H3 HYydell
; (3THM NATHYrOJIbHHK HanOMHHaeT
Puc. 25. apupMeTHYeCKHH TPeyrosbHHK, pac-
CMOTpeHHBI Ha cTp. 126).

Bosbmeat Tenmepb AOCKY, OrpaHHYeHIyl0 ABYyMs TMepiieH-
JHKYISpHBIMH Jy4aMH, H MpoBeJeM Ha Hel He OJHY, a [Be
JIHHUI, fapajJjenbHble T[JIaBHOH AMAaroHajJH — Ha ¢ JHHHE
Bblule ee M Ha S JIMHHHA HuXe ee. Bydem cyHTaTb 06e 3TH
JUHUH «3aTpeTHhIMU» /4 JadbH
H HamHiieM Ha KaXAOM [oJje

Pl 10 |0 ] ROCKH 4HCAO cocO60B, KOTOPDI-
MH J1aJbsl MOXKeT AOMTH A0 3TOTO
P12 091419 197 | noas. IMoayualouiasica tabamua
t 1316 w512t | nocur nassanue apughmerunecko-
eo wecruyeosvrura. Ha puc.26
I3 % |0 |20(35)55]7 | uzobpaxkena Takas Tabauuanpu

=4, s=3

14|38 =5 \ .

4 4|99 |724)1% Apudvernyeckni HIeCTH-
0|0 | 1448|1724 )|340] yroabHHK MOXHO HCTOJAKOBATD

TaKxKe  CJIeAVIOMIHM  06pasomM.
Bosbmen miaxmariuylo LOCKy, or-
PAHHYEHHYIO OTPE3KOM [IHHBI B
S+g¢ noqefl W AByMsl nepreHiH-
KYJSIPHBIMH K HeMY JyuaMH, H MOCTaBHM UIaWIKy Ha Mnode,
yoajeHHoe OT OJHOrO yrjaa Ha S moJded, a OT APYroro
yrja Ha ¢ nodeil. Hamuuiem ma Ka)KJoM Moje wWIe10 CHO-
co60B, KOTOPBIMH MOXeT /JOCTHTHYTb €ro Halia Liallika.
IToBepHyB 3Ty Tadauuy una 45° moayuum apudyerHyecKuit
IIEeCTUYTONbHHK.
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Feomerpuyeckui cnoco6 pokaszarenbcrea
CBOMCTE COYETaHMH

B raase Il Gblin goKasalbl HEKOTOpHIE CBOMiCTBA coue-
tanuil. [TokaxkeM, KaK BBHIBECTH 3TH CBOHCTBa 6oJiee HarJsig-
110, ICNOJaB3Ys reoMeTpuue-

CKHe coobparKeHHus. 8,5

Cravajga Hokaxes, Kak

BHIBECTH COOTIIOUICHHE

4+ CchCie 6.(23)

Hnas storo paccMoTpum Bce
IyTH, BelyllHe M3 TOYKH 440
A(0, 0) B Touku BuAa Bu(k,
n—k), 0<k<n (puc. 27). &
ITH NyYTH pacnagaloTca Ay
Ha KJacchl B 3aBHCHMOCTH OT
TOrO, B Kakoit Touke By, Puc. 27.
0<k<n, OHH 3aKalYHBAIOTCSL,
B touky xe By sezer P (k, n—k)=Ch nyteii. Ham ocra-
JIOCh TOACYHTATL oOllee YMCAO paccMaTpPHBAaeMbIX MyTedl.
Kaxgnii Tako#i nmyTe nmeer Aauuy n. Ero moxHo 3auiu-
¢poBaTh N-NOCAEAOBATENbHOCTBIO H3 HYyJaeH M eAMHML, CO-
MOCTAaBHB TOPH3OHTAJNBHBIM OTpE3KaM HYJH, a BepTHKaJb-
HBIM — eJHHHUL, Ho uncao Bcex n-mocseaoBaTenblOCTeH
H3 Hyqeil H eAuHHu paBHO 27, Tem camblM J0Ka3aHO COOT-
Howienune (9).
Ha ctp. 123 Mbl y)Ke a0Ka3a/qu reOMETPHUECKH COOTHO-
HeHns

14

6,(50)

k R k-1 ~k -k
Cn=Cn_1 -+ Cn_1 )4 C =CZ .

ITHM CNOCO6OM MOXHO A0KasaTb H 6Gojee ca0XHbIe pa-
BeHcTBa. [lpoBenem BepTHKAJbHYIO OPAMYIO ¢ aGCLHCCOM
m, 0<m<k. (puc. 28). Kaxnbiii nyTh, BeAVIUHI H3 TOYKH
A (0, 0) B Touky B(k, n), nepecexkaer 3Ty npsAMyIo, NpHUEM,
ObITh MOJKET, Y4CTHUHO MPOXOAUT N0 3TOH mpamoil. Paso-
ObeM MHOXKeCTBO BceX myTeil u3 A B B Ha KjaccCel, npryev
B S-U K.Jacc oTlleceM NYTH, M KOTOPBIX nocAedxeri obiueii
TOUKOfl ¢ mpamMoil x=m sapaserca Touka D.(m, s).

Foacunraem Teneps, CKOJIBKO myTell, COEAHHAIOIHX TOY-
kM A u B, otHocuTea K s-Mmy Kaaccy. Kaxawoiit Takoit oyTh
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COCTOMT W3 MYTH, HAYWIETO OT A x D, otpeska ot Dy(m, s)
po Dy (m~+ 1, s) (Beop Dy ——-nocneﬂ.Hm{ TOYKa OPAMOH x=
=m Ha 3TOM HOyTH!) H OyTH OT D; (m+1,8) 1o TOUKI
B(k, n). Ilo ¢opmyae (1) us touku A(0, 0) B TOYKY
D¢(m, s) semer P(m, s) nyteit. M3 Touku xe Dy (m+ 1, s)
B TOuKy B(%, n) BegeT P(k— m—1, n—s) nyreit (uToGbl
nonacts 3 Dy B B, Hago npoiATH k—m — 1 edHHHUYHBLIX

8(k,n)

a1y

&
A(G0) : m
Puc. 28.

OTPe3KOB BMpaBoO H 7 — S eAHHHYHBIX OTpe3KoB BBepx). [To
IpaBuJy nNpou3BefeHHs ofbllee YHCJIO NyTeH §-ro KJjacca
paBHO

P(m, syP(k—m—1, n—5s).

Uucao xe Bcex myreit us3 A B B pasuo P(k, n). Ilostromy
110 MPaBU.Iy CyMMB MOJAYyYaeM, UTo
Pk, n)y=P(m, O)Pk—m—1, n)-+
+P(m, WP(k—m—1,n—1)+ ...
. +P(m, n)P(k—m—1, 0),

10 PaBe€HCTBO MO2KHO 3alHCATH TaK:
m—1

Ck{-k—cmck+;? r}z 1+(4;zi~1cn+k m—2'+' +Cm+n k m—1
(10)
(cp. dopmyay (24) na crp. 57).
B uactHocTH, npl m=k — | noayyaeM COOTHOUIEHHE
Cror=Crli+Ci™ ... + CETsi+ oo+ Chinon (11)
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3ameTnM, uyTo cootHomenus (10) u (11) MoXIil0 BHIBecTH,

k k k-
MHOTOKPaTHO mpumeHsisi cooTHouieHne Cp,=Cph_1 -+ Cr1
JloKaxKHTe CaMOCTOSITE/bHO reOMeTPHYECKHM MyTeM (op-
myay (23) Ha cTp. 56:

:+k== :+k 3C0+Cn+k -5 }v+
ver C +k scm+' LR +CZ-{_—;—SC:J (12)

rie 0<s <k 0<Ls<Kn, .

Jlis  3TOro Hajmo TNPOBECTH MPAMYIO Yepe3 TOUKH
D(k—s, n) u E(k, n—s) u pa3GuTb MHOXKECTBO BCeX My-
teit u3 A(0, 0) B B(4, rz) Ha KJacchl B COOTBETCTBHH C TeM,
uepes Kakyl TOYKYy 3TOH npsimofi oHu mpoxoast. Popmyaa
(12) numb o06o3HaYeHHSIMH OTJHYaeTcsi OT (opmyJbi (23)
na crp. b6.

OTHM TeOMeTPHYEeCKHM crmoco6oM MOXKHO [JO0Ka3aTh elle

UeJblf pAA COOTHOLUEHHH M5l uHced Ctirs pa3zbuBas pas-
JUUHBIM 00pa3omM Ha KJjacchl NyTH, KOTOpble BedyT H3
A(0, 0) B B(k, n).

Ina Toro uToGl A0Ka3aTh aHaJOTHYHBIM 06pas3oM COOT-
HOLIeHHsl Mexay uucaamu P(ng, ... ny) (cM. dopMyJbl
(27), (28) Ha cTp. 58), npuiioch Gbl HCMOJIb30BATb MHO-
roMepHylo reometrpuio. Mol He Gyaem 34ecb 3TOrO nena'rb

3aMeTHM, YTO H COOTHOLIEHHS. MEXAYy YHCIaMH Cr, BHI-
BeJleHHbIe Ha cTp. 86—89, ToXe gonycKaloT reoMerpHyYecKoe
HCTOJIKOBanMe. [l 3Toro Hago B3AThb AOCKY € NMpOBeJeH-
HOMl Ha Hefi mapaJ/ieNbHO TJIaBHOH AHATOHAAW JuUHHEH H
paccMaTpuBaThL JIHIIB NYTH, He MepeceKalolllHe 3TY JIHHHUIO
(Ho, OHITH MOXKET, HMeloillyl0 ¢ Hefl o6l ne ToukH). Pa36u-
Basi MHOMKECTBO 3THX NyTel Ha KJacchl Da3/JHYHBIMH CHO-
cobamy, NPHXOAMM K YycraHoBjenhbiM B raase 111 ¢op-
MyJaaM. :

Camo pelieHHe 3agaud o6 ouepefid B Kaccy MO¥KeT ObITb
OlUeHb TPOCTO HCTOJKOBaHO reomerpuyecku. [Ipouecc mpo-
XOXKIEHHS OuepefH MOXKIO H3006pasuTb TpaHUeCKH, CTaBs
Ka’KA0MY HOJTHHNHKY B COOTBETCTBHE TOPH30HTAJ/bHBI, a
Kaxxaosy py6.110 — BepTHKaabliblii oTpe3ok. K3 yenoBus 3a-
Jlaud ficlio, YTO 3TOT TpaduK Ile AO0JKeH NepecekaThb Iias-
1y auaroHajb. CaesaHHble MPH pellleHHH npeoGpa30oBaHHs
(no6aBneHne B ouepelb ONHOTO YeJOBEKa € MOJTHHHHKOM
1 3aMeHa MOJTHHHHKOB Ha py6.1H, a pybselt Ha NMOJTHHHH~
KH) npuHOOperTaloT MNPOCTOH reoMeTPHUECKHA CMBICI: OIH

139



CBOAATCA K OTParKellulo rpaHka MpOXOoXKAeHHs ouepeld B
npsAMON, Napanfesbliofi T1aBHOH AHATOHAJNH H OTCTOSILEH
01 Hee 112 eJHHMUY AJHHBL, MBI npemocTtaB/sieM YHTATENIO
nepeBsecTH 1a «reOMETPHUECKHH A3bIK» DacCyXKAeHHs, KOTO-
pbie OBIIH HCMOAb30BaHBl MPH PEUIeHHH 3TOIH 3aAauH.

CryvanHbie Snrywpanua

Pasobpannble Bbllie 3ajaud O ABHMKEHHH WIAXMATHBIX
(Ghuryp TecHO cBSi3aHbl € BAXKHBIMH JJsA (pH3uKH npobsema-
MH CIydyaHblx 6ayxpgaHui. PaceMoTpuy crleayloliyio 3a-

Jady, mpejJaraBuiylocs B
8,(04) 1945 r. na VIII MockoBcKo#t

] l MaTteMaTHUeCcKOH OJuMnHaze.
B h A Hmeerca  cers dopoe
U™ (puc. 29). H3 rouxu A suixo-

oar 2N 4enosex. Ilorosuna

uder no wanpagaieHuwo I, no-

AOBUHA — RO HANPABAEHWUIO M,

Hotida 0o nepsoeo nepexpe-

cTKa, Kaxcdaa epynna pasde-

ASeTCA: 110A0BUHA UOeT no Ha-

npasgaenuro I, noaosurna — no

Hanpasaenuro m. Takoe e

Puc. 29. pasdenenue nPoOUCXOOUT HQ

Kaxdom nepexpecrre. Ioe

OKQICYTCA 3TU AOOU nOCAe TO20, Kak OHu npoidyr N or-

pe3ko8, u CKOAbKO a00ell OKAJMETCs nocae 3T020 HA Ka-
K% OOM nepexkpecTke?

Tak kak ofuiee UMCI0 MPOAJEHHBIX KaXKIbIM 4€10BEKOM
OTpe3KoB paBHO N, TO OYEBHAHO, YTO BCe OHHM NOMNAaAYT B
ToukH By ¢ xoopaunatavmu Bupa (k, N— k), rae & npunn-
Maet 3Hauenusi 0, 1, ..., N. Bce 3TH TOYKH pacnoq0KeHb
Ha npawmofi, npoxoasiueit yepes Toukn Be(0, N} u By (N, 0)
(cy. puc. 29).

Tenepp HaM Haj10 y3HATb, CKOJBLKO 4YeJ10BEK MNpHIET B
Touky Bp(k, N —k). Jl1s storo 3aumugppyeMm Bce NyTH, Be-
aywue u3 A(0, O) B ToukH B,(k, N—Fk), k=0, |, ..., N,
C NOMOLLbIO Hy.1eH W efHHHUU. MBI M0J1YUYUM BCEBO3MOXKHDbIE
N-1locae10BaTeIbHOCTH, COCTABJEHIIbIE M3 HYJEeH 1 eZHHHL.
A Takux nocaenoBaTegbHOCTEH, KaK Mbl 3HaeM, 2%, TO eCcTb
CTOJbKO Ke, CKOJBKO YesoBeK Bhlio u3 Touku A. Ortciona
JEerKO BbITEKdeT, YTO KaxIblH nyTh NpOHJAET POBHO OAHI

8,(10)

A —_—
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yesaosek, IToatomy B Kaskayio touky Bi(k, N — k) npuner
POBHO CTOJIBKO JIOAEH, CKOJBKO KpaTyafllilux nyTell BegeT
B Hee M3 TOYKHM A. A 4HCJO 3THX KpaTyailluX NyTeft Mbl
yxke cocuutanu. OHO paBHO
k Nt
p(k, N—k)ZC‘N’Lm.

Nt o
Plrak, B Touky B,(k, N —k&) npuger TN —gyy  JHozeit.

JTO uMCI0 paBHo k-My uHcay N-it cTpokH apHdveTHYECKOoro
TPeyro/ibHHKa.

BPOYHOBCKOQ ABMIKeHne

Pemeniioft Bblie 3afauye MOXHO NPHAATbH CJEAYIOLLYIO,
N0 CyTH JeJla 3KBHBAJEHTHYIO, popmy

H3 touku O Ha npamoi Ox eeixodur 2% werosex. H3
HUX NOAOBUHQ UOeT HAanpaso, NnoA0BUHa — Haaeso. Yepes
1 wac xamcdas epynna cho8a JeauTcs nonoiaMm, U NOAOBU-
Ha uder Hanpaso, a noA08uUHa — Hanreso. Takoe pasdeiseHue
npoucxodut kaxcootli uac. CKOAbKO uero8ex npuder 8 Kaxc-
Oyio Touky uepes N uacos nocae 8oLx00a?

Byaem cuutatsh, 4TO 32 0AMH Yac OHM NPOXOAST HOJOBH-
HY eJMHHUBbl NyTH. Paccyxias TOUHO Tak XKe, Kak NpH pe-
LIEHHH [peAblayllell 3ajaud, noJydaem CJAeAyIOLHiA pe-
3yJabTaT: 4epe3 N 4acoB yYaCTHHKH NPOTYJKH OKaXyTcf B
TOYKaX Bk(k—%/——), k=0, 1, ..., N (touka O — Haua-

v .
q0 otcyera). ITpu stoar B Touky By npiger Cfv:k—,Jy—!———
TN —=F&)1
ye/10BeK. ,

MavioBeposiTiio, YTOGH (1I0AH XOAHAH ONHCAHHBIM Bbillle
ob6pasom (BrnpoueM, B (pOJIbKIOPHOM BapHaHTe 3TOfl 3a1auH
B Touke O 1axoautcs nurteilioe 3aBedenue..). OxHako B
HEKOTOPBLIX 3aja4yax (PH3HKH 1oAo0Hble GayKAails BO3HH-
KaloT ecTecTBellllblM 00pa3oM. MueHHO, Takoe GaymiaaHue
IBJAeTCA npocTefiliell MOJEJbIO TaK HA3BIBAEMOrO GPOYHOB-
CKOI'0 [BHJKEHHSI, COBEpIIAEMOro HacTHUAMH TNOA VAAapaMu
MOJIEKY.T.

PaccyoTpuM 4acTHUL, KOTOpLIE MOTYT TepeiBUraThCs
TOJABKO N0 npamoil Junuil. Tak Kak yiapsl MOJEKYJ HOCAT
cay4alHLIH XapakTep, TO B NepBOM HNpHOIMMKEHHH MOXKHO
CUMTATb, YTO 34 EAHHHILY BpedMeHU [0J0BHIA YaCTHI[ CMe-
CTHTCA HA '/p eAVHHLBI JJHHbH BNpPaBO, & NOJOBHHA — HA
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/o enuHULIbI BJIEBO (1A C4AMOM Jeje Npolecc 3HAUYHTEJNbHO
CJIOXKHee M BO3MOXHLI MepeJABHIKEHUS Ha pa3JHyHble OT-
peskn). ITostomy ecsad B3aATb 2V yacTHl, HAXOASUIMXCA B
camMom Havade B Touke O, TO OHH 6y11yT nepeMeLLaTbCs
*NpUMEepHO TakK, Kak Obll10 onucaHo B Haulei 3anave. Takoe
paclipocTpaHeHHe YacTHI[ Na3biBAIOT B (u3HKe Ouddyaueil.
Pemrennas Hamu 3agava o cayyafiHoM OJyXAaHHH TOJMbI
JioAcH no3sosaseT HafiTH, KakK pacnpenensiorcad AHDPYHAH-
pyloulHe yacTHUBI Yyepe3 HEKOTOpOe BpeMsA Mocje Hayajaa
anddysun. Umenno, uepes N eauHULl BpeMeHH YaCTHIH pac-

N
npeieasTcs Mo CJaeayiolleMy 3aKOHY: B TOuke B, (k———2-)

NI
ET(N —Fk)!

Kak yxe oTaeuanoch, ucaa Cy ABASIOTCS 3JeMeHTa-
MH N-fi cTpoku apudmernyeckoro Tpeyroibiuka. Ilpu nnoa
xapakrepe aubdysuu noayuartcs uucaa N-#@ CTpPoKH m-
apugmMeTHueckoro TpeyroJbHHKa. MmveHnHo, nmyctb BHauyane
B Touke O 6bl10 m¥ yactuu. Mx paspenuan Ha m paBlbIX
yacTefl M NOMeCTHIM B m Toudek Ha npamoil Ox, mpuuem
paccTosiHHe MeXAy COCeIHHMH TOYKaMH paBHo 1, H 3TH
TOYKH CHMMeTPHYHBl OTHOcHTeabHo Touku O. Tlocae storo
Kaxjaas yacTb AEJIMTCA TakuM ke obpasoM (pasymeercd,
eCsIH JeJIHTCS 4acThb, l1aXoAsiulasicsd B Kakof-To Touyke B, TO
YaCTHLBl MOMEUaioT B M TOYeK, CHMMETPHYHbIX OTHOCH-
TeqbHO ToukM B). [Mocse N maroB yactuuel GyAyT Haxo-

m_—
AUTbLCA B TOYKax By ¢ KoopaMHATAMH k — — N, rne

k=0, 1, ..., (m—1)N. Ilpu 3tom B TOouke B, Oyner
Cm (N, k) uactuu.

TIpu Goabwux 3naueHuax N mojcueT umMcsa YacTHI, B Kaxaofl Touke
CTAHOBHTCA CJHIIKOM CI0xKHBIM. Ho, Kak uacto OniBaeT B MaTeMaTHKe,
C DOCTOM CJIOXHOCTH 3aKOH pachpejeseHHsT HauuHaeT NpUGIHIKATLCS
K NPOCTOH MpeaesbHON 3aKOHOMCDHOCTH, NpPHYEM 3Ta 3aKOHOMEPHOCTH
TeM TouHee OMHCHLIBACT Paclpe/ie/ieHHe YacTHI, ueM Go.blle HX 4iCAo,
YeM CJI0XKHee TOUHAsA 3aKOHOMEDPHOCTD.,

B Teopus BeposITHOCTEH [10Ka3bBAlOT, YTO NPH GO.JbIINX 3Hauenusx

kR
okaxercs Cy= YaCTHII.

a L a
N na otpeske X —3, £ 5|5 TAe a’Maj0 mo cpasHenHio ¢ N, oxa-

JKETCS NpHMCpHO

12am™ exp|— 72x* J 1)
V2N (m2—1) N2 (m?—1)2

'} Yepes exp x Mol oGo3nauaeM €%,
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yactuy, I10 yTBepiIeHHe MOXHO HCTOJKOBATH Tak. nOCTfOHM CTyneH-
m —

yaTyi0 JIKHHIO, BbICOTa KOoTopofi B Touke Bp (k———Q—— N) paBHa
. N(m2—1
Cn (N, k). Yveubimuis sce abcuuccsl MOJydeliHOA JAWHHH B 1y
12am™

pa3, a Bce ODAHHATL! B pas. Torna, ecait N Besko,

N (m2—1)

MOJIYYHTCS CTyNeHuaTasi JMHHS, OucHb MaJso oTaxvaioutasics OT rpa-

¢uKa GyHKUHH :
x:l

p 1 -7

Von

OTy GyHKUO Bbesa B TEOPHIO BePOSITHOCTCH BeJHKHA HeMeuKnH
matematuk K. Tayce. [lostomy ee naswmBaiot ¢yuxyued laycca. Ona
HTPACT BAXHYIO POJb He TOJIbKO B Bonpocax AHGOY3HH Ta3os, HO H B
TEOPHH TEeN/JONPOBOANOCTI, TEOPHH OHOOK H' T. .

Y illemaxaHcKoH LapMiibt

Bepuemcsa cnoBa K GayXKAaHHAM TOJMBL JI0JeH MO OCH
Ox. Tonbko Tenepb Gy/leM CUMTATh, YTO cseBa OT Touku O,
M3 KOTOPOH OHM BBILIJIH, NPOCTHpAlOTCA ... Baajenus Ile-
MaxaHCKOH UApPHIBI, CHITpaBIliell CTOJAb MeYaJbHYIO pOJb B
cyabbe HezapausuBoro uaps JloaoHa M ero cbiHoBed. Kak
YyuTaTeAb, BEPOSITHO, NOMHHT, Te, KTO NMOMajaJd B ee Lap-
CTBO, 06paTHO yxXKe He Bo3Bpaullasuch. Mbl Toxe OyleM
CUHTATh, YTO Te, KTO NONAafaioT HA JCBYIO NOJOBHHY OCH,
TaM M ocralorcs, Tpebyercss BBLIICHHTb, CKOJBKO Y€JOBEK
ocranercsa vy lllemaxaHCKOil apulsl U rjae OKaxyTcs 0CTaJlb-
Hble Ji04H Yepes N uacoB nocse Bbixoga M3 Touku O.

OxasbiBaeTcs, 3Ta 3ajaya CBOAMTCS K pPacCMOTPeHHOM
HaMH Bhillle 3ajave 06 ouepeiH B Kaccy KHHoTeaTpa. B ca-
MOM jieJie, PacCMOTPHM MNepeIBUIKEHHS HeKOTOpOro yeJso-
BeKa, BbilleAuiero u3 touku O. ITH NepeABIKEHHS MOKHO
3a4aTb HOC/JAEeI0OBAaTENBHOCTBIO 4Hcesd | u —I1: rRaxaomy
nepeaBHKEHHIO HampaBo COOTBETCTBYeT 4HCJAO 1, a Kax-
JNOMY JBHXKeHHIO HaneBo —uucio —I1. Ecaum B 3T0O# nocue-
JOBATEJAbHOCTH MMeeTcss B elMHHL, TO Olf k2 pa3 nepeaBH-
nercst snpaso ¥ N — k pas Bieso. B pesy.nblTaTe OH JI0/1KeH
6ba 6K 0KasaTbCsl B Touke B, (k——%/——) ). OaHako 3TO

CJAYYHTCA JHIIb B TOM CJjayuae, ecjqH Hall NYTHHK no Aopore

') Hanomuun, uto Kaxibli pa3 ou cABHraeTcsi Ha /o eanHUUBE
AHHBL .
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ne nonager B lllemaxaHckoe mapcTBo. A B 3TO MapcTBO ON
nonajaet, ecJH B KakoH-TO MOMEHT BPeMeHH YHCJAO nepe-
IBHKEeHHH BJeBO oOKaxkeTcsl OoJblie UYHC/IA NepefBHKeHHH
BNpaBo.

Ecnu BMecTo nepeaBH:KeHHH BHPaBO M BJeBO paccma-
TPUBATH J0JeH, HMeIOUIHX [TOJATHHHHUKH K py6JH, TO MOXKHO
CKa3aTb, yTo nonajauve k lllemaxaHckoll wapuue COOTBET-
CTBYeT TOMYy, UTO OYepeAb B Kaccy 3alep:KHUTC. 3HauHT,

o N
YHCJIO J10jefl, MonaBLIHX B TOUKY B, (k — —2—) paBHO YHCTY

cayyaeB, Korja ouepelb, B KOTOpoil croAT k oGiamatened
no.THHHHKOB U N — & o6sanareiell py6aef, npofiger 6e3
3allepXKH. A MBI 3HaeM, YTO 3TO YHCJIO OTJHYHO OT HY.iA,
quurb ecan k>N —k. B stom ciyuae OHO paBno (CM.
cTp. 83) '

A(N—k,,k)=C}¥_k~ CcN-#-1 NI(@2k—N4-1)

D HCES

Hrak, uepes N uacoB noc.e Bbixojga 28 4yeloBeK H3
. [ N .
Todkh O B TOUKY Bk(k——z——), rae 2> N, npuayt

Nk N—k-1
Cy " —Cn yesioBeK. Tenepb yxke HETPYAHO HOACYH-
TaTh, CKOJAbKO uesoBek nonager B lllemaxanckoe uapcTho.

N-k N-k-1
ﬂﬂﬂ 3TOro CJA0XKHM CHavaJga 4YHcjaa C"v ——C.’V oT

N
k:E(}_g‘) 4+ 11) no N. Mbl noayums, 4ro C,I:,,°E(_2)‘1 ye-

jJosek B llemaxaHckoe uapctBo ne nonaau. A Tak Kak
Bcero M3 Touku O BhILIO 2¥ 4YenoBeK ,TO BO BJaje-

N
. N—E(—?)-l
uns Hlemaxanckoit mapuunl nonamu 2Y¥ —Cy 2/ ye-

JIOBEK.
Ecau 6bl lllemaxanckoe LapcTBO HAYHHAJIOCh He CJeBa

ot toukn O, a caeBa ot Touku O; (c a6cunccoﬁ——%), TO

pe3yJbTaT noayuusacsi 6kl HecKoabKO HHo#. Mwmenno, oka-
N

N J—
3an0Cch Gbl, YTO B TOUKax B, (k — —2—) , B> -—2—q , Haxo-
N-t Nek—g-1
puteas Cy~° —Cy %7 yenoBeKk, OCTajbHble HaX0AATCHA
Bo Baajenusax lllemaxanckoil uapuusl, DT0 Cpasy BhITEKaeT
13 pe3yJbTaTOB 3a4auM Ha CcTp. 84,

1} Cm. cuocky Ha crp. 89,
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flornoujaroiLaa cTeHKa

Mbl yxe roBopusH, UTO 3aj7ayd O CJAyHalHBIX OJyXAaa-
HUAX BecbMa BaKHBl JJ5 (H3HKH — OHM fABJAIOTCA MNpO-
CTeAIIMMH MoAensiMH AH(oY3un yactuu, 3axada o lllema-
XaHCKOH lapHle ToxKe HMeeT Npocroe ¢pH3HYecKoe HCTOJ-
KOBanHe — NpocTo c.1esa OT TOUKH O HAXOAMTCHA CTeliKa H3
mMartepuaJa, NorJollaolUlero yacTulibl. Ecan. cTeHKa BHJOT-
Hyl0 npHMbiKaeT K Touke O, BO3HHMKaeT cayyal, paccMoT-
penHulfl BHayaje. Ecau ke oHa OTCTOMT OT Toukd O Ha ¢/2
eAMHUIl AJHHBI, TO MOJyyaeTcd 3ajava, pasofpaHuas B KOH-
e npeapiaylIero NyHKTa.

B Te BpeMeHa, KOria OCHOBHBIM NP2AKTHYECKHM MpHMe-
HeHHeM KOMOHMHATOPHKH M TCOPHH BepOfiTHocTel 6bi1a Teo-
pHSA a3apTHBIX HIP, 3aiaya O CIyuyafdHbelx OsyXKAaHHAX C HO-
raoulenueM QopMyanponasach Hiade. Peup mita o6 «urpax
na pasopenue». IlpeacraBum cebe ABYX "HTPOKOB, Hrpaio-
uiMx, Hanpumep, B opesa M peluky. Ilocie xaxpoil naptum
NPOUTPABLIMI yNJauMBaeT BHIUTpaBlieMy OAMH pyOJab. Yua-
CTHHK, NpOUrpaBIlNfi Bce AeHbIH, mpekpallaer urpy. Hano
Obl10 BBIACHUTb BEPOATHOCTb pAa3JqHYHBIX HCXOAOB HIPHI,
ecau BHayaje y ONHOro Wrpoka Gblio p pyGueil, a y Apy-
roro g py6aseii. OueBHAHA CBfA3b 3ITOH 3ajauu ¢ 3anaueil
0 AupQy3un yacTHLl B 06J1aCTH, OFpaHHUYEHHOA ¢ ABYX CTO-
pOH MOrJIOUAIOIHMH CTEHKAMH.

BnyxaaHusa no 6ecKOHEe4HOM NNOCKOCTH

Ho cux nop ™Mbl paccmarpuBatu aubo Gay:RAaHHs
JajibH, HMeloIlell NpaBO NepeiBHraTbCs JHIIL BBEpPX HJIH
Bnpaso, 160, UTO, MO CYTH nesa, TO ke camoe, 0ayxaa-
nus 110 OecKOHedHOH mnpssof. Mayuum Tenepb coayuah,
Korja Jajbs nepemeliaercs B Jwo6oM HanpaBjeHHH no Oec-
KoneyHoH aocke. MHbIMH caoBaMHM, pellinM cJaeayIOLiylo 3a-
pagy:

Hlaxnarnas aades naxoourca 8 Hauare Ha noie O (0,0)
6ecKOHedHOU 80 B8CeX HANPABAGHUAX WAXMATHOU OOCKU.
Croabkumu cnocobamu oxHa MoxceT nonacre Hanoae A(p. q),
cdearas” N x0008 (MBI CUMTAeM, YTO 3a OJHH XOJ Jajibs
nepemellaeTcss Ha CocelHec noJe)?

B cuny coo6paxeHHii CHMMETPHH JOCTAaTOYHO PacCMOT-
peT cayvait, koraa pz»0, ¢220. Ecau 6bl Jagbs ABHTAJ4Ch

10 H. §1. Buaenxuu 145



KpaTyadlluM nyTeM, TO OHa AocTurja 6bl noas A(p,q) 3a
p+q xonoB. IlosToMy [0/IKHO BBIIOJHATBLCA HepaBeHCTBO
NZ>p+gq. Orinune N-X010BOTO NyTH OT KpaTyaflllero co-
CTOMT B TOM, YTO JaAbsl JeJaeT HECKOJbKO YHHUTOKAIOUIMX
JApYyr Apyra XOROB, NpHYEM OUYEBHAHO, UTO YHCJIO IHTHX XO-
108 yeTHo. Tlostomy N — p — ¢ sBafieTCSt YETHBIM YHCJIOM.
IMoaoxum N —p —qg=2k.

- Ilpeanosoxum, 4to 6BLIO CAesaHO § XOL0B BJeBo. Toraa
UHCJIO XOAOB BNPaBo PABHO p-+§ U [Jf NepeiBHKeHHH MO
BepTHKaau ocraercs N—p—2s=g+2(k—s) xonos. Us
HUX Hajo caenaTb R—s XOJOB BHH3 H ¢-+k—s XO010B
BBepx. IlosToMy s RO/MKHO yI0BMETBOPSATb HEpPaBEHCTBY
0<s<k.

Il KaXKaoro 3HaueHust S, YAOBJAETBOPSIOLIErO0 3TOMY
HepaBeHCTBY, MBI MOJy4YaeM HECKOJbKO NyTeH, COCTOSLIHX
M3 S XO0/10B BJIEBO, p-+$ XOAOB BNPaBo, £ — S XOLOB BHH3 H
g+k—s xom0B BBepX: DTH XOABI MOTYT BbIMOJHATHCS B
10000 MOCJe]0BaTeNbHOCTH, a MOTOMY YHCJIO KOMOHHaLMi
paBHo P(s, p+s, k—s, g+k—s). OTciona caepyer, 4to
nojuoe uucao T myredt, Beaywux Kk noaio A(p, q) 3a N
XO/I0B, pPaBHO

3

k
T=Y\P(s, p +5, k—s, gk —9)=
s=0
k

__E (P+g+2k)!
"' st(p+ )l (k—s)l(g+k—9)! "

s=0

[Tpeo6pasyem mnosyuyeHHoe Bhipaxende. ast 3Toro 3ame-
THA, 4TO ' !

+k o (ptq4-2k)! R-s (p+%)!
Crraee =G Tprg Il Crk=G=g1pFar
TS (g14)!

R =TT g =)
M TIOTOMY

k
p+R Y k-5 NS
T=Cp+q+‘2k Zlocp+k qtRke
=

Ho B npaBoit uacti# paBeHCTBa CTOMT CyMMa NONapHbIX
» ~
npoussenenuit C;C7, y KOTOPHIX HHMAKHHE MHAEKCHI NOCTOSH-
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Hbi, @& CyMMa BepxHHX paBHa k. Ilpumensin ¢dopmyay (23)
co CTp. 56, noayuaem, Ut0

T = Chit.ouChigrot
HJH, TOCKO/IBKY p+q+2k=N,
T =C} *Cx.

O6uwan 3apga4a o nagbLax

[Mepefinem k HOBOMY UMKJY KOMOHHATOPHbIX 3ajay Ha
axMaTHOfl JOcKe. DTH 3aJauH CBA3aHbl ¢ NOACYETOM YHC.1a
pacnosioXeHWil ABYX llaxMaTHeIX ¢uryp (KopoJed, cdepseil
M T. I.), IPH KOTOPBIX OHI MOTYT GuTb ApYyr Apyra. fcho,
4TO TeM CaMBIM MNOJCUMTHIBAETCS H UYUCJAO DPaCHOJOXKeHH,
NpH KOTOPbIX 3TH (DUIYPbl He MOTYT OUTb ApPYr Apyra: Beilb
obulee YHCAO PacrnoJOKEHHH ABYX Guryp cpasy HOACUHMTLI-
BaeTcs no ¢opMyJe 414 pasnelleHHi.

HekoTopblie 3asauu Takoro THna Mbl yxke pellHJIH — ha
cTp. 34 Oblna pasobpaHa 3ajaya o 8. saAbAX Ha OOBIKHO-
BeHHOM [axMaTHOM pocke, O6o6uiMM 3Ty 3a4ayy H BO3b-
MeM mXn [OCKY, TO ecTb JOCKY M3 #m TOpPH30uTaJel u 1
BepTHKanell. Mol XOTHM y31aTh, CKOJBKHMH CrOcoGanjtil
MOXKHO paccTaBuTb Ha m X n JOcKe k jajcil Tak, 4TOObI
OHH e MOrJu O6uTb Apyr Apyra?

SIcHO, 4YTO A5 pa3pellMMOCTH 33484l HYKHO, 4TOOGLI
BbINOJIHAANCh YCA0BHS BLm U k<n — HHaue KaKue-TO ABe
JajbH NonajiyT lla OJHY H Ty Ke rOpPH30HTaJb HJH BepTH-
Kaab. Ilycts 3T ycioBus BoinosiHensl. Torga paccTaHOBKY
Jajleldl MOMXHO OCYylecTBUTb B JABa 3Tana. Cuauasna Boibe-
peM TrOpH30HTa/JM, Ha KOTOpbIX OYAYT CTOATb Jajfbu. Tak
Kak ofliee uMCJIO rOpU3OHTajlell paBHO m, a Hago BbIOPATD

, & -
k ropusoHTaseit, To BEIGOp MOXKHO caesnath Cn, CHOCOOaMH.
Touno Tak ke BepTHKa/M, Ha KOTOPBIX GYAYT CTOATH JaabH,

MOXKHO BbIOpATh C% cnocoban. ITockoabKy BbIGOp BepTH-
KaJjleHd 1e 3aBHCUT OT BbIGOpa ropH3OHTAJel, TO N0 NpaBUIy
NpOH3BeAeHHUsl HOJY4YacM Cf,,Cﬁ crnoco6oB BuIGOpa JAHHHIT,
rie CTOAT JajbH. :

OnHako 3THM eule Aeso He KOHYeHO. Beab k& ropusoi-
Tajell U k BepTHKaJjeil nepecekalorcs no k% kaerkam. CiBli-
ras, ecqd NOHaJOOHTCH, 3TH KJETKH, Mbl NOJYYHUM IIOBYIO
IOCKy H3 k& ropusoHTaJjeill M k BepTHKajell, A Mbl yXe
31aeM, UyTO Ha Takofl 10CKe k2 nazed MOMKHO pacCTaBHTL k!
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cnoco6aMH (Tak, uToGLl OHH He MOrJM GHTL APYr Apyra).
ITosTomMy o6uiee uucao TpebGyemblX pacrnoJOXKeHHH Janed
paBsHO

Bk y nim!

CnCuk! = Rl (n—k) (m—FR)! " (13)

Hanpuwmep, 3 n1agbu na o0biullof WaxMaTHONH J0CKE MOXKHO
paccTaBUThb

818!

3TE5T — 17 696.

[Mpu k=m=n dopmyna (13) naer orser n! B COOTBET-
CTBHH CO CKa3aHHBIM Ha CTP. 35.

Ecau  cHATL orpaHHuyeHHe, UTO JagbH HE MOryT OGHTb
Apyr Apyra, To OTBeT Obl1 Obl uHOH. MimeHHO, HaM I11a10
661710 Obl BLIGPATh M3 M X7 KIeTOK Jio6ble & KJIeTOK. A 3TO
MOXKHO Cedathb '

Ck (mn)'

mn = T (mn — k)1

cnoco6amu. A ecau Obi k& nanefl pasauuasnuch Apyr OT ApYy-
ra, To nojJyueHHble OTBETH 11afo Oblio Obl YMIIOXHTb Ha Kl

CHMMMETPpHUHBIE PACCTAHOBKM

YcnoxXHHM Tenepb 3ajauy O JnafibAx H norpebyem, yTo-
Obl OHIi He TOJbBKO He GWJIM Apyr Apyra, HO elle CHMMeT-
pHuHO cTosiiM na gocke. Ilpu aTomM nosydyaercst MHOro 3a-
Jlay B 3aBHCHMOCTH OT TOro, Kakoe HaJjaraercs YycJOBHe
CHMMETpPHUH.

CambiM NpoOCThIM sBJsETCH Cayuall, Koraa JAajbH CTOST
CHMMEeTPHYHO OTHOCHTEJIbHO LeHTpa Jocku. OGosHaunm
yepe3 (, uuCJO pelleHHH 3ajauyM B Caydae, Koraa A jgaiach
CTOSIT Ha JAOCKe H3 11 rOpH30HTaJ el W 71 BepTHKandeil. Mol
NoKakeM ceituac, 4to

Gy, =210y, -, (14)

IMycts mocka coCTOMT W3 21 ropusouTtaseit u 2n BepTi-
Kanei. Jlagps, crosiias Ha NepBOH BepTHKAJH, MOXKeT 3a-
HATL J1000e W3 2n mosael 3Toll BepTtHKaau. Ilo ycmosuio,
THM OlpefensieTcst NOJOXeIMe JaJbH, CTosled Ha No-
c/efiHeli BePTHKAaJH,— OHA /0J3KHA pAacHOJIOMHTLCS CHM-
METPHUHO C MNepBOH JajabeH OTHOCHTENbHO LEHTpa JOCKH.
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BuluepKkHeM NepByH0 H MOCJENHIOI BEPTHKAJH H TOPH30H-
Ta/H, 3aHATble JaAbfMH (TaK KaK YHCJAO TOPH3OHTaJjeh
yeTHO, BbiOpachiBaeMble JiaJbH HE MOTYT CTOSiTb Ha OMHOIR
W TOH XXe TOpH30OHTa/ u). Mbl mojyyaeMm JOCKY H3 2n—2
pepTHKaJell U 2n— 2 ropusoHTajeil. SIcHO, UTO KaxKIAOMY
cHMMETPHYHOMY PacloNoXKeHHIO Jallell Ha 10BOH [OCKe CO-
OTBETCTBYeT CHMMETDHYHOE pacno/oxeHHe Jaajfeil Ha HC-
xoaHoil gocke. OTciofa U BbI-

tekaeT, 4T0 G9,=2nGoy_o % % %
(ellle pa3 HaNOMHHM, YTO mep- > 77 / Z
Bast Jiafbsi MOrJa 3aHATb JIO- ZB // /ﬁ
6oe W3 2n mosieli NepBOH Bep- ﬁ //
THKAJH). % Z

IMonbayscs popmydoit (14),
HaxoauMm, 410 sy, =27n!
A Tenepb paccMOTpHM 10-
CKy u3 2n+! BepTHKaneil H % ﬁ //
2n+1 ropusontaneii. B stom |H
7

N

N

cayyae ecTb MoJe, He HMelo- . g
Hiee CHMMETPHYHBIX, — LEHT-

paJsibHoe noJe JockH. Ha stom

nosje 0653aTeJbHO JAOMKHA Puc. 30,
CTOSITb Jiafbsl. BbiuepkuBas
LeHTpaJibHble BepTHKaJ/b H FOPH30HTAJ/b, NOJAYy4aeM CHMMET-
pHYHOe pacnosioxkeHue 2n jajell Ha 2nX2n pocke. 3HAYHT,
HMeeT MEeCTO pPaBeHCTBO

02n+1=02n=2nn!. (15)

PaccmoTpuM Tenepb HecKoJbKO 6oJiee CHOXKHYIO 3anauy
O PacrnoyioKeHHsX, He MEHSIOLMXCS NPH NOBOPOTE JAOCKH Ha
90° (Ha puc. 30 u300paxKeno oAHO U3 TAKHX PacloOXeHHi
Ha 8X8 mocke). Ilycte gocka uveer 4n BepTHKageil u 4n
ropusontajeii U uucjao Jjaafefi tToxe 4n. B 3atom cayuyae
Jlajibsl, CTOSILAsl HA NepPBOH BePTHUKAJH, MOXKET 3aHATb JIO-
Goe M3 moJsieil, KpOMe YIJOBLIX, TO eCTb Jo6Goe H3 4n—2
fofiefi (Ha YrJIoBoe MOJie CTABUTb JaJbl0 1el1b3si, MOTOMY
yTO mocse nosopora Ha 90° moayuusauch Obl jBe JaAbH, KO-
Topble OblOT ApYr Apyra). IToil Jafbe COOTBETCTBYIOT elle
TPH JiajbH, CTOs[He COOTBETCTBEHHO Ha IoCJIefHel TOpH-
30HTAaJIH, NocJaeHel BepTHKAaAH H NepBOil ropu30HTa/H (OHH
flofiyyaloTcsi M3 BbiGpaHHON mnosoporamu Ha 90°- 180° u
270°). BoluepkuBasi TOPH3OHTAIN II BEPTHKA/IH, Ha KOTOPHIX
CTOIT 3TH JafbH, MOJyyaeM pacnoJoxeHue Jajed Ha

149




(4n—4) X (4n —4) pocke, obnapaiouiee TOH e CUMMeT-
pueil. [ToaToMy HMMeeT MecTo paBeHCTBO

Rin=(4n—2) Ry,
rie R, — uucao pelueHuii 3agaun aas nXn pocku. Otclona
fICHO, UTO
R, =2"(2n —1)(2n —3)...1. (16)

Yncao peweHuit 3agaun aas (4n+1) X (4n+1) npocku
Takoe e, Kak H Ias 4nX4n Jockd — Belb Ha (4n+1) X
X (4n+1) nmocke ogHa nafbsa 0083aTeJIbHO CTOHT B LEHTpE
I MOXHO BBIYEDKHYTh LEHTpa/jbHble FOPH30HTAJAb H BEpTH-

Ka.ab. [Toatomy :
R4n+l = R4n' (17)

A s (4n+2) X (4n+2) u (4n+3) X (4n+3) DOCOK 4HCIO
pelueHnii paBHO Hyaio. B camom JHese, A/ KaxKao# JajbH
BO3MOXKHbBI JIBa cayyasi — JHOO OHa CTOMT B LIeHTpe JOCKH,
au00 He CTOHT B LeHTpe. Bo BTOpoM cayuae Jafbsi  BXOAUT
B YeTBeDKYy JajleH, nepexoAfiliux APYyr B Apyra NpH NMOBO-
potax pockn Ha 90° Ilostomy oOiuee unc/ao Jajeil JOMKHO
HMeTb BuJ MJAH 4n (KOrJa Ha JOCKe HeT LEeHTpaJbHOro
noas) uad 4n+1. TeM caMbiM Mbl J0Ka3aJH, 4TO Ripie=
=Rin43=0. '

Hakonel, HafizeM 4yHcao pacnoJoxeHufl n nafeil, cium-
METPHYHBIX OTHOCHTENbHO AHaroHanu !'). O603HAUHM YHCJIO
peuieHnii 3ajauu Ha nXn Aocke uepes Q,. Torma umeer
MECTO COOTHOUIEHHE

Qi=Qu 1+ (2—1) Qs (18)

. B camom pese, Jafbsi Ha NepBoit BepTHKAAH JHOO CTOUT
B HHIKHEM JieBOM yray, au6o HeT. B mepsom cayuac Bhiuep-
KHBaeM NepBYiO BepPTHKAJb H IEePBYIO TOPU3OHTaAb U NOJY-
yaen CUMMETpPHYHOe pacrnosoxeHue n-—1 jagell Ha
(n—1)X(n—1) mocke. UYucno TakUXx pacHnoJOXKeHuM
paBHO Q,-1. Bu BTOpOM csyyae A/isi AaHHOH JalbH HaM-«
JeTca Apyrasi, CHMMeTpuYHasi ¢ Hell OTHOCHTe/IbHO BbiOpaH-«
HOl JAnaroHanu. BrluepkuBaeM BepTHKand H TOPH3OHTAJH,
Ha KOTODbIX CTOAT 3TH JajbU. Mbl mosyduM CHMMeTPHUHOE
pacrnosoxeHne n— 2 nageit Ha (n—2) X {n—2) HRocke.

) Mpt Gepem Aasarotiadb, OPOXOJAILYIO 4Yepe3 HumHee JeBoe yI/10-
Boe noJe.
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TTocKOJIBKY UYHCJIO TakUX pAacHoJOKeHH#d paBHO Q-
a Jajbl0 MOXKHO TIOCTaBHTb Ha A — | noae nmepBOH BepTH-
KaJaH, T0 noayuaeM (n— 1)Qn-s cnoco6os. OTci0fa 1 cjae«’
nyeT cooTHoweHHe (18).

Mmeer MecTo paBeHCTBO

OHO BbIBOAMTCSA NyTeM pa3OHeHHs BCeX PaclOOXKeHHH Ja-
flefl Ha Kaacchl — B S-H KJacc OTHOCATCS PacnoJioKeH!s,
npIl KOTOPHIX § Nap Jajell He MonajaloT Ha AHATOHAaJb,

CoBeplueHHO TakK ke MOKasbiBaercs, UTO yHc/i0 By pac-
MO.TOXKeHHll n Jaled Ha nXa JOCKe, TAKHX UYTO Jajbl He
OblOT ApYr Apyra H CTOAAT CHMMETPHYHO OTHOCHTE/BHO
obenx AuaroHafell, V/IOBJeTBOPsieT COOTHOIUEHHSM

By =2B,—y+ (20— 2) Bysoss  Boyr1=Bau

L5a KOHA

Croabkumu cnocobamu MONHO paACCTABUTL HA MXNA
docke 6enoeo u uepHo20 KOHell Tak, 4Tobbi OHU He MO2AU
bure Opye Opyea?

Peluenune s10l 3aaun OCJI0XKHsETCA TeM, YTO HA Pa3HHIX
NoJsiX AOCKH KOHL HMeeT pasjHYHOe YHCJIO XOAO0B — eCJH
m 2> 5 H n2>5, ToO B yray NOCKH BCETro ABa XO0Aa, Ha OJHHX
KpaHHHX NOJAAX — TPH XOAa, Ha JpYrux — yeTbipe Xo0ia,
a B 1eHTpe — 8 X00B. ITO CBA3aHO C TeM, YTO KOHb HMeeT
XO[bl pa3/INYHbIX THIOB: OH MOXKeT MOHTH Ha OJHO Mo.je
BNepej M Ha ABa BBepX HJH Ha [Ba NoJist Ha3ald M Ha OAHO
BHUM3 H T. 1. Bcero y KoHs 8 BHAOB X0N0B, KOTOpble MOXKHO
3aj1aTh, yKazaB, CKOJbKO MoJefi OH MPOXOJAHT B TOPH3OH-
TaJbHOM HAMpaBJeHWH H CKOJbKO B BepTHKaJbHOM. ITH
X0ibl MMEIOT, TakuM oOpasoM, caefylolwHid Bua: (2, 1),
Eév 2)?1)(_1? 2)7 (_2? 1): (_25 _1)’ (_1? _2)3 (15 _2)1

, .

Hns toro uto6bl CNPaBHTBCA C BO3HHKIIHM OCJOMKHE-
HueMm, OyjeM CUHTaTb, YTO KOHb fBAAETCH OObedHHEHIeM
8 ¢uryp, Kaxuast H3 KOTOPbIX HMEeT XO[bl TOJIbKO ONHOTO
tuna. TlocMOTpUM, CKO.JIbKHMH cnoco6aMi MOXKHO II0OCTa-
BUTb Ha JOCKY (2, 1)-KOHs Tak, yToObl OH depxKaJj MoA 00-
CTPEJIOM KaKoe-TO MoJde AOCKH. $ICHO, UTO OH MOXKeT CTOATh
Ha m06ofl BepTHKAaJdH, KPOMe INOCJAeAHHX ABYX, H Jd1000il
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TOpPH30HTaNH, KpOMe caMoifl mocrelled. 3HAUUT, BEPTHKAJb
MOXKHO BbIOpaTh n — 2 cnocobamu, a TOpPH3OHTadb M — |
cnocofamu, a Bcero mnomyuaem (m-—1){(n—2) cnocobos
noctaButs Oeqoro (2, 1)-koHs. B cuay cuMMeTpuu sicHo,
YTO CTOJNBKO K€ CNOocoOOB MNOCTaBUTh JIOOOTO U3 Gesbix
(%2, *=1)-koHeil TaK, YyTOQL OH MOI" GHUTb YEpHOTO KOHS.
A ans Genwix (%1, #2)-kKoHeli YHCJO CNOCOGOB PaBHO
(m—2)(n—1). Orcioga caenyert, uTo ofuiee YUC/IO CMO-
co00B DaCCTaHOBKH [ByX KOHefi, NpH KOTOPbLIX OHH ObIOT
Apyr Apyra, Bbipaxaetcs ¢opMmynoi

4[(m—1)(n—2)+ (n —2) (n— 1)] =
=2[(2m—3)(2n—3)— 1.

Ecnu Obl craBHAM KOHeil OJHOTO M TOTO e UBeTa TdK,
4TOObl OHH MOIJIN 3aILMLLATh APYr APYra, TO MOAYYHJH Obl
BABOe MeHblue crnoco6oB (HM3-3a BO3MOMKHOCTH MEPeCcTaBlThb
KOHeH). A umucio cnoco6oB paccTaBuTh JABYX KOHeH pa3-
HOro uBeTra Tak, 4TOObl OHHM He Morju OHTb ADYr ApyTa,
paBHO

m2n? —9mn 4 12m + 12n — 16.

(IByx KOHeit MOKHO NMOCTABHTb Ha m Xn focKy mn(mn—1)
cnoco6amu.) :

CocTaButenu IAXMAaTHbLIX 3a/lay WHOTJAA BBOASIT «CKd-
304Hble» (HIYpbI, KOTOpble XOASAT HE TaK, KaK OObIYHHIE.
Bsesem u Mbl HOBYIO durypy, KOTOpylo Ha3oBeM (p, g)-Ko-
Hem, p 20, g 2> 0. Xox 3TOH Urypsl COCTOMT B NepeMellie-
HHUH Ha p NnoJsiefl B TOPH3OHTANbHOM HaNpaBJeHHH U ¢ noeil
B BepTHKaJbLHOM HanpaBsJeHuH. Hanpumep, oObluHbI#l KOHB
apasercad oOveanHenuem (1, 2)- u (2, 1)-komeir. Paccy-
Kaasi TOYHO TaK e, KaK M paHee, BbIBOAUM, UTO
ecnn 0<pKn, 0<g<m, To Ha mXnN-JocKe MOXKHO
4(n—p) (m — q) cnocobGaMH NOCT4BHTb ABYX (p, ¢)-KOHEH
pasHoro upera Tak, uToOLl OHH OuJH Apyr Apyra. Ecan xe
p HJH. g pDaBHO HYJIO, TO TOJyYaeTcss BABOE MeHblle Clo+
co6oB. Umucso cnocofos yMmeHbluaeTcss BABOE M B cayuae,
KOrja KOHH OAIIHaKOBOro LIBeTA.

Jlio0ylo maxmaTHylo GUrypy MOXHO paccMaTpHBATh Kak
00beHHEHHEe HecKOJbKHX (P, ¢)-KOHelt NMpPH pPAasHbIX 3HAa-
yeHusax p ¥ g. Hanpumep, waxmaTHHHA KopoJsb siBJsieTCs
oobenunenuem (0, 1)-, (1, 0)~ u (1, 1)-koHeii. [losTomy
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I8YX lIaxMaTHbIX KOpoOJieH pasHoro LBera MOXHO NocCTa-
BHTb Ha M X N-J0CKY ’

2[nm—1)+(n—1)m +2(n—1)(m—1)]| =
=8mn —6m — 6n + 4

crtocobamu, uro6u OHHM Ouau apyr apyra. CineloBaTesibHO,
NOCTaBHTb MX, 4TOOH OHH He OuJM JApPyr Apyra, MOKHO
m*n? — 9mn+6m+6n — 4 cnoco6amu. _

HlaxmaTHbli cjoH sBAsteTcst oGbeauHenwem (1, 1)-,
(2, 2)-,..., (p, p)-KoHell, rae p — HaiiMeHbllee H3 YICe]
m—1, n—1. IlpeanoioxumM s onpegeneHHOCTH, 4TO
m<Ln. Toraa p=m—1, u AByX C/NOHOB pa3HOro IBeTa
MOXHO NMOCTABHTb

4in - Him—1)+(n—(m—2) + ...+ (n—m—~1)-1]

cnocobamil, utoObl oHH Ouau  JApyr Apyra. PackpbiBas
CKOOKH H HCNOABb3ys (OpMYyJbl AJAS CYMMbl HATypaJdbHbLIX
ydcesa ot | 1o m — | # CyMMBI KBaJpaToB 3THX YHCeJ, 110~
Jy4yaem, ' U4TO 4YHCJO CNOcOOOB  MOXKHO 3amucaTbh Tak:

2m (m 1)(:?'1—’"—1). [lpn m > n Hafo NOMEHATb PO.H
2m(m —1) Cm —1)

mun. B 1acTHOCTH, eclii /M =1, TO MoJyyaeM 3
C1noco6oB.

dns nagefi mpoile NMOACYHTATH YHCJAO CHOCOGOB pacs
CTaHoOBKH HHaue. Denyio siafjpio MOXHO NOCTaBHTbL Ha JI0-
fioe u3 mn mnoaell. ITlocie atoro oHa AepxHT moj Goem
m--n-—2 nojs, Ha n1060e H3 KOTOPLIX MOXKHO [10CTaBUTh
yepHyw aaablo. [lostoMy Bcero nosyuaem mn(m-+n— 2)
Cnocof0B pacCTaHOBKH, NPH KOTOPHIX Jalbu ObIOT Apyr
Apyra.

Tak kak ¢ep3s MOXHO paccMaTplusaTb Kak 00belllHes
Hile Janbl M CJOHA, TO Ha /n X A-10CKe NPI m < A MOXKHO

-32—m(m— HEp—m—1)+mn(m-+n—2)

cnoco6aMu MocTasuTh ABYX (ep3ell Tak, uToObl OHil OIJH
apyr apyra. Ilpu m=n 3710 Bbipaxenne MNplHUMAaeT BHA
2
3
TaTb, CKOJIbKHMH CNOCODAMIl MOXHKO paccTaBliTh 3Tl Qu-
rypsl Tak, utoObl OHH He MOrJH OHTbL ApPYyT Apyra.

m(m— 1)(dm—1). Tlperoctasasen 4HTaTeqI0 MOJACYH-



TNABA VI

PEKYPPEHTHBIE COOTHOLUEHMSA

Ilpn pelueHint MHOTHX KOMOMHATOpDHBIX 3ajlayu Mbl yxe
N0;1b30BAIUCh METOAOM CBeJéHHA JAHHOI 3aflaud K 3a-
Jlave, Kacarollefics MeHbIIero yuc/a npeaMetoB. TakuM my-
TeM Oblja, HanpuMep, BuiBefieHa PopMyna AAs uucaa pasme-
WeHuit ¢ nostopeHusMu (ctp. 11), THM cnoco6oM OblLiH
pellleHbl MOYTH Bce 3ajayd Ha pasbueHHs B riase IV. Me-
TOJ, CBEJeHHs K aHAJOTHYHOH 3ajave /s MEHbIIEro uyMc/aa
NnpeIMEeTOB Ha3LIBAETCH METOOOM PEKYPPEHTHbIX COOTHOULe:
Huii (0T JaTHHCKOTO recurrere — Bo3Bpailatbes). Iloab-
3ysCb PEKYPPEHTHLIM COOTHOIUEHHEM, MOXKHO CBeCTH 3ajauy
06 n npeamMerax kK 3ajgauc o6 n— | npeamerax, noToM K 3a-
nave 06 n — 2 npeamerax u T. A. [locienosarte/bHO yMeHb-
H1as YUC/IO NMPEeAMETOB, JOXOIUM [0 3aJayH, KOTOPYIO yKe
Jerko pellHTb. Bo MHOrMX cayuasx ylaercs MOJIYYHUThL H3
pPeKyppPeHTHOTO COOTHOLUeHH$t ABHYyl0 (opmynay Anasa petle-
HUA KOMOWHATODHOH 3alayuH.

Hanpumep, B raase II (cm. ctp. 33) mbt BhIBean ¢op-
myny Pp=n! ana uucia NepecTaHOBOK 7 3JIeMEHTOB C IIO-
MOLLBIO GOPMYJibI AJs UHcAa pa3MelleHHil 6e3 MOBTOPEHHI.
Ho 1y xe ¢opmMyay MOMKHO BbiBecTH H HHaue, Halias cHa-
yaja pPEeKyppPeHTHOe COOTHOIUEHHe, KOTODOMY YAOBJETBO-
psietr Pn.

IlycTh y HAcC eCTh 1 IPEAMETOB 4y, . . ., Qn-1, Ap. J110OYIO
HX TNePecTaHOBKY MOXKHO MOJYUHTb TaK: B3iThb HEKOTOPYIO
IIepecTaHOBKY NPeIMeTOB 4ay, . . ., dy—y U NPHCOCAHHUTL K Hel
3/IeMEeHT @,. $IcHO, UTO 2JeMeHT a, MOXKeT 3aHATb Pasauu-
Hble MecTa. Ero MOXKHO noctaBnTh B caMOe HAuasno, MeX1y
NnepBbLIM H BTOPBIM 3JeMeiTaMi NepecTaHOBKH, MEXAY BTO-
pPBIM H TPeThbHM, MOXKHO NOCTABHTL M B caMblii KoHell. Hicao
pa3aMYHBIX MECT, KOTOpble MOXKeT 3aHATh 3JIeMCHT dy,
paBHO f, ¥ NOTOMY M3 KaXJ0i NepecTaHOBKH 371eMeHTOB
a4, ..., 05 NONYUACTCH 1 NEPECTAHOBOK 3JEMEHTOB Qy, . .,
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.ew@n-1, An. Ho 3T0 o03Hauaer, YTO NepecTAHOBOK H3 7
3/€MEeHTOB B n pas §oJblle, yeM mepecTaHOBOK H3 n — |
271€MeHTOB. TeM caMbiM YCTAHOBJIEHO peKyppeHTHoe COOoT-
HOUIEHHe

P,=nP,_,.

[Tosb3ysicb 3THM COOTHOIIEHHEM, NOCJeJ0BAaTeJbHO BbIBO-
IHM, 4TO

P, _np a=nn—10)P, ,=nn—1)...2P,.

Ho Py=1, Tak Kak M3 OJHOrO 3JeMEHTa MOXKHO cle/jaTh
JHUb OJHY NepecTtaHoBKy. [loaTomy

Pn=n(n'—'1)...2-l=n!.

Takum o6pasom, mpi cHoBa nonqum dbopmyny Pp=nl

MHOTO peKypPEeHTHbIX COOTHOUIEHHii BCTpeuasoch HaM
NpH pelleHHH 3ajay Ha pa3bueHus, 3afjau o ¢HUrypax Ha
ImaxMaTHoi focKe H T. A. Ceiluac Mbl paccMOTPUM ellle He-
CKOJIbKO TaKHX 3a/ay, a B KOHIle I'MaBhl OCTAaHOBHMCSl Ha
oO1lell TeOPHH PEKYPPEHTHLIX COOTHOILEHHI.

Yucna Mubonauum

B - kuure «Liber Abaci», nossuBmeiica B 1202 rony,
HTa/NbAHCKHI MaTemaTHK ®HOOHAYYH cpelll MHOTHX APYTHX
3ajay npuBes cleyolLyio:

Ilapa kpoauxos npunocur pasz 8 mecay npuniod u3
dsyx Kpoavuar (camku u camya), npusem HO80POMOeHHbLe
Kpoavuara wepe3 08a mecaya nNocAe poXCOeHUs yice NPUHO-
car npunaod. CKOAbKO KPOAULKO8 NOABUTCA Hepe3 200, ecau
8 Hauaie 2o0a bvira 00Ha napa KPOAUKO8?

M3 ycnoBus 3apmaun ciefyer, 4to uepes mecsin Oyner
JBe napbl KpoJaHKoB. Yepes gBa Mecsua NpUILIOA AacT
TOJABKO TepBas nmapa KpoJHKOB, W MNOJYUHTcss 3 mNaphl.
A ele yepe3 Mecsil NPUMJO] AaLyT U MCXOAHas mapa Kpo-
JHKOB, H Napa KPOJHKOB, MOSIBUBIIAfCA ABa Mecslla TOMY
razan. [lostomy Bcero 6yaer 5 map KpoJHKOB.

O6o3nauynm yepe3 F(n) KoMHYECTBO Nap KPOJHKOB MO
HCTEUeHHH n1 MecslleB ¢ HayaJja roga. Mbl BHIHM, 4TO Ye-
pes n+41 mecsues Oyayr ath F(n) map u elje CTOJbKO
HOBOPOXIEHHLIX Nap KPOJHKOB, CKOJbKO OLIIO B KOille
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mecsina 11— 1, To ectb euie F(n — 1) nap xpoaukos. Mubimsn
CJI0BaMH, HMEEeT MEeCTO peKypPpPeHTHOe COOTHOIIeHHe

F(n+1)=F(n)+F(n—1). (1)

Tak rak, no ycaosuio, F(0)=1 u F(l)=2, 10 nocnenosa-
TeJLHO HaXOAlM

F(2)=3, F(3)=5, F(4)=8 u 1. L

B yacrhocry, £ (12) =377.

Unceaa F(n) HasbiBaloT wucaamu Pubonayyu. Oy obaa-
AT LeJbiM PAAOM 3aMeyaTelbHbix cBoHcTB. Cefiyac ™Mbl
BhiBeeM BblpakeHne sTix uncea uepes Cp. Has sToro
YCTaHOBHM CBfi3b MexAy ulcaamn Pubowauuu H cJaenyio-
nieit kKomOGuHaTOpHOI 3ajaauerl.

Haiitu 4ucao n-nocaedosareavHocTel, COCTOAUUX U3 HY-
Aeid U eduHuYy, 8 KOTOPbIX HUKAKue 08e eCuHulbl He ulyr
nodpac. :
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Y1o6bl YCTAHOBHTb 3Ty CBA3b, BO3bMEM JIOOYIO TaKYIO
NOC/Me]0BaTeNbHOCTL W COMOCTAaBHM €H napy KPOJHKOB IO
CJIeAYIOIEeMY TNpaBuUJay: eIHHHLAM COOTBETCTBYIOT MeCsIlbl
ROSIBJIEHHST HA CBeT OAHOM M3 nap «npeakoB» AaHHOH mapbl
(BKMIOYAA M HCXOAHYI), a HYJNAMI — BCE€ OCTajbHbie Me-
caunl. Hanpumep, nocaenopatensHocts 010010100010 yeta-
HaBJ/IMBAaeT TaKYyi0 «IeHeasioTHIO» — caMa napa MNosBHJACh
B KOHLe ll-ro Mecsua, ee poAHTeaH — B KOHLe 7-ro Me-
cAua, «Jef» — B KOHLE 3-TO Mecsilla H «npajei» — B KOHLe
Broporo Mecsina. McxogHas mapa KpoOauKoB 3aliHpoBbl-
Baercsl Npu 3TOM nocaenoBateabHocTsio 000000000000,

SIcHO, UTO NpH TOM HH B OAHOI NOCAe]0BaTe1LHOCTH He
MOTYT CTOSITb JABE eJUHHULBbI MOAPSJL — TOJABKO UTO MNOSBHI-
Lascd napa He MOXeT, MO YC/JA0OBHIO, TPHHECTH NPHIJIOA Ye-
pes mecsu. Kpome Toro, mpu vKasaHHOM NpaBiJje pas/ny-
HBIM MOC/JeJ0BATENBHOCTAM OTBEUAIOT Pa3THYHBIE Taphbi
KPOJHKOB, H 0OpaTHO, ABe pa3JHuHble Napbl KPO.JIHKOB
" BCerja HMewT pa3Hyl «reHeajorHio», TaK Kak, No YycJao-
BHIO, KPOJIbYUHXA AaeT NPUNIOA, COCTOSIUHHA TOJbKO H3 Oj1-
HOH napbl KPOJIMKOB.

¥YcraHoB/eHHAs CBS3b MOKA3bIBAeT, UTO UHCJAQ H-NOCTe-
JoBaTenbHOCTeH, 06/1aAal0MKX YKa3aHHBIM CBOHCTBOM, PaB-
Ho F(n).

Hokaxem Tenepb, uto

Fm)=Cra+CrtCiit ... +Chp, ()

n--1 n
rie p= :') » €CJII 1 HCUETHO, H p=-2-. €CJAH N UeTHO.

n--1
HMHBIMH CJIOBAMH, p — lLieJas 4acTb YHCJA . 5 (B maab-

HefileM MB Oyaen 0603HalaTbh LeEAYI0O YacTh ylcaa o Ue-
n-1
pe3 E(a); takum obpasom, p=E( 5 ))

B camom gene, F(n) — 310 yuCJIO BCeX n-110CJ1¢10Ba-
teqbHOcTeH M3 0 U 1, B KOTOpPBHIX HHKaKHe [IBe ¢JHHHLLI He
croAT pagoM. Uncso ke TakHX nocieloBaTesbHOCTeH, B KO-

s ~R
TOpLle BXOAHT POBHO k eJHHHL W n — R HyJef,paBHO Cp_r 41
(cMm. crp. 65). Tak Kak mpH 3TOM JAOJKHO BBINOJHATHCSH
HepaBeHcTBO k<L n—k+1, To k usmenserca or 0 go

E n-—+1
b 5 . IlpuMeHsss MpaBHJO CYMMbl, NPHXOIHM K COOT-

HOILIeHHIO (2).
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PaBenctBo (2) moxHO gokasaTb M HHaue. [Tosmoxum

G(m)=Can+CitCait... +Chpin
+

The p= E( ) U3z pasencrsaCﬁ:C _1+ Ckiaerko

cAelyert, 4To

Gry=G(n—1)+G(n—2). (3)

Kpome toro, sicho, uto G(1)=2=F(1) u G(2)=3=F(2).
Tax kak o6Ge nocaemoBaTenbHOCTH F(n) u ( ) yIooBJje-
TBOPSAIIOT pPeKyppeHTHOMY cooTHoleHHio X (n)=X(n— 1)+
+X(n—2), o uMeeM

GB)=G2)+C()=F2)+F()=F3),
H, BooGiue, G(n) =F(n).

Bpyrox merog poka3latenbcrsa

B npeabiayiieM NyHKTe Mbl HEMOCPeACTBEHHO YCTaHO-
BUJM CBA3b MeXAy 3afaueli PuOoHauun u kKoMOHHATOPHOM
3aflaveft. DTy cBA3b MOXHO ObLIO YCTAHOBHTH M HHaue, He-
NoCpeACTBEHHO JA0Ka3aBs, uto yucao T (n) pemeHult komGi-
HaTOPHOM 3a/1auH YAOBJAETBOPsET TOMY Ke PCKYyPPeHTHOMY
COOTHOILEHHIO

T(n+1)=T()+T(n—1), (4)

uto 4 yncaa PuboHauuu.

B camowm nene, Bo3bMeM J106yio (n+1)-nocaenoBaredn-
HOCTb HyJell U eAUHHIL, YAOBJETBOPHIUIYIO YCJAOBHIO, YTO
HUKaKde [Be eJuHULBl He uAayT noApsai. OHa MOXKeT OKaH-
yuBaTbea MaM Ha 0, nan Ha 1. Ecau oHa okaHuuBaercs Ha 0,
TO, OTOPOCHB €ro, MOJMYUYUM A-NOCAeJOBATENbIOCTb, YAOBJe-
TBOPSIIOILYIO HalleMy ycaoBHi. OO6paTHO, ecsau B3sSTb JI0-
Oy0 n-nocsaeloBaTeNbHOCTL HyJell W edHHHL, B KOTOPOIl
NOAPAL He MAYT ABEe eIWHHLBI, U NPHOMCATh K HEl HY.b, TO
noayunm (n--1)-nocjeAoBaTeqbHOCTb C TeM e CBOHCTBOM.
Mul 1oKasaau, UTO YUCAO «XOPOILHX» NOCJAe10BaTebHOCTEH,
OKaHYHBAIOIUHXCSA Ha HYJb, paBHO T (n).

Ilyctb Tenepb moc/egoBaTelbHOCTh OKaHUMBaercs Ha .
Tak kak ABYX eJHHHL NOAPAA ObITb He MOXKeET, TO mepes
5TOH eAHHMLe#l CTOMT HYJb. FIHBIMM cJoBaMu, mociaefoBa-
TeJbHOCTL OKaHyHBaeTca Ha Ol. Ocraromascs ke nocie oT«
OpacoiBanusgs 0 u 1 (n— l)-moc/efoBaTeNILHOCTL MOXKET
ObITb J11000H, AHIb 6Bl B Hell He LI NOAPsl ABe eAMHHLBI,
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ITo3TOMY UHCJIO «XOpOLIMX» 1I0C/AefloBaTeJbHOCTEH, OKaHY-
BaloLMXxcs eluHuue, pasio T(n — 1). Ho xaxnas nocie-
/I0BaTeJbHOCTb OKaHuMBaeTcs uaH Ha 0, uau Ha 1. B cuay
npaBHIa CyMMHb noayuaem, yto T(n+1)=T(n)+T(n —1).

Mbl monyyuau, TakuMm o0pa3oM, TO Ke caMoe peKyp-
peHTHOe cooTHomeHHe. Orciloga elle He BHITEKaeT, 4TO
yucana T(n) u F(n) coBnagawrt. Beapb, Hanpumep, Ans ¢dax-
TOpHanoB U cy6pakropuanoB (cM. cTp. 74) wudMeNO MECTO
OO U TO Xe PeKyppeHTHOe COOTHOLIeHHe:

X (n4-1)=n[X (1)+ X (n— 1. (5)

Ho ana ¢akropuanoB meppbie YJeHbl NOCAeL0BATE/bHOCTH
paBubl O!=1, 1!=1, a gaa cyGcakropuanos — D(0) =1,
- D(1)=0. Ilostomy pa3HbIMH OKa3aJHUCb H TPeTbH, U UYeT-
BePTHle, Jla U BCe OCTajbHble UY/eHbl NOCAedO0BaTeNbHOCTH.

Urtobbl gokasaTbh coBnajeHue uucea I (n) u F(n), Hazo
cule nokasarb, uto T(1)=F(1) u T(2) =F(2)—rorna yxe
B CHJY PeKYpPpPeHTHOro cooTHoiueHus umeem u T (3) =F(3),
T(4)=F(4) wu 1. 0. CywectBylor aBe l-mocaefoBaTegnbHO-
CTH, YIOBJeTBOpsiOILME NocTaBAeHHOMY ycmaoBuioo: 0 U 1,
u Tpd 2-mocaenosatesnsHoctH; 00, 01 u 10. ITostomy T(1) =
=2=F(1) u T(2) =3=F(2). Tem camblM yTBepxKAeHHe 10-
Kas3aHo. '

Mpouecc nocnegosarensHbix pasbuenmii

Insa pemeHdss KOMOHHATOPHLIX 3aflay 4acTO MPHMEHSIOT
MeTOo[, HCMO.J1b30BaHHbI B TNpeAbAYILEeM NYyHKTe. YcTaHa-
BJAMBAIOT AJIA JaHHON 3aJaul peKyppeHTHOe COOTHOLUEHHE U
NOKa3blBAOT, YTO OHO COBNAJaeT C PeKyppeHTHbIM COOTHO-
lIeHHeM AJA Apyroit 3ajauH, pellieHHe KOTOPOH HaM yxkKe H3-
BecTHO. Ecam npu 3TOM cOBMajgaiOT M HavyajbHble YJEHbI
noc/1eJoBaTeNbHOCTE B 10CTaTOYHOM uHcJe (Mmo3xkKe Mbl
OCTaHOBHMCA NOApPOOHee HA TOM, CKOJBKO UJEHOB HOJXKHBI
cOBMajath), TO ofe 3aJaud HMEIOT OJHHAKOBble pellleHH.

ITpuMeHUM omHcauHbIl MplIeM AAS PelieHUus cJaelyioiled
3agaud. [lycTe JaHO HeKOTOpPOe MHOMKECTBO M3 71 NpeiMe-
TOB, CTOAILUX B OnpefesneHHOM nopsjke. PazobbeM 370 MHO-
JKeCTBO Ha [Be HENyCThle 4acTH TakK, YToObl OZHA H3 3THX
yacreit Jiexkasa JieBee BTOPO#l (TO ecThb, CKaKeM, 0AHA 4acTb
COCTOHT H3 3,1€MEHTOB OT NepBOro A0 M-ro, a BTOpas — H3
3JeMeHTOB 0T (m-+1)-ro go n-ro). Ilocae 3TOro Kaxkaywo
U3 yacTeil TakuM ke oBpa3om pa3oGbeM Ha JABe HemycTbie
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YacTH (ecan OfHA M3 yacTell COCTOHT yKe 13 OJHOrO Mpef-
MeTa, OHa He MNoOJBepraercs JAaNbHeHIIMM pa3GHeHHsM).
ITOT npouecc NPoAOJKAETCA A0 TEX MOP, MOKA He MOJyYHuM
YacTH, cocTosiiide H3 OJAHOro npeamera Kamaas. CKO4bKO
CyujecTsyer Takux npoyeccos pasbuenus (ABa npouecca
CUHTAIOTCA Pas3NHYHBIMH, ecAd XoTs Obl Ha OJHOM WIAry
OHH NPHUBOIST K PA3HBIM pe3yJbTaTam)?

OGo3Hawia yucao cnocoGoB pa3bueHus [asi MHOMXKeCTBa
#3 n+1 npeimeros uepes B,. Ha nepsoM mary 310 MHO-
HEeCTBO MOeT ObiThb pa3luTo 7 cmocobamu (nepsas yacTh
MOXKET COJepXaTb OAMH NpeaMeT, JBa NpeaMeTa, ..., Rt
npeaMeTos). B cooTBeTcTBHN € 3THM MHOXECTBO BCeX Npo-
eccoB pasGueHuii pacnajlaercsi Ha n KaaccoB — B S-H kJacc
BXOJAIT MPOLECCHI, IPH KOTOPHX NMepBas YacTb COCTOMT W3
§ TpeaNeToB. ’

[TojicunTaeM uncao npoueccoB B s-M KJaacce. B nepsof
YacTH coAepxkHuTcs S 3sneMeHToB. Ilostomy ee MOXKHO pas-
OuBaTh jganee B;_y pa3adyHbIMH mpoleccaMu. Bropas xe
YacTb COJEPKHUT #1 — S+ | 3/eMeHTOB, H ee MOXKHO pasbi-
BaTbh Aanee B,_, npoueccamu. [lo npaBuny npou3sBeleHH
nojyyaem, yto §-i KJacc COCTOMT U3 BsyB,_, pasiHuHbIX
npoueccos. [lo npaBuiay cyMMbl OTCIOZA BBLITEKAaeT, UTO

B,=ByB, ".f_Ban—_z_}‘ oo By By (6)

MBI noayyn.Iu peKyppeHTHOe COOTHolleHHe aas B,. OHo
y¥Ke BCTpeya/jiocb HaM NpH pelleHHH 3ajaud 06 ouepenn
B Kaccy kunoreatpa (cM. crp. 88). Tam 6bl;10 MOKa3aHo, uTo
3TOMY COOTHOMIEHHIO YAO0B/eTBOPSIOT YHCJA

1

T,= TET Cs,.
Yrob6nl foXa3aTh paBEHCTBO
Bu=Tu= g Cha (7)
HaM 0CTaj0Cb NOKAa3aTh, YTO HauajabHHe uleHu Ty u By no-
ciaepoBareabHocreit To, Ty, ..y Tu,... 4 By, By,...,Bn, ...

COBMAAaloT.
S0 o

Mur umeem To=Co=1. C apyro#i cropoHs, B,=l1,

TaK KaK MHOMECTBO M3 OJHOT0 3JIeMEHTa MOXHO pasjefMThb

eAMHCTBeHHbIN oOpa3son, MTak, By=T, Ho no pekyppeHrt-

o 2
Holt ¢opmyae umeeM B ==Br=1. Tak kak Ty yI0OBJIETBO~
o o . 2
psieT Tofl e peKyppeHTHOi dopmy.e, To [1=To=1. Ha-
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Jiee yCTaHaBJHBaeM, UTo -
B2=BOBl+BlBO=2 H T'Z=T0T1 +‘T]T0=2

u T. . Mrak, Bce ujenbl o6enx Noc/aeaoBaTeabHOCTEN COBMA~
AawT. Taxkun o6pa3or, NoKasaH CaeAVIOWIA pe3y/bTar:

YUca0 npoyeccos Nnocaed08aTelsno20 OeleHUs MHONCE-
cTea u3 n-+1 2.1eMEHTO08, pPACNOAONCEHHbIX 8 HEKOTOPOM
nopadke, pasHo

Tn = Czn

n+1
YMHOMeHHe M AeneHue yucen

~ Ilyctb gaHul n uHcen ay, ..., @y, CTOAIIHX B ONMpejeeH«
HOM nopsfke. B cuiy coueraTe/lbHOr0 3akoHa YMHOXEHHS
FAPOH3BEEeHHEe 3THX YHCEJ MOXKHO BLIUHC/HTbH PAa3HBIMH CHO-
coGamu (coxpaHss MOPAIOK cOMHoxHTesdefl). Hampuwmep,
TPH YHC/Ja MOXHO NMepeMHOXKHTb ABYMs crnocobann (ab)c=
=aq(bc), yeTbipe uMcja — nmATbIO cnocobamu u T. O, Tpe-
OyeTcsl HQUTU 4UCA0 8CeX CNOCOOO8 NEPEeMHONCEHUA N 4U-
cea, cToAwux 8 3a0aHHOM nopadke.

SlcHO, uTO KaXAbli ©10CO6 MepeMHOMEHHA CBOAHTCS
K mpolleccy pasGHeHHs] JaHHBIX £ UIiCe]1 Ha YacTH H3 Ol-
HOTO 3JeMeHTa KaxAasa. Hanpumep, ymMHOXeHHE 4YeThipex
yyces no gopuyie (ab) (cd) csonmcn K TakoMy mponueccy

as6buenusn alblcld, a yMHOXKeHue 3THX ke dlicen no ¢op-
i i

myqie ((ab)c)d —x npoueccy pazbileHus a;blc‘d. [o-

3TOMY YHCJIO Pa3/HYHBIX COCOGOB YMHOXKEHHS PABHO YHC/IY
Pa3JIHYHBIX NPOLecCcOB pa3GHeHHs MHOXECTBa H3 H JeMeH-

1 ™,
TOB, TO €CTb [ po1 = —n—(,é',,~2

Ho, Kpome couetaTesibHOro cBOficTBa, YMHOXeHile 06Ja-
JlaeT H IepeMecTHTe IbHbIM CcBOHCTBOM. Ecau yuecth ero, to
YHCJIO MPOLLECCOB YMHOXKEHHS! YBENHUHTCST B 1! pa3 — Befib
1 yucesl MOXIO NepecTaBUTb APYr ¢ APYrom ri! cliocoGam,
4 NOTOM MOABEPraTh NepecTaBJieHHble YHCAA TEM HAH HHBIM
pas6uennsia, OTciofa c/elyer, YTO MOJHOE YHCAO CNOCOGOB

-1

NepPeMHOXHTL AANHbIE L YHCEN PAaBHO (n— 1)1 Carla.
K 3ToMy pe3y/bTaTy MOXKHO NPHITH U HENOCpPeCTBEHHO,
He ONHpPasach Ha GOpMyJy AJA Yliciia NPOLECCOB pa3GleHHs.
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DT1OT BLIBOL LaeT HOBBI MeTO] NOJy4eHHs (OpMyJbl s
yhcaa npoueccoB pa3OHeHHs, a TeM CaMBIM H JJId 3ajaul
o6 ouepenu B Kaccy (nmpH yCJOBHH, YTO YHCJIO pyGieil B oue-
pedu paBHO YHCJAY MOJTHHHHKOB).

HenocpelcTBeHHbI BHIBOA 3aKJ/lOuaeTcss B CAEAYIOLLEM.
[Ipennonoxum, 410 Mbl yxe Hauwiu yHciao @(n) cnocobos
nepeMHOXHTb n yucend. [IpHcoefMHHM K HHM elle OAHH CO-
MHOXHTENb Qn44. BBIACHHM, CKOABKHMH cnocofaMH MOXKHO
MPHCOEIHHHTL 3TOT COMHOXKIITeJNb K OLHOMY H3 NpOHU3BeJe-
HHiI yHcea ay, ..., Aq.

Yueao ap4r MOXKHO YMHOXHTL Ha Bce NpOH3BeleHHe,
B3MIB JHO0 KaK MHOMKHMOE, 11100 KaK MHOXKHTeMb. DTO LaeT
ABa cnocoba npucoeauHenus. Ho a,44 MOXHO npHcoenH-
HHTb H Ha OAIIOM H3 MPOMEXYTOUHBIX 3Tan0B. Y MHOXKEHIIe 1
ypces CBOAHTCSL K n— | 110C/e10BaTe/IbHbIM NepeMHoXe-
HHUSIM, Ha KaXJOM H3 KOTOPbIX NepeMHOXKaloTcsl ABa yHcaa.
K KaxaoMy H3 3THX nepeMHOXMEHUH YHCI0 Qpyy MOXKHO
MOJKJIOUNTL 4 cnocofaMy — YMHOXKHB €ro Ha MepBblil co-
MHOXHUTeJb B KauecTBe MHOXKHMOro, JH60 MHOXNTCAA, &
TaKKe YMHOXHB €r0 Ha BTOPOil COMHOXHTE/b B KauecTBe
MHOXKHMOTO W1 MHOxkHTeas. Ho Tak kak ectb n— | yM-
‘HOXEHHI, K KOTOPLIM MOXKHO NPHCOEAHHUTb &,.44, TO BCETO
nosyuaem 4n — 4 cnoco6os. lo6asass K HUM JBa cnoco6a,
0 KOTOpLIX TOBODH/OCH Bbhille, Mo.gayuaeMm 4n — 2 cnoco6os
NPHCOGAHHEHUSI An4y K Kaxjaomy H3 (D(n) cnoco6oB nepe-
MHOXMeHHS Yyucea a,, ..., a,. OTcioga BbITeKaeT, YTo

D(n+1)=@4n—2)D(n).
Ho ®(1) =1. Mo3tomy
D(n)=2-6... 41 —6)=2""1.1.3 .. (2n—3).
ITOT OTBET coBnajlaeT ¢ NOJYYCHHBIM paHee, TaK Kak

On)=2"".1-3...(2n-3)= —(On—l)—l—_(n——l)'cg,, 2.

Paccmotpum Teneps onepaumo NesieHHs. 3anuuieM Bbi-
paxkeHue

: L?L,&[s

(8)

2
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DTa 3anHCb He HMeeT CMBICJ1a, €ClH He yKa3aH MNOpsIoK,
B KOTOPOM JOJXHbl BBIOOJHATLCA JeJeHHsA. BhiACHUM,
CKOJNBKHMH cnocofaMH MOXHO NpHAATh CMBICJA 3TOMY Bbls
paxeHH10. Jlas 3TOrO 3aMeTHM, UTO KaXauil cnoco6 ykasa«
HHA NOpAlKa AejleHHs MOXKeT pacCMaTpPHBaTbCsl H Kak Mpo-
mecc pa3bHeHHs n 3JeMEHTOB Ha YacTH M3 OJAHOTO 3.e-
MEHTa, ONHCAHHLIA Bbille. A MBI BHAEAH, YTO YHC/JAO TAKHX

1 -1
npoueccos paBHO — C3, .
3HauHT, BHpaxeHHw (8) MOXKHO MNpHAATb CMBIC
1 n-1
TCQ,;_Q crnoco6aMu.

3agaum o MHOToyronsHuKax

B HeKOTOpEIX BONMpOCaXx KBAHTOBOH XMMHH BO3HHKAaeT
caelymoulasn 3ajgava:

B oxpysxcnocTe snucan  npasusbHuli  2Rn-Y20AbHUK.
CroavKumu cnocobamu MOXCHO NONAPHO COEOUHUTL €20 8ep-
HLUHbL TAK, 4TO0bl noAy4arowUecs OTPE3KY He NepeceKalucs
opye ¢ Opyeom? .

Puc. 31.

[Tpu n=1 ectb 0RHH cnocob Takoro coefuHenus !). [pu
n=2 nQayyaem aBa cnocobGa, H300paKeHHHX Ha pHc. 31.
Yro6el HaliTH 4HCI0 cnoco6oB F(n) nas awboro n, Bhipe-
JieM peKyppeHTHOe COOTHolleHHe aas F(n). BuiGepem oaHy
H3 BepluHH A MHOroyroabHHKa. Ee MOXHO COENHHHTL C JII0-~
6oft u3 BepliMH B Tako#l, uto Mexay A u B HaxoauTcs ver-
HOe 4YHCJ0 BepliHH (pHc. 32). B cooTBeTcTBHH ¢ 3THM BCe
cnocofbl COeHHEHHsl BepLUHH pacnajaloTes Ha K.Jaacebl

1y Mbl cunTaeM 34echb LHAaMeTP <«NPABHJABHEIM ABYYrOJbUHKOM>.
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B 3aBHCHMOCTH OT TOrO, CKOJIbKO BEpIUIill OCTAeTCsl CJeBa--
OT OTpe3Ka, NPOBeJeHHOTO U3 TOUKH A.

Ecau ocraeTca 2s BepuiMH, TO N0 APYryio CTOPOHY OT
Hee ocraercsl 2(n — s — 1) BepwuH. TeM caMbiM 2n-yroJib-
4 HHK pasbuBaeTca Ha 2s-yroJu-

/ < HHK H 2(n—Ss— 1)-yroJbHuK.

Ho B 2s-yronbHHKe  MOXHO

F(s) cnoco6amu mnposecTH . OT-

\ pe3KH Tak, 4TOGbl OHH He Nepece-

Kajau apyr apvra. B 2(n—s—1)-

YFOJILHHKE  Ke 3TO  MOXHO

caenat F(n—s—1) cnoco6a-

/ mu. [lo npasu1y npoussese-

HMA  NOJyyaeM, 4YTO B S-H

J) KJaacc BXOaHT F{s)F(n—s—1) .
SN / cnocoGOB  NpoBeldeHIsT  OTpes-
n=4, §=2 KOB.
Puc. 39, 3HauunTt, ofliee 4YHCAO Beex
cnoco6os paBHo F(0)F (n—1) -+
+F(I)F(n—2)+ ... +F(n—1)F(0). Mu noayuuiu pe-
KYPPEHTHOE COOTHOILEeHHE

F(n)=F(0) F(n—1)+F(1)F(n—2) + ... -+ F(n—1)F(0).

310 TO Ke camoe coomoweﬂue KOTOpOMY YIOBJIETBO-

paT wicaa Ip= —— T Cz,, Tak kak Fy=To=1, 10 n1s

Bcex n useem F(n)=T,. MHrak,
B 2n-yroJibHuKe MOXHO [,=

1 “n
mpgn cnoco6GaMil  NMPOBECTH

JHaroHaJau Tak, uTobbl OHH nonap-
HO He nepecexaJHCh. '

Tor xe oTBeT HMeeT caeayio-
uias 3ajaya:

Crosvkumu cnocobamu MONHO
pasbure seinykaoil (n-+2)-yeoan-
HUK HQ TPeyeonbHUKU OuazoHaAd-
peb MU, HE Nepecekarmjumucs BHyTpU

3T020 MHO20Y20AbHUKA?
Puc. 33, O603HauuM  UHCI0  cnocobos
yepes @(n). Bubepem oaHy us
CTOPOH MHOrOYroJibHHKa M pack/JacCHQHUUHMpyeM Bce pas-
OHeHUs1 B 3aBHCHMOCTH OT TOTO, ¢ KakOH BepPLUHHOH MHOTO-
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‘YrOJAbliHKa COBIIAZAET BEPLUHHA TPEyroJbHHKA, OCHOBAHHEM
KOTOPOro CAYXHT BbiGpaHHas ctopoHa (puc. 33). Ecan
YAAJUTh 3TOT TPEYroJbHHK, TO MHOIOYrOJ1bHHK pacrajaerct
Ha (s+2)-yroapuik u (n— s+1)-yronphuk. Pa36uBas 3TH
MHOFOYTOJIbHHKH 1la TPEYTOIbBHHKH W KOMOHHHPYA STH pa3-
BHEeHHs1 ADYr ¢ APYroM, MOJYYHM Bce pa3OHeHHA HCXOLHOFO
- MHOTOYTOJBIIMKA, B KOTOpPble BXOAHT yAaJeHHBIH Tpeyrosb-
HHK. A 1MOTOM, NMpHMelisisi NpaBu/ia NPOU3BENEHHS] H CYMMBI,
noJayyaenM pekyppelTiioe COOTHOLIeHHe

D (1) =D (0) D (n—-1)+O (1) D (2 —2)+. . .~ D(n—1)D(0),

rde nogoxeHo @®(0)=1. [lpexocraBasiem uuTateno yGes
JIHTHLCSA, HCXOASl H3 3TOFO COOTHOUIEHHS, YTO

(1) (fl) = +_ i C211

3arpyaHeHne maxoppoma

beiBaloT KOMOWHATOpHble 2ajaud, B KOTOPHX MNPHXOs
JHTCSl COCTaBAATb He OAHO DPeKYPpPCHTHOe COOTHOIIeHHE,
a4 CHCTeMY COOTIOLWIeHHH, CBA3BIBAIOLLYI0 HECKOJIBKO MOC/es
JoBaTesbHOcTell. DTH COOTHOLIeHHs1 BnipaxawTt (n+1)-e
4Jsiellbl MOC/AeN0BaTe/NbHOCTEH Yepes3 Mpelb/iyliue 4/eHbl He
TOJIbKO JQaHHOH, HO H OCTa/bHBIX NOCJI€J0BaTeNbHOCTEIl.

O0fnasndor maycopdom kopoaa Aptypa obHapysicua, 4To
K 06e0y 30 Kpyeabim CTOAOM npuesaiieno 6 nap 8paxoyo-
uix potyapeli. Cxkoavkumu cnocobamu MOXHO paccaduts
ux rTak, 4T0b6l Hukaxue 0sa spaea He cudeau padom?




Ecan Mul HallaeM Kako#i-TO crnoco0 paccajkiy pbluaped,
TO, NepecakubBas HX 110 KPyry, noay4yum eule 11 cnoco6os.
Mu He Gymem cefilyac CcYHTaTh PAa3IUYHLIMH CHOCOGLI,
noayyawtlecs APYr U3 Jpyra Takol IHUK/JIHYeCcKOH mnepe-
CaaKoil,

BBenem caenyioulie o6o3HaveHusi. [lycts 4ilci1o poiia«
peii paBHo 2n. Yepes A, 0603HaulM YHCIO crOcOGOB pac-
cajKil, NpH KOTOpPbIX HHKaKue jBa Bpara He CHAAT DALOM,
yepe3 B, — yncao cnoco6oB, Npli KOTOPLIX PAAOM CHAMT
POBHO OAHa napa Bparos, H yepe3d Cp — 4ucio cnoco6os,
‘IPH KOTOPLIX €CcTh POBHO ABE Mapbl BpaxKAYIOULIX cocelell.

BroiBegem chauada ¢opmyay, Boipaxaiowylio Apyy ue«
pe3 An, By, n Cy. [lyets 1+ 1 nap puiapeil nocaeHsl Tak,
YTO HHKakHe [Ba Bpara He CHIAT psiaioM. Mul Gyaem cyil-
TaTb, YTO BC€ BpaXaywoillie napol puillapell 3aHyMepOBaHLI.
ITonpocum BcTaTh M3-3a cTosa mapy pbluapeil ¢ HOMepoM
n+1. Torra BO3MOXHBI TPH cayuyas; cpejll OCTaBLIMXCH 3a
CTOJIOM HeT HHM OJHOH Mapel coccleli-Bparos, ecTh 0aHa Ta-
Kas napa M ecTb jiBe TaKie napnol (yleallie pblllapi MOTJIL
paszensiTb 3TH napsbi) ). .

BbIsicHHM Tenepb, CKOJMBKHMH crnocoGaMii MOXKHO CHOBa
nocajnTb yuieiniiX pblliapefl 3a cTo.1, Tak, 4UToObl NOC/ae
3TOro He GbLI0 HI ONHOI Mapsl cocefell-Bparon,

[Ipotue Bcero mocaiuTh HX, €CJAH 3a CTOJNOM PSAOM CH-
AAT ABe hapbl BparoB. ‘B 3ToM cjyuae OAHMH M3 BHOBL
NpHIeNIHX CAalHTCSl MexAy pbllapsMH NepBoil Mmapel, a
JIPYrofi — MeXNy pblllapsiMi BTOpPOH mapbl. TO MOXKHO cle-
AaTh ABYMs crnocoGamu. Ho Tak Kak uHcao crnocoboB pac«
CalkH 2n polapefl, IDH KOTOPBIX ABe Napbl cocelell OKa3a-
Jich Bparamu, pasuo C,, To Bcero noayuwiocs 2C, cno-
co6os.

[TycTs Temepn psiioM CHAUT TOJILKO OJHa Napa BParoe.
O1UH 13 BepHYBILIIXCA J0.1XKeH cecTb MeXay Humi. Torna
34 CTOJ0M OKaxKyTcst 2n+41 poltiapefi, MeXAy KOTOPbIMil
ecTp 2n+1 mect. M3 HuX ABa MecTa — pALOM C TOJABKO-
CeBINIM rocTeM — 3alpeTHul [/ BTOPOro pbillaps, H eMy
octaetrcsl 2n — | mect. Tak Kak nmepBbIM MOXKeT BOHTH .110-
6oli 113 ABYX BbILIEALIIX pblilapeil, To noayuaerca 2(2n—1)
cnoco6oB paccaikii. Ho uncao cayuaes, koraa 2n poliapeit
cean Tax, yto6ul POBHO OAHMa Mapa BpAaroB OKa3a.lach coce-

') 3nech u aadaee Mbl cyntaeM, uto H a>1l. [lpu n=1 nocacayo-
1ile PACCYMJCHHA TCPAIOT CHITY.
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aAMH, pasHo B,. Ilostomy wmbl noayuaem 2(2n — 1)B,
cnoco6oB nocaauTtb rocreil TpeGyemsim 06pa3o.

Hakonel, nycTb HHKakue JBa Bpara He CHACIH PSAOM.
B sToMm cayuae nepBblil pbllapb CaiuTCA MeXAy JM0GbIMH
ABYMSl TOCTAMHI — 3TO OH MOXeT cAenatb 2n cnocoGaMH.
IMocne sToro nJs ero Bpara ocranerca 21— | MeCT — OH
MOXeT 3aHATb J1000e MecTo, KpoOMe ABYX MeECT, COCEIHHX
C TOJbKO YTO CeBUIMM pbiilapeM. Takum ofGpasoM, ecan 2n
phllapelt yxe clieas HYXHbIM 006pa3oM, TO BepHYBLUHXCS
rocteli MOXHO nmocailTb 2n(2n — 1) cnocobamu. Bcero xe
B 3TOM cayuae noayuaetcs 2n(2n — 1)A, cnoco6os.

Kak y»e oTmeuajocb, pa3oOpaHHbIMH CAYYasiMH HCUEp-
NLIBAIOTCH BCe BO3MOMKHOCTH, TT03TOMY HiMeeT MECTO pekyp-
PEeHTHOE COOTHOLLEeHHe

Ay =2n@2n—1)A,+2@2n —1)B,+2C,.  (9)

DTOro COOTHOLIEHHS eille HeJOCTaTOYHO, YTOOLI HalTH
A, Aas Bcex 3HauyeHu#l n. Hazo euwe y3HaTb, Kak Bbipa-
wkatores By u Chyy uepes A, By, C.

[Tpeanonoxym, uto cpean 2n+2, n>1 poinapeii oxkasa-
Jlacb POBHO OJlHa Mapa Bparos-cocejell. Mbi 3HaeM, 4TO 3TO
MOKeT NPOH30HTH B B,iy cayuaax. Bo usbexanue ccopul
MOIIPOCHM HMX YAAJNTbCsi H3-3a cTosa. Torga ocraHetcs
2n phillapeii, npuueM BO3MOXHO OAHO H3 ABYX: JHOO cpeny
OCTaBLIMXCH HeT Bparos-cocelell, JHOO ecTb DOBHO OAHA
napa TakHX BparoB — A0 yX0/Ja MOKHHYBIUHX 3aJ OHH Cli-
fe1n no o6e CTOPOHBI OT HHUX, H Telepb OKa3aJHChb PSLOM.
Bo BTOopoM cayuae yweAunx MOXHO NOCaAHTb OOpaTHO
TOJBKO Ha CTapoe MecTO — HHa'e MOSABHTCSA BTOpas Mapa
Bpaxaylomux cocefeii. Ho Tak kak 2n pbiuapeil MOXKHO
nocagutbh B, cnocobamn Tak, 4To6bl Gblia TOALKO OJHA
napa BpaXAYIOUHX. cocefeli, TO Mbl noay4yaem 28, BapHaH-
TOB (BO3BDATHUBILMXCA pblllapedl MOXKHO NOMEHATb MeCTas
MH). B nepnom e cayyae MOXHO nocallTb VILeAIINX
MeXAy JAI00bIMH ABYMS PBILAPSAMH, TO €CTb 21 crnocoGaMi,
a TaK KaK HX ellle MOXHO NOMEHSITb MeCTaMH, TO MOJYYHTCH
4n cnoco6oB. KomMOGHHHPYS HX CO BceMH cnocoGaMm nocad-
Kli 7 nap pullapeil, NpH KOTOPLIX HeT cocejlell Bparos, IO+
ayyaem 4nA, cnocobGos. Hakonen, HoMep ylLealefl i Bep-
HyBliefics napbl pblilapeil Mor duiTh a00bIM OT 1 A0 n+ 1.
OTciofa BbITeKaeT, YTO DeKYPPEHTHOE COOTHOIIEeHle A1d
B4y HMeeT BHJ

Byyy=4n(n+1)A,+2(n-+1)8B,. (10)
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HakoHen, pa3Gepem cayuaft, koraa cpeaun 2n+2 poina-
peit Oblio ABe Iapbl BparoB-cocedell. Homepa 3Ttux nap
2 nin+1) .
MOXHO BHIOpaThb C,,+1=—2-—— cnoco6aMu. 3aMeHlM
KaX/Ayl napy OAHHMM HOBbIM pbillapeM, npHueM Gyaem CUH-
TaTb HOBBIX J[ABYX pblliapeli Bparamu. Torga 3a crojom
O6yAyT cHAeTb 2n pbilapeil, npuueM cpeiu HUX auGO He Oy-
deT HM OAHOH Mapbl Bparob-cocejiell (ecaH HOBLIE pLILLApH
He CHAAT pALOM), JuOO TOJBKO OAHA TaKas napa.
IepBouiii BapuaHt MoxeT Gbiib B A, cayuyanax. BepHyTs-
€A K HCXOAHON KOMNaHuH Mbl MoxeM 4 cnocobamu OGjaro-
Aapa BO3MOXKHOCTH H3MEHHThb NOPAAOK phillapefl B KaXKAo#
nape. [losToMy nepBbifi BapHaHT NPHBOJIHT K 4Ci+1A,,=
=2n(n 4 1) A, cnocoGam.

o 1
BTopoli e BapHaHT MoxeT ObITb BTB,, cayuasx ).

3lech TOXe MOXHO BepPHYTbCS K HCXOAHON KOMNaHHIU
4 crioco6amu, W Mbl noaydaem scero 2(n+1)B, crnocoGos.
Orciona BbiTeKaeT, 4To Npu # 2> |

Coii=2n(n+1)A,+2(n+1)B, (11)
Mbl nONYYHAN CHCTEMY DEKYPPEHTHbIX COOTHOLIEHHH
A”41=2(2ﬂ—-—1)(ﬂA” + Bn) -{'—QC”, (9)
B, ,=2(n+ 1)(2nA, + B,), (10)
Cpiy=2(n+ 1)(nA,+ B,), (1)

cnpaseAnuBbix npu n 2> 2. Ho npocToil noacuet nokasbl-
BaeT, uto Ay=2, B,=0, Coy=4. [l03ToMy H3 COOTHOLIEHIH
(9)—(11) Bbitexaer, uto A;=32, B;=48, C;=24. [Ipoao.-
}as gajnee, HAXOAHMM, UTO TOCTEH MOXHO NOCANlThb 34 CTOJ
TpebyemblM obpasom Ag=12 771 840 crocoGamil.

Paszobpannasi 3ajaua mnoxoxa Ha C/lelylollyio 3ajauy,
112a3LIBAEMYIO YaCTO «3ajfayell 0 rocrsax».

CroavKumu cnocobamu MmoxHO paccaduTe 3a Kpyaavim
CTOAOM N Cynpyxceckux nap 1aK, 4T0bbl MYNCHUKLL U HCEH-
WuHOL 4epedosasucs U Hukakue 08a cynpyea He cudeau
padom?

') Hmeercns B, caysaes, Koraa xakas-nulynb 0apa BParos cisuiT
panoM. Ecan ykasaTh, kakan iMmeHHO napa JOANHA CHACTH psmom 110-
NYYHM B N pa3 MeHbiic Cayuaes.
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DTa 3ajaua pewaeTcd NpPHMEPHO TaK Ke, KakK M 3ajaaua
a. maxopiaome. CHauasna paccaKMBaioT KeHiHH. Ecan 3a-
HYMepOBaTb MecTa, TO JH00 BCe KeHLHHLI OKaXXyTcsl Ha
YeTHbIX MecCTaX, JH00 OHH 3afiMyT HeueThble MecTa. Ho
YHCAO0 YETHLIX MeCT DPABHO A, H KEHUIIHbl MOTYT CecTb Ha
unx n! cnocobamu. CTOJbKHMH e cnoco6aMu OHH MOTYT
3aHATb HeueTHble MecTa. 3HAUHT, XKEHUIHH MOMXKHO NOCaHuTh
2- (n!) cnoco6amu. A noToM paccMaTpuBAIOT cjayyaH, Ko-
rAa HH OANH N3 MY)Kef He CHAMT PAAOM CO CBOeH XeHOIl,
KOTAa PAJAOM CHAHT OAHA CyNpyXKecKasd napa H, HaKOHel,
KOrila pSiAOM CHASIT ABe cynpyxeckue napbl. [Ipegocra-
B/IIEM UMTATENI0 COCTaBHTb COOTBETCTBYIOULYIO CHTTEMY
PEKYPPEHTHbIX COOTHOLIIEHHH.

Cuactnuebie TponneKbycHbie Guners

llekoTOpble MOAH CUMTAIOT ILECTH3HAUHLIC HOMEpPA TPOJ-
NefibyCcHblX O1J1eTOB «CUACTAHBBIMHY, eCan CcyMMma Lugp,
CTOSILILIIX HA UETHbIX MeCTaX, paBHa cyMmMe LHQp, CTOALLIHX
Ha HeueTHbIX MecTax. Hanpumep, Ougaetr 631 752 cuntaercd
«CHaCTJAUBBIM», TaK Kak 6+ 1+5=3+74+2=12. TpeGyercs
HafiTH YHCJ0 «CUACTAUBbLIX» HOMepos ot 000000 mo 999999.

Jlns 3TOrO CHavaja HalAeM, CKOJIbKO TPEX3HauHLIX dll- -
ces MMeeT JaHHyW cyMMmy uugp N (OpH 3TOM Mbl OTHOCHM
K Tpex3HauHLIM M uHcaa Buga 075 u jpaxe 000). 3ra 3a-
jpavya awajoruuna peuieHHOH Ha cT1p. 106 —uncao caarae-
MbIX 3, cyMMa paBHa /N, a caaraembie —oT 0 10 9. OGo3Ha-
YHM YHCJ0 ee peuieHHli uepes F(3,9; N). Toraa umeer me-
CTO peKyppPEeNTHOE COOTHOLIEHHC

F(3, 9 N)=F(2, 9 N)+ F(2, 9 N— 1) +
+F(2,9 N—2)+F(2, 9 N—3)+ F(2, % N —4) +
+F(2, %5 N=3)+F(2 % N—-6)+F2 9% N-T7) +

' 4+ F(2, 9% N=8+ F(2, 9, N-09).
Touno Tak xe
F©2,9% M=F(, 9% N)+F1, 95 N—1) ...

=+ F(L, 99 N —=9).

flcho, uto F(1,9; N)=1, ecin 0 KNK9, u F(1,9; N)y=0

B NpOTHBHOM cayudae. [lonb3yscb 3THMH COOTHOLIEHHSMM,
6e3 Tpyla 3anoJjiHsieM CJAEAYIOULYI0 TaGJaHLy: :
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YroObl HaiiTH Temepb UYHCJAO «CUACTAHBLIX» GHJIETOB,
HAaJ0 BO3BECTH B KBaJpaT 4licja TpeTbell CTPOKH M CJOXKHTL
noJyvaipouecs peayabTaThl. B camMoM Aene, KaXAblfi «cua-
CTAUBLIA» OHJET HMe€eT OAHY H Ty Xe CyMMy LH¢p, CTOA-
IHX Ha YETHHIX H Ha HeyeTHLX MecTtax. Ilyctb 3Ta cymma
pasHa N. Uincuo, crosiutee Ha N-M MecTe TpeTbefl CTPOKH
Hallell Tabauibl, NOKa3biBaeT, CKOJIbKO TPEX3HAUHbIX UHCeN
uMcer cymmy uugp N. MubiMu caoBaMmu, OHO MOKasbIBaer,
CKOJbKUMH cnoco6aMH MOXHO BhiOpaTh LHGbPH, cTOsUlHE
Ha UeTHbIX MecCTax (TO ecTb BTODYIO, YETBEPTYIO I LIECTYIO).
CronbKHMH Ke cnoco6aMH MOXHO BbIOpaTb LH(DH Ha He-
YETHBIX MecTax (MepBOM, TpeTbeM H naTOM). Tak Kak 3TtH
BbIGOpLI He 3aBHUCAT APYr OT ADPYyra, TO NO NpaBuJy NpOH3-
BeJIeHHA <«CUACTJMBBIX» HOMEpOB ¢ cyMMofi nudp Ha uer-
HbIX -MecTax, pasHoli N, Oyaer [F(N)]2. A rtoraa no npa-
BHJAY CyMMbl 00LLCe YHCIO0 «CUACTAHBBIX» HOMEDPOB pAaBHO

212432 624 102+ 1524 212} 282 - 362 457 -
+ 55?2 +- 632+ 692 + 732 + 757,

Buruiicasns 3Ty cyMMy, nosydaeM oTBeT 55 252.

PexyppeHTHbie Tabnmubt

B KOMﬁl/lHaTOpHKe YacTO BCTpedaloTCA BEJAHYHHDI, 34+«
BliCAlllHe He OT OAHOIOo, a OT HECKOJIbKHX YHCeJ. Hanpm

k
mep, uncao Cp, 3aBHCHT W oT 1, u oT k. Ecau paccmaTtpus
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BaeMas BeauuHHa F(n, k) 3aBHCHT OT ABYX HATYPaJbHbIX
YHCes 1 H R, TO ee 3HAYEHHsS] MOXKHO PACHOJ0KHTb B Blile
tabauubl, nomewas F(n, k) Ha nepeceueHuH n-ii CTPOKH M
k-ro cronbua. C TAaKHMH BeJHYHHAMH Mbl YyXe€ HEOIHO-
KpaTHO CTajikHBaJiMCb B riaBe V — apHdMeTHUuecKHH
KBajApaT, apH(MeTHUeCKHEe TPEYTroJbHHKH I 0606LIeHHbIE
apH}pMeTHYECKHe TPEYrOJbHHUKH HMEJH BHJA HMEHHO Ta-
KHX TaO0Jiuil.

Ilpu sToM BO Bcex npHMepax, H3YYeHHLIX B raase V,
MCXAY 3JeMeHTaMH TaGaHInLl CYUlecTBOBAJAH 3aBHCHMOCTII.
OTH 3aBUCHMOCTH NO3BOJISJIM BbIYHCJAHTb 3J€MEHTHl  f1-1i
CTPOKH TabjHubl 1O 3JeMeHTaM npeAblayluell CTPOKH 1,
ObITb MOXeT, HECKOJNIbKHM MNepBLIM 3JeMeHTaM A-H CTPOKH.
ITostoMy, ecan Oblla 3ajlaHa nepBas CTPOKa TaGJauLbl H
nepBbieé 3JEMEHTHl JADYTHX CTPOK, BCE OCTaJjbHbie CTPOKII -
MOXHO ObIO BBIUHCIATB oAy 3a Apyrofi. Takue Tabauibl
HallOMHHAIOT PeKYPPEHTHble NMOCAeA0BaTeNbHOCTH, ¥ MLl 6y-
JeM Ha3blBaThb UX B JaJbHeHLIeM PeKyppPeHTHOLALL.

Hns apupMeTHUeCKOro KpajpaTta PeKyppeHTHOe COOT-
HOILIEHHE HMEe/0 BH]I

F(n, ky=F(n—1, k) +F(n, k—1), (12)

a TrpaHHuYHble YCI0BHA 3afaBaauce Tak: F(n, 0)=I,
F(0, k)=0 npu k>0 (HanomHuM, 4TO Aa8 apHPMeTHuec-
CKOro KBajpaTa Mbl FOBOPHM He O MepBOM croable HJIH
CTPOKe, a 0 HYJIeBOM CTOA6Ue H/H CTPOKe).

Has apudmMerHyecKHX MATHYTOJNbHHKA H ILECTHYTOJbHI-
Ka peKyppeHTHOe COOTHOLUeHHC Toxe uMeeT BuA (12). Beasb
3Tl (Urypsl MOSIBHJHCH, KOrja Mbl CUHTAJH, CKOJBKHMII
¢1oco6aMu MOXeT MOMacTb Ha HeKOTOPOe MoJe Jia[bs, ABH-
rascb no AOCKe, OrpaHHUeHHOH ABYMs NepneHAHKY/spHbIMH
JyyaMd H ORHOH HMJH ABYMA JIUHHSMH, Napa/ielbHblMH
rnasHofi auaroHadd. [lo naapsn MoXKeT nomacTe Ha mode
(n, k) uwau c moaa (n— 1, k), uau ¢ noas (k— 1, n), Io-
3TOMY, KaKHe Obl OTpaHIuUeHHs Ha ee [ABHUXKEHHs1 He HaJja-
raJjuce, Bceraa OyAeT BbINOIHEHO cooTHoweHHe (12). Orpa-
HHYEHH ")Ke NPHBOAAT K TOMY, UTO HEKOTOPble 3JeMeHThl
TabJauubl A01XHL ObITh 3aBe0MO PaBHBl HY.10, Jas apud-
MeTHYeCKOTO " MATHYTOJbHHKA TAKUMI fIBJISIIOTCA 3J€MEHTH,
Jexkaule BulLIe HEKOTOPON MPAMOIl, napannenbHOH riaaBHOM
AuaroHand, a AAs apH(PMeTHUECKOro IUeCTHYroJbHHKA —
3JIeMeHTH BHe 006./1aCTi, OTCEUEHHOH ABYMs MpAMBIMI, Na-
paJseabHBIMH [J1aBHOH AHAaroHa.i, :
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MHol By nMeeT peKyppeHTHOe COOTHOLIeHHe Jas apug-
METHUYECKOTO TpeyroibHUKa H m-apu¢MeTHyecKoro Tpe-
yroabHuka, VMIMeHHO, AAS m-apHPMeTHUECKOro Tpeyrosb-
HIIKa

F(n, k)_F(n—l k—m-+ 1)+ F(n—1, k—m 4 2)+ .
o+ F(n—1, k). 13)
Hpu stom F(0,0)=1u F(0,_k) =0, ecau £>0,

Apyroe peuieHne npobnembi maopaoMa

B KauecTBe eile OJHOro mnpHMepa Ha HCMOJAb30BaHHE
PEKYPPEHTHbIX TabauL npuBeAeM ApYroe pelieHne npob-
AeMbBl MaxkopioMa (ca. ctp. 165). Kak unTtatesb moMuuT,
peub Lia O UHCAe CMOcO60B paccaiauTh 2n peinapeil 3a
KPYIVIbIM CTOJIOM TaK, uTo6H HHKaKHe fABa Bpara He Cll-
aenn psagom {a cpean 2n peinapell Gbl0 n nap Bparos).

O6osnauum uepes F(m, n) uncno cnocoGoB paccamkH,
IPH KOTODbIX PAAOM CIAT POBHO m nap BparoB. Mol Bbl-
BejleM cefiuac peKyppeHTHYI0 (OpMyay, BEIPaXKaiouyio
F(m, n+1) uepes F(k, n), k=m—1, m, m+1, m+2,

Mbl GyaemM cunTaTh, UTO CHauajda 3a CTOJOM CHeH
n map peluapefl, a MOTOM mNpHuina mapa n+1 u ceaa 3a
ctoa, IToAcunTaem, BO CKOJMBKHX CJAydYasix 3a CTOJOM OKa-«
JKYTCSl m nap cocefeii-Bparos. 310 MOXeT NPOH30HTH Tak:

a) 3a croqaom Oblno m— | nap BparoB, CHIAEBIUHX P+
IoM. 310 Morao cayunutecs F(m—1, n) cnocobamu, Hto-
Obl 32 CTOJMIOM OKa3aJsoch m nap BPaKAYWOUWHX cocefeil,
HOBas Mapa AOMKHA CeCTb PAAOM, He pa3bGHB HH OJHY H3
yXKe CyllecTBOBaBWINX nap cocefefi-sparoB. Ho mexay 2n
pblapsMH eCTb 21 TNPOMEXYTKOB, a CaAlTbCH HeAb3s B
m— 1 npomexyTkoB, Ocraetrcss 2n — m+1 NPOMEXYTKOB,
Kyda MOTYT CeCTb BHOBb Hplinleiline peilapH. Tak Kak 8
KaXXAHH H3 3THX TPOMEKYTKOB MOXKHO C€CTh ABYMS CHO-
cob6aMu (npHulelIMe pbiLAPH MOTYT MOMEHAThCS MeCTaMH),
TO BCEro mojyuaem

2@2n—m 4+ 1)F(m—1, n) (14)

cnoco6os, .
0) 3a cronoM Oblio m map pAAOM CHASIIHX BpAaros.

B 3TOM cayyae BHOBb NpHllejline MOTYT BbIOpaTh OJHO
M3 IBYX: aubo cecTh BpPO3b, He pasJieHB HH OJHY Hapy
cocellefi-Bparos, JHO0 CeCTb pAJOM MeXAy ABYMSA Bpa-
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KAYIOUWHMH COCeAsiMH. Jlerko NoACYUHMTATh, UTO NMEPBOE pes
LieHHe MOXXHO NPOBECTH B XU3Hb (2n —m)(2n—m — 1)
-crocobamu, a Bropoe 2m cnocofamu, a Bcero (2n—m)2 —
— 2n+43m cnocobamu. Tak Kak n map pellapefi MOryT
cectb F(m, n) cnocoGamu Tak, uTOGbl pSIAOM OKa3anHCh
m nap Bparos, TO BCero nosnyuaem

[(2n — m)*—2n 4 3m] F (m, n) (15)
crnoco60B.

-B) Hanee, paccMOTpHUM cayuali, Korfa cpein 2n poiuna-
peit paaoM CHACAH m-+1 nmap Bparop (3TO MOXET CAYYHTb-
cst F(m+1, n) cnocoGamu). B 3TOM cayuae OJHH H3 BHOBb
NpULieIIHX AOKEH CeCcTh MeXJy OHOH 113 map Bparos
coceliedf, a BTOpPOH JOJIKEH CeCTh Tak, 4TOObI lie pa3buThb
HH OAHY Takyw mnapy. [lepBoe MoxHO chenate m+1,
a Bropoe 2n—m—1 cnocobamii. - Bcero mnoayuaem
2(m+1)(2n—m—1) Bo3MOKHOCTell (MHOXKHTenb 2 HO-
ABHJICST TMOTOMY, UTO /1000 U3 BHOBb TNpPHUIEAUIHX MOXET
cectb Mexknay sparamu), [TostoMmy paccmartplBaeMblii cay-
uail JaeT Bcero

2m+1)2n—m—1)F(m +1, n) (16)

BO3MOXKHOCTE11. N

r) Hakoneu, mpelAno/oxuM, yto Gblio m~+2 map coce«
neii-Bparos. 310 Morao cayudtees IF(m+2, n) cnocobamu.
Yro6bl 0Kas3a/aoCk TOABKO m Map coceAeH-BparoB, KaXKibli
M3 BHOBb NpHIIEAUINX pbillapell A0/aXKeH pa3OHTh OAHY napy
BpaXAyoIHX cocedel. [lepBulii pblllapp MOXeET CcecTs
m+2 cnocobaMu, mocje uero BTOPOMY OCTaeTcs Jnllb
m+1 mecr, Beero nonyuaem

(m-+1)(m+2) F(m+2, n) (17)

BO3MOKHOCTeH.

Jlerko BHIETb, UTO Mbl HCUEpiaJl BCE BO3MOXHOCTH,
NPH KOTOPLIX cpeln 2n+2 pbluapeil 3a KpPYrabM CTOJOM
OKaXyTcs m mnap cocefedi-sparo, [Tostomy F(m,n) yno-
BJETBODSIET CJAEAYIOWIEMY pEKYPPEHTHOMY COOTHOUIEHHIO:

Fm, n+1)=2C2n—m-+1)F(m—1, n) +
+ [(2n —m)*—2n 4 3m| F (m, n) +
+2m+1)2n—m— 1) F(m+1, n)+
+(m+1)(m+2)F(m~+-2, n). (18
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HenocpeacrBeHHblil moacuer nokasbiBaeT, 4TO
F@, 2y=2, F(1, 2)=0, F(@2,2)=4

(MBI He cudTaeM pa3/HYHBIMH CHOCOOB paccajki, NoJy-
yaollHecss APYT M3 Jpyra LHKJHYECKOH mNepecTaHOBKOI).

[Ipumenass ¢opmyay (18), naxoaum, utro F(0, 12)=
=12 771 840. -

PeweHue peKyppeHTHbIX COOTHOWEHHH

Mpr Gyaem roBopHTb, UTO pPEKYPPEHTHOE COOTHOLIEHHE HMEeT 1o-
pANOK k, ecan OHO TO03BO.aAeT  Bblpasuth f(n4-k) uepes f(n),
f(n+1), ..., f(n+k—1). Hanpumep,

firt+2)=Ff@)fnt1) =3 (n+41)+1
— PeKYpPPEHTHOE COOTHOUIeHHe BTOPOro MOPsAKa, a
fnt3)=6f(m)[(n+2)+F(n+1)

— PEKYPPEHTHOE COOTHOLIEHHE TPeThero NOPsiAKa,

- Ecan 3a1aHO peKYDpeHTHOE COOTHOLIEHHE K-r0 NOpAAKa, TO eMy
y/0BaeTBOpsieT OeckoHeuHO MHOro nociaegoBarteqbHocTell. Heno B ToM,
YTO TNeCpBbie £ 3JEMEHTOB MOCAeLOBATEJNBHOCTH MOXHO 3aJaTh COBEp-
WIGHHO TIPOH3BOJBHO — MEXAY UMMM HeT HHKaKHX cooTHoweHuii, Ho
ecJIH TepBble £ 3JIeMEHTOB 3afatbl, TO BCE OCTaJbHbI€ '3J€MEHTHI Olpe-
AC/AIOTCA COBEPUIEHHO OJHO3HAYHO — 3jeMeHT f(k+1) Bbpakaercs B
CHJIY DPeKYppEeHTHOro . cooTHoweHus uepes f(1), ..., f(k), saemenr
f(k+2) —uepes f(2), ..., f(k+1) u T A

Tosb3ysich pEKYPPEHTHbIM COOTHOIIEHHEM H HAYaJbHLIMH YjeHaMI,
MOXHO OAHH 3a JADYrHM BBLIMHCHIBATH Wil NMOC/IEL0BATEJNbHOCTH, MPH-
YyeM paHO W/H MO3AHO MBI MOJAYYHM JI06of ee wieH, Oauako NpH 3TOM
HaM TNpHAETCA BLIMHCAThb H BCE NpeNbIAYIUHE UJeHbl — Belb lie Y3HaB
MX, Mbl He y3HaeM H MOCJeIYIoUHX uienos. Ho BO MHOTHX c/yyasix Mbl
XOTHM Y3HAThb TOJBKO OIMH ONpCIEJCHHBI YieH TOC/1e10BaTeJNLHOCTH, a
oCTa/Iblble YJIeHBl HaM He HYXHBL. B 3THxX cayvasx yio6Hee HMeTbh fiB-
nyio ¢opMyay Aas n-ro useHa Hoc/efoBaTelbiiocTH. Mul 6yaeM roso-
PHTDb, UTO HCKOTOpPAas MOC/EI0BATE]bHOCTh SBJSACTCH pellieHuesm KaHiloro
PEKYPPEHTHOrO COOTHOUIEHHS, eCjaM NpIf TNOJACTalOBKe 3TOH mocjenona-
TEJbHOCTH COOTHOUICHHE TOXKAeCTBEHNO BoinoaHsercss. Hanpumep, mocae-
J0BaTEJbHOCTD

2,4, 8 ...,2% ...

AABJACTCA OAHNM H3 peluelmf{ peJ(yppeHmoro COOTHOILUCHHU A
f(n42)=3f (14+1)—2f (n).

B camon deae, oflinfi uieH 3TOA NOC/JEIOBATCJIBHOCTH HMEET BHJA
[(n)=2". 3naunt, f(n+2)=27+% f(n+1)=27+!, Ho npu mwobom n
HMCET MECTO TOXAECTBO 27+2=3.2n+1_9.2n7, I'Ioaromy 2" gBJasierTcs
pellleHHeM YKa3aHHOro COOTHOLLEHHS,

PelieHrie peKyppeHTHOrO COOTHOIUGHHS k-ro TOpfKa HasblBaeTcs
o6LIHM, ec/iH OHO 3aBHCHT OT R NpPOH3BOMBHBIX nocTosHHBIX Cy, ..., Cxy
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I nyteMm 1'101160]38 3THX TIOCTOAHHBIX MOXHO NOJYYHTh Joboe peluenue
JaHHOro COOTHOLUCHHUSA. Hanpumep, AJA COOTHOLWEHHUA

f(n+2) =5f (n +-1) — 6f (n) (19)

obum petﬁenuem 6yner )
f(n)=C,2"+C;3". @)

B caMoMm fAefie, Jerko TIPOBEPHTb, YTO ToOCAeAOBaTe bHOCTh (20) ofpa-
maer cootHowenHe (9) B ToxaectsBo. IlosToMy HaM Hafo TOJMBKO MO-
Ka3aTb, yTo JI060e pellleHHe HAWIEr0 COOTHOWEHHS MOXHO- IIPEACTABHTD
B BuAe (20). Ho noGoe pewenne coornowenns (19) omHosHauHO onpe-
Adeasietcst 3Havennamu f(1) u f(2). IloaroMy HaM HajZo AoKasaTb, YTO
Aas J6bix uHces a W b uafinyrcs Takse 3uaueHust Cp u C,, uTO

2C;-+-3C,=a
2C, 1-32C, = b.

Ho nerko Buiers, yto npu JoGbix 3Hauenusx a u b cicreMa ypasHe-

HUH- C c
2 3C, = a,
1+3C,=a @)
4C, +9C,=b
uMeer pewnenne. IMTostomy (20) meficrButelbHO siBasieTcsi ofuLIM pelle-
HHEM cooTHoleHHs (19).

NMuHeMHbte peKyppeHTHbie COOTHOWeHUR
€ NOCTOAHHBIMMU KOIPPUUMSHTAMH

Jlns pellleHHs pPeKYPPeHTIBIX coornottenufi o6uyIXx npasH/, BooGule
rosops, Her, OaHaKo CYIUeCTBYeT BecbMa UacTO BCcTpevalolHilcs KJacc
COOTHOIIEHHA, pewaeMblil eAHIIOOGPA3HBIM METOJIOM. 3TO — pPeKyppeHt-
Hble COOTHOLUEeHHS BHIA :

fondh=af (k=D daf(+r—2)+...+af (). (22)

rie ai, @ ..., @Gr — HEKOTOPble uHcaa. TakHe COOTHOLIEHHS Ha3bIBAIOT
AUHEUHBIMY PERYPPEHTHOIMU COOTHOWEHUAMY C NOCTOAHHGIMU KO3Pgu-
YUeHTaMU.

CHaya/la Mbl paccMOTPUM, KaK peCLIAIOTCH TaKHe COOTHOLUeHHS NpH
k=2, TO eCTb H3Y4HM COOTHOILCHHSA BHIA

fint-2)=af(n41) +aif (n). )

Pelnenine 3THX COOTHOLUIEHH{I OCHOBAilO 114 CAe1yiOLIMX ABYX YTBEpxie-
HHSAX?

1) Ecmu fi(n) u fo(n) sABasioTcss pelleHHAMH PeKYpPeHTHOrO COOT-
unowenus (23), To npH moGblx uncaax' A u B nocnegoBaTeJbHOCTH
f(n) =Afi(n) + Bfs(n) TakXKe aABHISTCHA pellelHeM 3TOTO COOTHOLLEHHS.
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B camom geje, no YCAOBHIO, HMeeM

hn+2)=af (n+ 1)+ af, (n)
fa (n+2) = a;f, (n4-1) +a,f; ().

VYmroxumM sTH paBencTBa Ha A » B COOTBETCTBEHNO H CJIOXKHM NOXYyYeH-
Hple TOXAecTBa. Mpl nosydum, 4To

Al (n+2)+Bf, (n+2) =
= a, [Af, (n+1) + Bf, (n + 1)] + a, [A], (n) + BJ, (n))).
A 310 u o3uauaer, uro Af (n)+ Bf2(n) sABasieTca pelueHHeM COOTHOIMe-
Hua (23).
2) Ecan uncno r; asaseTcs KopueM KBaAPaTHOTO YPaBHCHHS
r?=aqa,r -+ a,,
TO NOCAeA0BATETbHOCTD

2 n-1
Lr, riyeee, ri7 5 e

ABJACTCS PELIEHHEM PeKYPPEHTHOrO COOTHOLIEHHS
fn+2)=aif (n+ 1)+ a,f (n).
B camoM gede, ecan [ (n) = rf'l, 10 f(n+1)=rf uf(nt2)=

n
-=rl”. lNopcrasasia 3TH 3HaueHus B coorthowenue (23), nojyuaem

PaBeHCTBO
n+1

n-1
r{ —alrl—{—a2r .

Ouo cnpabeinBo, Tak Kak 1o YCJAOBHIO HMeeM rf=a1r+42.

3aMeTHM, YTO HapAly ¢ MOCTeIOBATENbHOCTBIO {r{"l} moGas no-
C/eZ0BaTENLHOCTD BH 1A

f(n)=rp*m ' =12...

TaKXe fBJAseTCs pelleHueM cooTHowenus (23). s mokasatesbctBa
JOCTAaTOYHO ~HCMOJb30BATL  yTBepXiAekne  (23), 1nOJMOXKHB B HeM
A=rPt, B=0.

Hs yTeepxkaennit 1) u 2) BbiTekaer cjenyiolliee NPaBHIO pelleHHsA
JAHHEAHBIX PeKyPPeHTHBIX coomomex-mn BTOPOro NOpsJKa ¢ HOCTOSHHLIMH

koapuuseHTamu:
Iycto OaHo pexyppeHTHOE COOTHOWEHUE
f(n+2)=a,f (n+1) 4 a)f (n). (23)
Cocrasum ksadparnoe ypasHeHue
r?=a;r - a,. (24)

KOTOpOE HA3bIBALTCA XAPAKTEPUCTUUECKUM Oasl OGHHO20 COOTHOWEHUS.
Ecau 310 ypaenenue umeer 0ea pasiuuubly Kopia ry u ra, 10 oéu;ee
peuwierue cooTHouenua (23) umeer eud

f(n) =Cyr{~ _*_.02,5:—1‘
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Yrobu AOKa3aTh STO NPABHJO, 38METHM CHauaja, 4To RO YTBEp-
xacimio 2) fi(ny=ri~ Ly fo (n)=r3~ -1 apasiores pemsenmsmu Ha-

mero cooTHOWIEHHA, A Toraa mo yTBepxjaenuio 1) u Cyri+ Corg se-

aserca ero peweHueM. Hapo TOoAbKO mMoOKasaTk, uTO JIoGoe pelleHne
cooTHollenns (23) moxno 3amucatb B atom BHre. Ho sio6oe peluenue
€OOTHOLIEHHsI BTOPOTO MOpAika onpeiedsiercs 3Hauedusmn f(1) u f(2).
TlostoMy ZOCTaTOYHO MOKA3aTh, YTO CHCTEMa YpaBHEHA

{ Ci+Cy=a,
Clr1+62r2=.b

HMeeT pelleHne Npu obbX a H b. I'Ipoaepbre YTO STHMU pelleHHsIMH
ABARIOTCS
_ ary,—b

ry—ry 2T =y

Cayuali, xkoria o6a KopHs ypapneuns (24) coBnajsaloT ApYr C APYrom,
Mbl pasbepeM HeCKOsbKO To3Ke. A cefluac npuBeieM mNpHMep Ha [o-
Ka3aWHOe TpaBHJo.

INpy u3yuennn wucea ®nbouautn Mpt NPHILIH K PEKYPPEHTHOMY CO-

OTHOLLEHHIO .
[(y=](n—1)+f(n—2). (25)
Jlas 1ero xapakTepHCTHYCCKOE ypaBHEIIHE HMeeT BIif
=r+41

KODH}T‘.\HI 3TOro Kpaaparthoro ypapHEHHS ABJAAIOTCA “HCIA

1+v5  _1-V5

n=—p =T

TTosroay ofiee peinesue cootnowenns @Pubonayuil uMeeT BHI
1+¥V5 1—V5
f<n>=c,( =l ) +cz( 4 ) (26)

(MBIl BOCTIOJIb30BAJIHCh CAEMaHIbIM BBIIE 3aMeyaHHCM H B3fJH MOKa3a-
Tedll n BMecTo 11— ).

Mbl HasbiBang uHcaamn ®uboHauud pelllenine cooTHolleHus (25),
ya10BJeTBOpsIOce HayasabHEIM yciaoBusaM [(0) =1 u [(1) =2, to ectb no-
clefoBaTedpHoCTh 1, 2, 3, 5, 8, 13, ... Hacro GmiBact Gonee yao6uo j0-
6aBHTb K 3TOM NOCJAeA0BATENLHOCTH B!iaua.ne yhcaa 0 1 1, To ectb pac-
cMaTpHBaTh nocjepoBateanHocts 0, 1, 1, 2, 3, 5, 8, 13, ... Scuo, yto
9Ta [OC/e0BaTeNbHOCTD ynosnersopﬁer TOMY e CaMOMY peKyppeHT-
HOMY cooTHoleiio (25) U HavaasubM yeaoBusm f(0) =0, f(1)=1. [o-
naras B ¢QopMyne (26) n=0 u n=1, noayuaem ana Cy u Cp cucremy
ypabnelitit

Cl+02=0-
5
ZQ"(C}—C')"—‘I-
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Ny - 1
Grewviaa naxonum, uro €, =—C, = Y5 HmotoMy

o=t B ) e

Ha ﬂepBbIﬁ B3NVIAL KaXeTCA YAHBHTEIbIIBIM, YTO 3TO BbipaXeiiHe
npi BCeX HaTypaJbHbiX 3HAYEHHAX 71 NMPHHHMAaET Uesble 3HA4YEHHSI.

Cnyyaid paBHbIX KOpPHEW XapaKTePMCTHUECKOro YpPaBHEHHA

OcranoBHMCAl TeNepb Ha cJayuae, Korja 06a KOPHS XapaKTepHCTH-
UeCKOr0  YpaBHellHsl COBHAKaloT: ri=ry. B 3TOM cJyuae BBIpaXeuue

-1 n-1
Ciri™ 4+ Cyri™"  yxe He Gyner ofmuM pelenneM. Beab 113-3a Toro,
4TO ri=ry, 3TO pelllelie MOXKHO 3anucath B BHIe

f(n)=(C,+Cy)ri~t=Cri~l.

¥V nac ocraercst TOAbKO OAHO TNpPOH3BOJALMOe nocrosHiHoe C, u BHIGpaTh
ero Tak, uTOGbl YAOBJETBOPHUTb ABYM Hayasbibly yeiosHaM f(l1) =a,
f(2) =b, BooGie roBOPS, HCBO3MOXKHO.

I'Ioaromy 1aM Halo HaliTH KaKoe-HHOYAb BTOpPOe pelleHHe, OTJIHY-

-1
woe o1 fi(n)=r{"". OxassipacTcsi, TakHM peilleHHeM ABJAETCH

-1
Ffa(n) =nr{"".B caMon ZIene, ecin KBagpaTHOe vpaBHeHne ri=ajr+a,
HMECT B  COBMAJAlONMIX KOPHA ry=ry, TO 10 Teopeve Buera
a;=2r, a;= _"1- [TostoMy Halle ypaBHeHie 3aMHCHBAaeTcs TAakK:

2
rr’= 2rir—ri.

A Torza pekyppeHrHOe COOTHOWICH:C HMECT TaKOil BHA:
f(n+2) =2rf(n4-1) —rif (). . (23)

I
Mposepu, uto [, (n) = nri’”™" ReficTBHTEABIO AB/AETCA er0 pelieHHeM.

Mn uveen fo(n+2)=(n42) r"+1, a fo(n-+1)=(n+1) rl. Toz-
cTapids TH 3HAuelnst B coOTHouwlcHue (28), mOJdyyaeM OMCBHAHOE TO-
XIeCTBO

(n+ it =2+ it —nrfth '

3naunr, nr{"l—pcmcmie Hallero COOTHOLICHHS.

Tenepb Mbl y3Ke 3HaeM "fBa petennst f; (n) =-rf u fy(n)y=nri-
sajasHoro cooruowenns. Ero ofmee peluenue nulvercs Tak:

f(n)=Cir{= 4 Conrf~t = r[~1 (C, + Cyn).

Tenepnr yxe nyteM noadopa Ci # C2 MOXKHO YAOBJCTBODHTHL JOGHIM
11aY2/IbHBIM YCJI0BHSIM. .
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JluHefiHble DeKYppEHTHble COOTHOLUEHHS C MOCTOAHHBLIMH Ko3ddhit-
LHeHTaMH, NOPAMOK KOTOpbIX GoJblle IBYX, PEILAOTCA TaKBM iKe Clo-
coGou. I[TycTh cooTnolleHite 1iMeeT BHA

Frdby=ayf(nd-k—1)+F ...+ asf (n). (29)
CocraBbiseM XapaKTCepHCTHY€CKOe ypaBHemnile
I‘k= alrk"‘—{— e +ak.

Ecan Bce KOpHH ry, ..., ry 3TOro aJjreGpanueckoro ypasHcunsi k-ii cre-
neny pasanyHbl, TO of6llee pellelHe cooTHouwenust (29) Hmeer BuA

f(n)=Ciri™ ' 4-Corf 1. - Cpriy™

Ecan ke, HampuMep, ri=ry=...=f,;, TO 3TOMY KOPHIO COOTBET-
CTBYIOT pellleHHst
1 1 -1 n-1
y=ri"Y () =nrf"Y f(ay=n*"Y L Fo(n) =nSTM

pekyppeHTtHoro cootHowelns (29). B o6uweam pelllenud 3TOMY KOpHIO
COOTBETCTBYET 4acTh

e Con+Cp® ...+ Cn* Y

Cocrapasisi TakHe BLIPAXKeHHs M5 BCeX KOpHeli I cKiaapiBasi HX, MO.ay-
yaeM ofllee pellicHiie cOOTHOlIEHHsT (29).
Hanpuvep, pellnyM peKyppeHTHOe COOTHOLLUEHIIC

[(n+4)=5[(n+3)—6[ (n-2) —4f (n + 1)+8f (n).
Xapamepucmuecxoe vpaBHeHHe HMeeT 3.1eCb BHI
—5r3-}-6r2-}-4r —8=0.

Pewas ero, nojyuyaeM KOpHH

r=2 r,=2 ry=2 r,=—L

31]8‘”11‘, ofiuee pcllcHile Halllero COOTIOWCHHA IIMEeT cnenylouuw“l
BHI:

f(n)=2""T[C, + Con + Cyn2] + Co(=1)" 1

[IpumeHeHHe TEOPHH PEKYPPERTHHIX COOTHOWerHM K BonpocaM nepe-
Bauyd MHGOPMAUHH.

Mbl yxke paccmarpuBaan (cm. crtp. 104) 3anauy o koJuiuecTBe pas-
JIMYHBIX COOCLUEeHHi!, KOTOphe MO0 NepelaTh 3a BpeMs T, eCiid H3BECT-
HO BpCMS Nepejaunl OTJCAbHLX CHrHajor. Ilpuw 3TOM MbI npuunig K pe-
KyppeHTHOMY COOTHOUIEII0

f(T)._f(T—t)—i—f(T—t2)+ AT —tp), (30)
npuuen f(0)=1 u f(T)=0, ecau T<O0.
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Bynem cuntath wucna T, fi, ..., {n UedniMI, W OGO3HauHM uyepe3
At, ..., Ax KOpHH XapaKTEPHCTHUECKOr0 ypaBHeHusl [AAsi COOTHOLIEHHS
(30). Torna ofuee pelielne ypasneHiiss NPHHAMAET BHA

[(My=CA +...+CL

IMycrs A — nanGoabwnfi no aGcoqaoTHON BeaHunHe H3 KopHefl xapax-
TepHcTHYeckoro ypasHenusa. Toraa npu GoabLiMx 3HauenusiX Bce cjarae-
Mble GyayT mpelleGpexiiMO MaJjpl HO CPaBileHHI0 C TepBbIM, 11 MBl 1O-
JyWiM, 4TO

T
f (T) ~ Cll.l .
3710 paBeHCTBO MO3BOJsET NPHOMUKEHHO OUEHHBATH YHCJIO cOOGHIeHHT,

KOTOPOE MOXKIIO nepefaTh 3a BpeMmst T ¢ MOMOWIBLIO NAHHON CHCTEMB
CHTHANOB. :

TpeTtbe pelleHHe 33/jauM MAXKOPAOMA

O6a peweHns 3aJayH MaxopAoOMa, C KOTOPHIMH MBI
BhIlLie MO3HAKOMHJIMCH, NPHBOAWIH K PEKYPPEHTHBIM COOT-
Howenusiz. Cefivac Mbi BhiBeAcA (opMyay, AalOLLYIO pelie-
HHE 3THX COOTHOIIEHMH, — (opMyay, MO3BOMSIOLIYIO cpa3y
MOJICUMTATL YHC10 CHOCOOOB MOCAaAHTb BPaXK/AVIOIIMX philla-
pelt 3a cToa1. Jlasa 3TOro BOCMOJBb3yeMcsa (OPMYJIOH BKJIO-
yeHH{i ¥ HcKaoueHu#. O6o3HauM uvepe3 ay cobbiTHe, cO-
cTosillee B TOM, YTO R-5i napa BpaXKAYIOLIHX MexXAy cobofi
puiuapeit cuaut psagom. [logcuutaeM, 4eMy paBHO
N(oy...ar), TG ecTb BO CKOAbKHX CJAy4asfiXx PSAAOM CHASIT
k map Bparos. [lepBylo mapy MOXKHO ycagHTb 3a cTOM 4n
cnocobamu (2n cnocobamu BLIOpaTb MecTo /IS OJHOTO, MO-
cajHTb BTOPOTO Ha CJelyIOLICe MO YacOBOH CTpesKe MecTo
M YuecTb, 4TO pbiltapeii MoxHo oOMeHsTb MecTamu). [lis
OoCTanbHbLIX pblilapell octaHeTcsi 27 — 2 MecT, HpUHuUeM iX
HaJo 3aHfATL Tak, 4ToObl BTOpAas, TPeTwsl, ... k-9 mapoi
BparoB okasajuch pagom. OO0beJHHHM 3TH Lapbl pbinapei
B oAHH «00bCkT». 3T k£ — 1 nap poiuapeit u 2n— 2k
OCTa/IbHLIX pobillapefl MOXHO IlepecTaBisfTb APYr C APYroM
(2n — k —1)! cnocobamu. Ecan B3aTb O/IHY 3 TaKHUX Te-
pecTaHOBOK M NOCaJHThb pbiuapcfl mo mopsaky Ha cpofon-
Hble MecTa, To BbiGpaHHbie HamMM k— 1 nmap Bparob oka-
KyTcd pAAOM. DTO YC/OBHE He HAPYWIUTCA H B CJyudae, ecaH
Mbl NMOMEHseM MeCcTaMH HeKOTOpPHIX pPSAOM CHASIWHX Bpa-
rop. Tak Kak Takite mepecajkH MOXKHO cienatbh 2F-1 cnoco-
6amu, TO Bcero moayuaem 4n2k-1(2n —k—1)! cnoco6os
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nocasku. Takum o6pasom, : :
N ...0)=2""n(2n—k— 1.

Mbl XOTHM HalTH, BO CKOJBbKHX CJlyuyasix HH OJHA INapa
BparoB He OKaXeTcs COCeAsiMli, TO eCTb BbIYHCJAHTD
N (ay ... o). Tlpunumas BO BHHMaHHe, YTO k Map MOXKHO

: R
BbiGpath C, crmocobami, moayyaem mo (opmyJe BKIIOUe-
HUA H HCKAIOYeHH, YTO

A":N(all ce a;)::
ot Cinan )1+ Cn 23— .
eve .(—l)kCﬁkarln(Qnmk— 1)!-}— cee (—])”2"“!1!.



FNABA VI

’

KOMEMHATOPHUKA U PAADI

MeTon pekyppeHTHBIX COOTHOILEHHI MO3BOJfET pellaTh
MHOTHe KomOuHaTopHblie 3aiaud. Ho B uesom page cay-
yaeB peKyppeHTHble COOTHOLIEHHSl AOBOJbHO TPYAHO COCTa-
BHTb, a ellle TPYAHee pelWHTb. 3a4acTyl0 3TH TPYAHOCTH
yraetcsi of0OHTH, HCMOJb30BAB TNPOM3BOAALIME (DYHKLMH.
TlockosbKy ToOHSITUE NpOU3BOAsUlell (QYHKLMM CBSI3aHO
¢ OeCKOHeYHbIMH CTEMeHHLIMM psilaM4, HaM NpUAeTCs cHa-
Yyaja NMO3HAKOMHUTLCA C STHUMH pAAaMHU.

HeneHue mMHOrouneHos

UuTtaTenb, KOHEUHO, 3HaeT, Kak JensT APYr Ha Apyra
Mmuorounensl. Ecau 3apanbl aBa muorousesa f(x) u ¢(x),
TO BCeria CyulecTBYIOT MHOTOUJeHbl ¢(x) (uacTHoe) Hur(x)
(ocratok) Takwue, uto f(x)=@(x)g(x)+r(x), npuuem cre-
neHb r(x) MeHblue cTeneHd @(x) wau r(x)=0. IIpu 3Tom
f(x) nasviBaetca Oeaumoim, a @(x) Oeautenrem. Ecau xe
Mbl XOTHM, uTOGbl AeseHHe BLIMOJHAMOCL §e3 ocTaTka, To
npuAeTcs AONYCTHTb B KauecTBe YacTHOTO He TOJIbKO MHOTO-
YJeHbl, HO H OeCKOHeuHble cTeneHHbie psAbl. [las moayue-
HHA YacTHOTO HaJ0 PacCHoJoXKHTb MHOTOUYJeHbl MO BO3pa-
CTAIOLHM CTeNeHAM X H JIeNUTb <«YTOJKOM», HauyHHad
¢ MJAaJmWHX ujseHoB. PaccMoTpum, HanpuMep, Aedenue | Ha
1 — x. Mbl-umeeM ’ :

1 |l —x
Flxx I x4x24 ..,
X
Faxtx?
x2
Fx2x x3

X3,
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SIcHO, 4TO mpolecc AeJeHHs HHKOrAa He 3aKOHYHTCSA
: 1
(Tak ke, Hampumep, Kak NMpu obpalleHuy uncaa —x B Gec-

KOHCYHYIO JAeCATHUHYI0O Apo6b). C mNOMOWBI HHAYKLUHH
JIETKO Y6efnTbcd, 4TO BCe KO3(@ULUEHTH YaCTHOrO paBHbI
eauHnue, IlosToMy B KayecTBe 4HacTHOro mnoJsyyaetcs Oec-
KOHEeYHbIH psij

1+ x4+324 ... 4+x"4 ...
BooGue, ecan f(x) u ¢(x) ABa MHOrouJeHa:

fX)=ay+ ... +a,x", ox)=by~+ ...+ b,x",

npuueM CBOGOAHbLIN ujeH b, MHOrouseHa ¢(X) OTJIHYEH OT
Hyns, by0, To npu Aenenuu f(x) Ha @(x) noayyaercs
GeCcKOHeUHLI! paf

Cotox— o opxt. .. (1)

Hanpumep, eciu B3dTb Te e MHOroujenn f(x)=06x%—
— 22+x+3 u @(x)=x2— x+1, 4TO U Bbille, TO NMpH HO-
BOM croco0e fiesieHUs MOJyuaeM
34+ —2x2-46x° 1—x 4 x?
F3+3xF3x2 3Fdx— 2 2 oxt ...
4x—5x246x2
+4x +4x2F4x8
—x242x°
+x2x a3+ xt
x54-x*
Fxikxix s
2xt—xb

Takas e kKapTHHa GyaeT HaGa04aTbCs BO BCeX Cayyassy,
koraa bo#0 u r(x)==0. Jluwp B cayuae, Koraa f(x) ne-
auTca Ge3 octatka Ha @(x), pax (1) obpuiBaeTcs W Mbl
nosyyaeM MHOTOUJIEH,

AnreBpauueckme Apo6u M cTeneHHbie paAgbl

I1pu feneHun MHorouneHa f(x) Ha MHorousneH ¢(x) Mbl
noayuuau GecKOHeuHbifl cTeneHHoll psiA. BosHukaet Bonpoc,

5 f(x)
KaK CBSi3aH 3TOT psj ¢ aarebpanyeckod ApoObio

o 1O
eCTh KaKof CMBICJ MOXKHO NMPHAATb 3aMHCH
f(x)
(P(x)zco—{—clx—}—...—{—c,,x”—{—... ()
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PaccMoTpuM, HanmpuMep, pasJoxKeHHe
. 1 N N . . .
——:—;:1+-x+x?+...+x”+... 3)

Mpl He nHuieM 34ecb 3HaKa PaBeHCTBA, TaK KaK He 3HaeM,
KaKoH CMBIC/I MMeeT CTOsIUas cripaBa CyMMa 0eCKOHeyHoro
yhcsa caaraeMbiX. YtoGbl BLIsICHUTb 3TO, monpo6yeM NOA-
CTaBaaTb B o0e uyacTH COOTHOWeHHsa (3) passHuHbie 3Ha«

yeHus x. CHauana MOAOKHM X = . Torpa neBasi yacTh

v
10
COOTHOIIEHHSI MpHMET 3HAauehie —-, . a MpapBas TNpeBpa-

TUTCS B GeCKOHeuHH YHCa0BOi sl
14+0,14001 +~...40,000...01+...

Tak Kak Mpl He yMeeM CKJaaAbiBaTb 6eCKOHeUHO MHOTO ¢Ja-
raembix, nonpofyeM B34Tb CHayaJaa OLHO, MOTOM — ABa, MO+
TOM — TPH U T.[A. cjaraeMuix. Mpl MOJYYHMM TaKHe CYMMBI;
I; LI LI .. LD .. ;... $lcHO, 4TO ¢ BO3pacTaHHEM I
[T e
n efMHUL.
10
3TH CYMMBI NPHOJAHIKAIOTCA K 3HAYEHHIO —g————l,ll
KOTOpOe TpuHsiIa JaeBasi 4acThb COOTHOIWeHHs (3) npn
X == -'1—6- .
To xe camoe noaydutcs, ec:m BMECTO X NOACTaBITb
B oGc wacTH paBeHCTBA (3) UMC/IO 5. JleBass yacTb paBeH-
CTBa NMpHMET 3HaueHue 2, a npasa;{ npespaTtutcs B 6ecko-
o o 1 1 1 1
Heunul ymcnosolt paa 1+ 7—{——2 —{—§+ e —{—3,,——*—
bepsa nocneguBateanHO 0AHO, ABa, TPH, YeThipe, ... Caraes
1
MbIX, Mbl MOJYYHM yHcAa l; 13; 17: 1§, cee, 2——‘2;.

SlcHo, 4TO ¢ BO3pacTaHHeM 1 3TH 4YHCAA CTPeMATCS K
umeay 2.
OaHako ecaii B3aTb x=4, TO JieBasi 4acTb PaBeHCTBA

1
(3) nmpuMeT 3HaueHlie — 3 4 B MPaBod moayuus psx 1+

+4+4°+ ... +474 ... Ecan nocefoBaTebHO CKJadbis
BaTh YJeHB 3TOr0 psAAa, TO nOJyuyawTca cyMmol 1; 5; 21;
85; ... JTH CcyMMbl HEOTpaHIUEHHO )BEJIH‘H/IBa!OTCﬂ H He

npuéanaIOTCﬂ K uHcay — 5.
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Mpl BCTpeTHaNCh, TAKUM 06GpasoM, ¢ ABYMS Caydyasmd.
UTto6Ll pasiuuars STH CcJayya, BeedeM ofbuiee MOHSTHE
0 CXOAHMOCTH M pacxoAuMocTn uucsoBoro psiza. [lyctb 3a-
JlaH OeCKOHEUHbLIH YHCa0BOH psj

a +ay4 ... +a, 4 ... ' (4)

TosopAT, 4TO OH cxodurca Kk uucay b, ecau pasHocTb b —

— (a\+a:+ ... +ap) cTpeMHTCS K HYJIO NPH HeorpaHH-
UCHHOM YBeJHuYeHHH n. VHBIMH cl0BaMH, Kakoe Obl 4HCAO
>0 Mul HII yYKa3aaH, OTKJAOHCHHe CYMMbI O+ ... +a, OT
b, HauHHas ¢ HEKOTOpPOro Homepa N, OKaXeTcsi MeHblle &:

[b—(a;+... 4+ a,)|<e, ecan n>N.
B 3ToM cayuae uucho b mHasuBaT cymmou GeckoHeuHO20
pada a;+ ...+ a,+ ... n OHIIYT
b—=a,+...+a,+ ..

Ecau He cyutecTsyeT umcaa b, Kk KOTOPOMY CXOAHTCA Aali-
HLiT psa (4), 10 3TOT pAA HAa3BIBAIOT pacxodauiumcs.
IMposeaenHoe BHIUe HCCJel0BaHHe NMOKa3biBaeT, UTO

10
..(3-=1+O,1 +0,014+...40,00...01 +...,
1 1 1
2=1+7+—4——{—...+—2ﬁ+...,
B TO Bpems Kak paf 1+44164... +4" 4 ... pacxoauTcs.
bBosiee TlaTeabHOe HCCaeA0BaHHE NOKAa3biBaeT, UTO eCqaH
txi<l, To pan l4+x+...4x"+ ... CXOAUTCA K
a ecan j{x: <1, To OH pacxoAuTcs.
Yrodnl 10Ka3aTh 3TO yTBCPAKACHUEC, AOCTATOHIO 3aMEeTHTh, YTO
1— xt!
1+x+ ...+x"=——1———v—
it NTO npu A->-00 BuipaXcHue x™*! crpeMutes k nymo, ecan jx[<l1, n

kK Geckonewtoctn, ecan lxl =1, Ipuy x==1 nosywaem pacxoasmuecs
uneaonple paast b+Hl+ . o+l o8 T—14+ 00+l —14 ...

1—x

Hrak, ecau |x}<lI, 10
I n
—l—_—}—=1+-x—§~-...+x + ... (5)
OTMeTun, 4To paseHCTBO (B) — 3TO HM3BecTHas u3
WKOJALHOrO Kypca MaTeMmaTiiki dopmyaa AIs CyMMb Gec-
KOHeul10 yObiBalollefl reoMeTpPHYECKOH NpOrpeccHH.
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MuI BbIICHHAH, TakHEM 06pa3oM, CMBIC 3anHcH
1 ,
1—:-x—=1—{—x—{—...—1—x”—{—.

OHa nokasbiBaeT, YTO A5 3HAUEHHH X, J1eXKAallHX B HEKO-
Topoii o6aactH, a uUMeHHO npH (x| <1, crosAlHi crnpaBsa

pSA CXOAHTCS K T:l—x— ToBopsiT, 4TO BYHKLH — MpH

|xi<1 pa3naraetca B ctcneHHol paa l+x+4 ... +x"4 ..

Tenepb yxe MOXKHO BLIICHHTL H Oosiee OGLUHIT BOnpoc.
IMycts npu feneHuu MuOoroujeHa f(x) Ha MHOTOUJEH @(X)
NOJYYHJICS CTEeNeHHOM psij

CoFex—+ ... xt - (6)

OkasbiBaeTcsi, YTO TOTAA MpPH JAOCTATOUHO MAaJHX 3HAaye-
HusIX X psf (6) cxoautcs K f(x)/@(x).

PasMepnl 004aCTH CXOIHMOCTH 3aBHCAT OT KOpHell 3llamelaTe.d, T0
eCTh UHCea, PH KOTOPLiX 3HaMelaTeb obpaiaercs 8 Hyan. Mmemno, ecay
5TH YMCAA PABULI Xy, ..., Xk W £ — UAHMCHbLIEC U3 tHCCA i, oo, Ixad,
10 psia cxoautes B ob6aactn jxi<r. Hanpnmep, ¢yukuus l—x oopa-

maercsa B 1ydn NpH X=1, II MOTOMY pas’ioakeitie i P BEpHO .1iillib

npu |x<l. A ¢yukuna x?—7x+410 obpamacrcid 8 HylIb 0pH X;=2,
1 .

Ixj<2.

OTmeTHM, 4TO 1M OAMH H3 KOpHeil 3HaMeHaTels le paBeH HY.MO,
Tak Kak Mbl NPEINOJOMKHIH, YTO CBOOGOIHBI HICH 3HaMCHATe/NAd OT.IH-
ueH ot HyJas, i notomy ¢ (0) =be 0. .

Xo=05, H ﬁOTOM a3/q0xeHe J9 TR T T A CXo H’I‘Cﬂ. fpH
2=5, yp A X7 —7x 110 A b

WHbivi caoBamu, Beerfa ectb o6iacTe | x| <r, B KOTO-
poil BHITNIOJIHAETCH PAaBEHCTBO

f(l) L "
) =cotec X+ ... x4 (7)

B creneunle paibt MOZXKHO pasJarath e TOJbKO a.1re6pawxeckuc
}LPO()H, HO H MHOTHEC jApYyrHe (p)’HKII,H[[. B MmartemarHuyeckoM amaJjuse a0-
Ka3blBaloT, HanpHMep, Uto

x3 x5
sinx = x — '3—!*—}—?{‘—... (8)
H )
X Xt
cosx=1— 7!—"*——4—!—..- (())

Jas Hac 6y,-'lCT Hpe,ltTﬂB."lﬂTb HilTepec pasaoxeitte
x2 . x8
x=1+.’{'+ﬂ-+-§‘r+... (10)
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Hs dopmyaw (10) Biruio, uto

1
e=1+_1+—2T+—;—!+... )

beps nocratouno Muoro uaeHos paia (l1), nodyuaem 3uaueHue e
¢ moCofl crenenbio tToudocTH. [lepable fecATHUHBIE 3HAKH € HMCIOT BILY

2,7182818289045...

Vkamenm, uro paast (8), (9), (10) cxoastca npu Bcex 3uaue-
HHAX X.

OTMeTHM ellle CAeAyIOUlee BaXKHOE YTBEpPXKIACHMUE:

Dynxyus f(x) He mooceT umers O08Yx pPaA3AUYHLIX PA3-
AOXCeHULl 8 cTeneHMbLe PAOBL.

MHbIMH cioBaMH, ecau

fx)=a+ax+...4+a,x"+ ...
H
f(xX)=by+bx+ ... 4+bx"+ ...,

TO

- Jle#cTaMua Haf CTeneHHbIMM pAfaMMU

[Tepefifem Tenepb K AEHCTBIfAM HaJ CTENEHHBLIMH psija-
mi. [Tycts dyHkunu f(x) u @(x) pasjoXeHbl B CTeneHHuie
psbl

fx)=a+ax+...4+a,x"+4- ... (12)
"-

ex)=b+bx+ ...+ b x"+ ... (13)
Toraa

fx) +e@)=(a+ax+... +ax"+...)+
+(by+bx . b, x" ),

OxkasbiBaeTcsi, UTO cJaraeMbple B MPaBofl YacTil paBeHCTBA
MOXXHO MEepecTaBUTb H CTPYNONPOBATh BMECTE YJ€HbI C OAll-
HaKOBBIMH CTeMeHAMII X (3TO YTBepXKjeHue COBCceM He Tak
OUEBHJIHO, KaK Ka{eTcsi Ha NepBblfl B3I/l — BeAb B npa-
Boll YacTH paBeHCTBAa Yy HAC O€CKOHEUHble CYMMBI, a. B
GEeCKOHEUHBIX CyMMaxX MepecTaBjATb cJaraeMble MOXIIO
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RaJleKo He Bceraay. ﬂocne 3TOH neperpynnupoBKH Mbl MO-
JYUHM
F(X) + @ (%)= (@) + b)) +(a,+b)x + ...
’ n
cA(a, b)) X L (14)
Pan, crosmuil B npaBoil uactu paseHctBa (14), Haswl-
BaeTcs cyMMofi cteneHHuix psajgos (12) u (13).
[TocMoTplM Tenepb, Kak pasnaraercsl B CTelIIEHHON psl
npoussegenne oyHkuail f(x) # ¢(x). Mbl umeen
) Iz
FO ()= (ap-+ @t + ...+ aux"+ .. )X
Xby+bx+ ... +bx"+ ...). (15)
OxasbiBaeTcs, 4TO, KaK H B CAyuae MHOTOWIEHOB, Psibl,
CTOsIllHe B NpaBofl yacTi papeHCTBa (15), MOXKHO TOUJCH-
HO MEepPeMHOXHTBL (MBI ONmycKaeM JOKa3aTeJNbCTBO 3TOrO
yTBepxaeHusa). Haiizem psija, noayvarwolyuiics nocJae fo-
YJE€HHOTO nepemHoXKeHHs. CBOGOAHDIH uAeH 3TOro psja pa-
BeH aobo. Usenbl, cojepKalliue X, MOJAydyarTcsl ABaXKiAbl: NPl
YMHOXEHHII o Ha b;x u mpu }\mox(el-mn aix Ha bo. OHII
fat
agbx + abyx = (agh, + aby) x

TouHo Tak ke BblYHCJASEM UJEHH, COAepKaliHe x2:
Qb -+ @b, X2 -+ agbyxt = (agh, + a,b, + aby) x*
Boo6ute, K03 hULHEHT NpH x* HMEET BI
b, + b, oo F bt . b,
Takum o6pason,
[(X)P(X) = aghy + (aghy + @b x+ ...
oo (@b, + ... Fabyx"+ ... (16)

Psaa, croswmuil B npaBoil yactu paBeHcTBa (16), Ha3bl+

BaeTcsl npoussedenuem psdos (12) n (13).
B uvactHocTH, BO3BOAs psig (12) B kBaapar, moayuaem
[F(x)=aj+2a.a,x+(al--2a,a,) £+ 2(aa; + a,a) X*+ . .
(17)

[TocmoTpum Tenepb, Kak AeAsT APYT Ha JApyra CTeneH-
Hble papael. [1ycte cBoGoaHbT usten psiga (13) oTauuen or
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uyas. [TokaxkeMm, 4yTO B 3TOM cjyyae cylleCTBYeT TakoH cTes
HNeHHO! paA

Cotex—+ oo X+ L, {(1%)
YTO :
bo+bx+ ... +b6,x"4+ .. )X
X+ x+ oo X"+ )=
=ay+ax+ ... +ax"+ ... (19)

Jlna mokaszaTenbCcTBa MEPEMHOXKHM PSIABI B JI€BOH 4aCT:
3TOr0 paBeHCTBa. Mbl MOJMyYHM PSA

boCo—+(bge+b16) x+ oo - (bpc, =+ .. b)) X+ L

Jnst toro uto6Bl 3TOT psA coBmajan ¢ psagom (12), Heol-
XOAHMO 1l JOCTAaTOYHO, YTOOLI BLIMOJIHSJNCE PaBeHCTBA

boCo = ay»
boc, + b1y =a,;

boCp+ -1 b.co=a,

ITIl paBeHCTBa AAIOT GECKOHEYHYIO CHCTeMY ypaBHEHHil 13

OTLICKAHHSI KO3 UUHEHTOB ¢y, €y, .. ., Cq, ... . VI3 HEpBOTL
a

ypaBHEHIiA CHCTEMBl MOJyuaeM c0=—bﬂ . [ToacraBum no.1y-
0

ueHHOe 3HaueHHe BO BTOPO€ ypaBHeHHe. MBI MOJAYUHM ypan-

HEHHC )

bia,
by, =a,— be
aby — b,ag
H3 KOTOPOro HaxoAHM, YTO c1=——~—;2———. Boo6uie, ecau
J
yKe Haflfienel KO3GGHUUEHTbE Cg, ..., Cp—y, TO A OTLICKA-

HUA ¢, IIMEEM YpaBHEHHE
bocn =a,— blcn*l TToeee T bnc0'

D10 ypaBHCHHE Pa3pelIHMO, MOCKOAbKY bo#0.

HMrak, Mbl AoKasaau cywmecTBoBaHHe psaga (18), vao-
BaeTBOpsAIIero cootHouichuio (19). Panx (18) HaswiBalor
YyaCTHBHIM NpH AedaeHHH psapoB (12) u (13). MoxHO noKa-
3aTh, UYTO OH . MOJYYaeTCs TNPH Pa3JOXKEHHH QYHKLL}
f(x)/9(x). Takum- obpasoM, CTENEHHBIE PSAALI . MOXKI0

Ty



CKAALIBaTh, YMHOXaTb H [A€JHThb (MOCJeJHee — NMPH YCJ0-
BHH, YTO CBOOOANBIH UYJI€H AE/IHTENs OT/JHYEH OT HyJs). DTH
HEHCTBHA COOTBETCTBYIOT AEHCTBHAM Han pasniaraeMbMi
OYHKIUAMHY, ’

OTMeTHM, YTO Tenepb Mbl MOMEM HHaue HCTO.IKOBATD
CMbICJ Pa3JoXXeHus

ay+ ... Fax® f
Y =c+o+ ... x4 o0 (20)
OHO' 03Hayaer, 4TO Pl Co+Cix+ ... +Cpxh+ ... noay-
yaercsl PH AeJNeHUH KOHEUHOro CTEMeHHOro psifa do+ ...+,
+a,X" Ha KOHEYHBIl CTemeHHOH pax b+ ... + o,
WIHEIMH ci0BaMH, 3TO paBeHCTBO 03HAYAET, UTO

b+ ... —{—b,,Lx’”)(cO—{—clx—{— coe o4 L )=
=a,+ ... +ax", (21)

rjle Npou3BeieHHe B JIeBOil YacTH PaBEHCTBA ONpeAessercs
1o gopmyae suna (16).

MNpumeHeHne crerneHHb!X paaos
ANS AOKa3aTenbCTBa TOMASCTB

C nomMoUlbI0 CTENEeHHBIX PAAOB MOMKHO JOKa3biBaTh MHO-
rie ToxiectBa. Jlada atoro 6epyT HeKOTOPYyI® (PYHKUHIO H
nByMsl cnocobaMH pasjaraloT ee B cTeneHHOH psafa. [lo-
CKOJIbKY QYHKUHSI MOXeT OblTh NMpeACTaB/eHa JUIIb €IHH-
CTBeHHbIM 00pa3oM B BHAe CTeMeHHOro pspa, To Koadpou-
LMEHTBl NPH OAMHAKOBRIX CTemeHAX X B O0O0OUX pagax
JOJKHBl COBNaiaTb. JTO W MNPUBOIUT K JAOKa3bBaeMOMY
TOXKIECTBY.

PaccmoTpuM, HanprMep, H3BeCTHOE HaM pasJjoXKeHHe

l—l—x =1l4x+x2+ ... +x"4 ...

BosBoas o0e uacT# 3ITOro pas3iOXeHHs B KBajpar, MOy«
yacm

T = 123t L (e D (22)

Ecau 3aMeHHTb 3JieCk X HAa —X, TO NOJYUHM, UTO

1 — 1 _ _ 1\ 1t /
T =123 — L (1 (e D) A (22)
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ITepeMHOXHB pasaoxeHus (22) u (22'), BHIBOAKM, UTO

! 1
T e = H =) +2 1] x+

+[1-34+2(—2)+3-1]x*+
vor 1= D) 2(—D"n 4 .
A=) D X L (23)

OueBHAHO, YTO KO3 (UUUEHTH NPH HEYETHBIX CTENEHIX X
obpalialTcs B HyJb (KaXAoe cjaraemoe JABa{Abl BXOAHT
B 3TH KO3(OUUUEHTL C MNPOTHBOMNOJNOMXHBIMH 3HaKaMH).
KosdduuueHt Ke npu x2* paBeH

1@n+1)—2.2043@2n—1)— ... +@2n+1).

1 :
Ho ¢yHkUHIO T =2 (L x)7 MOKHO Pa3NOXHTL B CTe-
NEeHHOH psA U UHBIM O6pasom. Mb HMeeM
1 1
(I—x2(14x2  (1—x) "

A pa3aoxeHue AJd a ‘[oJIydaeTCsl H3 pPasJOXXCHHUS

._x2)2
(22), ecid 3aMeHUTDL B HEM X Ha xZ

-a—__lx—i,)z,—=1+2x2+3x4+ oAl L (24)
Mebl 3HaeM, YUTO HHKaKas (PYHKLHS He MOXET HMeTb ABYX
pasnuyHBIX Pa3NOXKeHHH B cTeneHHbie paAab. [lostomy ko-
3G GHUEEHT NPH x2" B passioXeHuH (23) AOMKEH paBHATLCA
Ko3dduuueHTy npu x** B pasanoxkenuu (24). Orcioga BbI-
TeKaeT CJeAYIOLIee TOXKACCTBO:

1(2n+- 1)——2 2n +3(2n—1)—
+(2n+1) l=n-+1,

fpouseoAsiymue hyHKLUM

A Teneph MB YK€ MOXEM NEPEATH K OCHOBHOH Teme
3TOfl rJlaBW — NOHATHIO npousBodsauteit ¢yukuuu., Ilycte
JaHa HEKOTOpas MoC/aAeJ0BaTeNbHOCTb YHCed Qg Qi ...
veu Qn, ... OO6pasyem CTeNeHHOR pAA

ay+a X+ . a4 ...
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Ecay 3ToT paAf cXoauTcs B KakoH-1o 00/1acTH K (QYHKUNH
f(x), T0 3Ty GOYHKUHIO Ha3BBAWT Apoussodaujeld nis mNo-
c/1eflOBaTe1bHOCTH YHCEN dg, A1, ..., dn, ... . Hanpuuep, 13
topmyanl
: 1
1l—x

=l+x+ ... +x"+ ...

1 .
BBITEKAET, 4TO (pyHKIIIIﬂ T—x ABJACTCA HNPOH3BOASLICH

JUist nocacaoBatensHocTH uucen 1, 1, 1, ..., 1, ... A dop-

myja (22) nokasblBaeTt, yTQ A/ NMOCA€A0BATEIBHOCTH Ulii-

cea 1, 2,3, 4, ..., n, ... npousBoasieil apasercsa ¢yHkK-
1 :

.

Wi T

Hac 6yayT uHTepecoBaTh NpOH3BOASILHE (GYHKUIH AJ5
nocjseoBateabHOCTe# do, Ay, ..., Qn, ..., TAK HJIH HHaye
CBAI3aHHBIX ¢ KOMOIHATOPHbIMH 3ajauamH. C OMOILBIO
3THX QYHKLUME yAaeTcsd NOJyuaThb CaMble pas3Hble CBOHCTBY
3THX NocicloBaTtebHOCTEl. KpoMeé TOro, mMbl paccMOTpHM,
KaK CBA3aHbl NPOH3BOAAIIHE QYHKLUHMH C pelleHHEM peKyp-
PEHTHBIX COOTHOLIECHHH, '

BuHoM HbloTOHA

Ceftyac Mol NOJMYYHM HpOI/I3BOlIﬂUl0yIO (byHKuHIO A4 KO-
i I

HeuHoll nocaegosateapHoct ukcea Cp, Cu.. ., Ch.
VI3 HauanbHON anre6pbl H3BECTHO, YTO

(@4 x)P=a*+2ax+ x*
(@ x)P=a®-+ 3a’x + 3ax?-- x5,

DTu paBeHCTBA fABJAIOTCS YaCTHbIMU caydasimu Gojee OG-
mefll Gopmyawl, fawoiiell pasjoxeHHe AJas (a+x)*, 3amus
wem (a+x)" B BHAE _

(@+xy'=@+x)a+x) ...(at+x). (25

n pas

Packpoem cko6kH B npaBOf 4aCTH 3TOrO PaBEHCTBA, MNpH~
yem OyJeM 3anMcbiBaTh BCE MHOMXKHTENH B TOM MNOpPSAKE,
B KOTOPOM OHM HaM BcTpersites, Hanpuwmep, (a-+x)? 3anu-
meM B BUAE : .

(@ +x)=(a+x)(a+x)=aa+ax+xa+xx, (26)
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a (a+x)®—B Buje
(@ +xP =(a+ x)(a +x)(a +x)=
=gaa-+aax+axa +axx 4 xaea -+ xax + xxa -+ xxx. (27)

Buano, uto B ¢dopmyay (206) BxoaaT Bce pas3MelleHIA
C MOBTOPEHINSIMH, cOCTaBJCHHLE H3 OYKB X II @ N0 ABE OVK-
BBl B KaMjioM pasMmellcHil, a B dopumyay (27) — pasme-
IeHN ¢ MNOBTOPEHHAMI M3 TeX Ke OYKB, HO cocrodiuHe
H3 Tpex Oykn kawjoe, To xe camoe OyieT u B obueM
cyuae — nocAe packpuituf ckobok 8 opmyae (25) mut
nOAYHUM  BCCBOIMONCHDIE PA3MEWEHI € NOBTOPEHUAMIL
6yxs x. u a, cocroauue U3 n 3.1e MEHTO8.

[TpuBesem Tenepb nozoGHele udeHbl. [To1OOHBIMH OYAYT
YJIeHBbI, COJepaKalilHe OHHAKOBOE KO.JI4ecTBO OYyKB X (TO-
ria n OykB a B HIx Oyner moposHy). Haililleys, cKojbKo
6yaeT uJeHOB, B KOTOpble BXOANT kR OYyKB x H, CJeA0Ba-
TeNLHO, 1 — Rk GyKB a. DTH ujielibl SARJIAIOTCA NepPecTaHoB-
KaMi C MNOBTOPEHHSIAH, COCTaBJIEHHBIMH 13 R OVKB X i
n—k 6yks a. [Tostony no gopmyae (5) raaBwl 11 ux unc-
J0 paBHO

n!
TR (n— k)

Pk, n—k)=Ck=

Otcloga BhITeKaeT, uTO 1nOCJ€ NPHBENEHUA NOJOGHLIX
unelloB BhlpaxkeHuwe xkan—h Boilger ¢ KO3 uUHEHTONM

1
Ch= A (-nﬁ. HTak, Mbl 10Ka3aJH, uTo
x)' = Cha" 4 Cha" 'x +
v G TR L O (28)

PapenctBo (28) npuHsaTo HasbiBaTh GopMy.aoit GuHOMA
Hbiotona. Ecau nonoXxute B 3TOM paBeHcTBe a=1, TO no-
JAyUHHM

(14+2)"=Ch+Chx + ... +Chx"+ ... 4 Cix" (29)

Mbi BHAIM, 4TO (1+x)“ ABIAETCA Mpoli3BoAsled GyHK-
wneft aas uncea Cr, £=0, 1, ..., n.

C nomMolkIo 3TOfl NPON3BOAsALLeli QYHKIIM MOXHO CpaB-
HHTEJIBHO NMPOCTO A0Ka3aTh MHOrie cpoficTBa uiicesa Cr, Kko-
TOpble ObIIM MOJYYCHbl PaHee ¢ MOMOIULIO JOBOJABHO XHT-

PHIX pacCy>XACHHUIL.
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Hoxaxem cnauaJa, uro
% k E-1
Cn.{l'—c”“{"c” . (30)

Jl.iga 3TOro MOCTAaTOYHO YMHOXHTE o00e YacTH paBeHCTBA
(29) Ha | +4x. MBI MO.TY4HN, YTO :

(14x)"" =
=(Ch+Chx+ .. +Chixf 4 00 4+ Cix") (1 4 x).

BrhipaxkeHue B JieBofi YacTH 3TOro paBeHCTBa CHOBa pas.io-

KuM 1o 6unoMmy Heiotona. TosbKo mnpuaercs 3aMeHHThb

B (opmyne 6uHoMa n Ha n+l, TTostomy ko3¢ ¢puLHeHTOM
k .

npu x# Gyner Cnp1+ B mpaBoit ke uyacTH mpu pacKpbiTHH

CKOGOK uJieH, cofepkKalluil x*, MOABATCA ABaXKIbl: NPH YM-

kK k k-1 k-1
HOoXeHHH Cpx” Ha | u npu ymHOXeHnu C, X Ha X.

ITostomy Ko3duurenT npu x* B npaBoii uacTH paBeHCTBA

iveet Bug Ch~+CE~'. Ho caesa u crnpaBa AOJIKEH CTOAThb
OJUH U TOT XKe MHorouw/ieH. Ilostomy Ko3pduUHeHTB! NpH
xk cneBa W cnpaBa AOJXKHBI OBITH OZMHAKOBBHIMH. DTO H
JIOKa3kLBaeT, uTo Q,’i“ = C,’§+C,’§‘1.

Ha crp. 53 mMpl jokasanu 3to paseHctBo. Ho Tam mo-
TpeGoBauch KOMOUHATOpHBlE paccykaeHusi. TouHo Tak e
CPaBHUTEJNBHO CJIOKHO Ha CTP. 53 OBIJIO A0KAa3auo, 4To

2" =Cr+Cht ... +Ch4 ... +Co (31)

A ¢ nomowrio ¢opmyas (29) AOKasaTeNbCTBO MPOX0-
JAHT MTHOBEHHO: JOCTAaTOYHO NMOJOXHTH X=1. A ecsu noJjo«
XKHTb B 3TOM PaBeHCTBE X=— 1|, TO MOJYUHM, YTO

0=Cr—ChtCo—Cht oo (1) Ch ... 4 (—1)"Ch.

o k
Huoimu caosamu, cymma snasenuid Cn ¢ veTHoiMU kB pasHa
v R
cymme 3nauenuli Cp ¢ HeweTHoIMUL R:

Cod-Cotd-Cad vvo +Cm 4 ...
vee =Ch+Co4 ovo +CY L L) (32)

Ofe cyMMBl KOHEUHBI, H OOpBIBAIOTCHA, KOTAa 2M, COOTBET+
CTBEHHO 2m + 1, cTaHeT 0oJibliI€ 7.

JIIOGONBITHBLH Pe3yabTaT NOAYYATCH, €CAH TMOJOXKHTh B
paBenctse (29) x=i, n=4m. TlpocToli noacuetr MOKa3bl«
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BaeT, uto (l+i)=—4. Tlostomy (I+i)"=(—4)" Mu
nojayyaeM, TaKHM 06pa3soM, paBEeHCTBO '

(—4)" = Cin + Clinl + Cini® + Cini® +
- Cinl* 4+ ... 4 Cini*" =
= C4m -+ C4ml - C4m —_ cgml + C4m + e -+ C4m-

Otaensas B 3TOM pPaBeHCTBE llef[CTBPlTe.’lele H MHHUMbIE
HacTH, NPpHXOAHM K TOXKAECTBaM i

Cfllm - cfim ‘+ CZm e c4m_% 1 (33)

Ct(l)m — C%m + Cgm "’i" e =+ cﬁrnr: = (_4)”1 (34)
Pasbepurte camu, Kakpue TOXKAECTBa MNOIyyaTcs, ecjad MO+
JOXKHTb n=4m+1, 4m+2, 4m 3.

Jlerko MokasaTh ¢ MOMOLIbIO Npon3BoAsliell yHKLHUH
H paBEHCTBO

Crim=CoCo+CiCh 4+ 0. +CriCTF 4 ... - CCi" (35)

: -k
(npu s — k<0 3gecn nonoxeno Cr, =0); 1o3TOMYy Ha ca-
MOM Jene k MeHseTcsd oT O A0 HaHMeHBIIEro U3 4YHcel
m, n). JIna moxkasaTe/bCTBa HaAO B3AThb pa3joxKeHHA

(14x)"=Co+Crx+ oo +Cix+4 ... +Cox™
(Q4x)"=Ch+Chx+ ... +Cox’+ ... +Chx"

H NEePEeMHOXKHTD JIEBBIC Il MPaBbi€ YaCTH 3THX PABCHCTB. Mut
IMOAYyUYHM, UTO

(14 x)"*"=[Ch4Chx+ ... —‘k(,‘ﬁxk—}— oo 4+ Cix"] X
X[Ch+Chx+ oo +Chx*+4 ... +C2x™].

A Tenepb mplHMeHHM K JieBOH YacTH ¢opmyay OuHoma Hrlo+
TOHa (AJA MoOKa3aTess n-m), a B NpaBoOfl YaCTH pacKpoeM
cKoOKkH. Ecau cpaBHHTB KO3(GHUHEHTH! NpuH Xx* cJaeBa H
crmpaBa, KaK pa3 MojayuuM paBeHCTBO (35). YacTHeiM cay=
yaeM 3TOro paBeHCTBA ABJAETCA

Ch=(Cof +(CLY + ... +(Co) (35")
(HamoOMHHM, UTO Ct= Cﬁ"k)-
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NonuHomuanbHan popmyna

[Tpumensia dopmyny 6unoma HeloToHa, momHO pasao-
XKiuTh 1t 60/lee CJA0KHBIE BBIPAKEHIIs, HAallpHMep Takiie, Kak
(x+y+2)* Urcnno,

-yt ) =[x +y)+zl'=
= (x-+y) - Cix o) 2+ Cix +yy 224
+ Ci(c -ty 2° + Ciz"

Paszaoxnm Tenepn (x+y)Y, (x+y)3 (r+y)? cHoBa no
Gopmyiae OuHoala Hlotona. Mbl mo1yuia, uTo

(X Ay 2) =Xt gt 2t A8y - A% - Ayt
- 41Pz i 4x23 - 4yz3 4+ 6% 4 6x%22 -
+ 64°2% + 12x%9z 4+ 12x4°z + 12xy2%.  (36)

Ho Ttakoii cmocoG canuikom caoxen. C ero HoMOLLbIO
TPYAHO Cpasy OTBETHTL Ha BOMPOC: ¢ KakKumM KodhHuueH-
TOM BXOAUT B pasdoxeHile (x+y-+2)% uien x2y'23? JKeaa-
TC.IbHO NMO3TOMY BBIRCCTII OPMY.1Y, cpa3y Aalowyio pasno-

YKCHHE AJ51 BhIpadeHns

(xl '4." Xy + e + xm)n' (37)

A1y dopMmyay HeTpyiHo yragaTte. llpu goKasaTeibcTse
dopmyaul Ouxoma IblOTOHa MBI BHIEAM, UTO B pasaoxe-
wun (a-+x)" uaen xfat-k pxoaut ¢ Ko3hdHLHEHTOM
P(k, n— k). MoXHO npeano.JoxuTb, 4TO B é)a3JIO)KeHHH
(xi+x2+ ...+ xu) " KO3pdUIIEHTOM IPpH X ‘xiff xfnm
6vier P(ky, ks, ..., ky). Mul poxaxem cefiuac, uto geao
00CTOHT UMEHHO Tak.

B cavom neae, samnuiem (x;+x:+ ... +xy)}% B BlAE
NPON3BEACHIISl 711 COMHOXKNITEACH 11 pacKpoeM CKOOKH, Bbl«
MIICBIBAA BCE COMHOIKUTCAI B MOPSIKE 11X HoABIeHId. fcHo,
YTO OpH 9TOM MNO.Jy4aTCsl BCEBO3MOXKHLIE pa3MellleHHs C Mo«
BTOPEHHSIMH, COCTaBiAeHHble H3 OYKB Xy, X», ..., Xp, Takue,
4TO B KaKoe pasiemienie BxoiuT 7 OykB. Ho HekoTophie
H3 3TIIX pasMelleHHH AaAyT nogoGHble 4.aeHbl. Tak Oymer,
ec/1if B HepBOE pasMclicHlic KaXk1ad OykBa BXOAHT CTOALKO
J}e pas, CKOABKO 1 Bo BTOpoe. TleaTomy, uto6ul HAHTH KO3®-

k k Lk
GUUHEHT mpnX;'X,2 ... X, ™, 11310 COCUIITaTL, CKOIbKO pas-

MCLUEHHH C TOBTOPEHHAMH cOAepxkaT k; pas OYKBY xy, ki
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pa3 OyKBY X, ..., ki pas OyKny X,,. SflcHo, uTo Kaxioe Ta-
K0€ pasMelleHHe sIBJASETCH NEPEeCTAHOBKOH C MOBTOPEHIsIMII

13 ky OYKB xi, Ry OYKB X, ..., By OYKB X,. Hucsao Taknx
nepecTaHoBOK Mbl o0o3Hauaau P(ky, ks ..., ky). Hrak,
NefiCTBHTEAbHO, KO3PODHUHEHTOM NpH xl’°1x§2 co. X0 B pas-
JOXeHnH polpaxKeHus (37) cayxut P(ky, ko, ..., ky) (rae,

pasynmeercd, ky+ky+ ... +k,=n— Beap B KaXKAblll 4JACH

PasaoXKeHHs BXOAHT O OAHOMY 3JAeMeHTy H3 KamIoH

cKOOKH, a oflilee UMCJIO MEpPeMHOXKAeMBIX CKOGOK paBiio 7).
[lokasaHHYl0 HaMH ¢OpMYy/ny MOXKHO 3alHCaTh Tak:

(K X+ o xy) =

= PRy, hy ooy k)X XD L Xem, (38)

1
rie CymMMa paclpocTpaHeHa Ha BCEBO3MO:KHBle pa30lCHHA
ki+ke+ ... +ky uHCJa 7 HA M UEABIX HEOTPHUATCALHBIX
caaraembix. Hanomuum, uto

N Y
Plhy by .y k)= L1tk mL (39
(ki ey ooy R AT (39)

SICHO, UTO ecaM UMCAa Sy, ..., Sp NOAYUAIOTCA 113 YHCCA
ki, ..., Ry nepecTaHoBKO#, TO P(Sy, ... Sm) =P (k1 ... k).

ITostomy, Hanpumep, B pasaoxeHnun (36) koaddHUHEHTH
npu x%yz u xyz? ofHHAKOBEL, DTO 3aMevyaHHe 0OseriaeT Bbi-
michiBaHNe unaeHoB pasjoxenns (37). Iocratouno wafiti
KO3 GHUUMEHTH a5 TaKUX pasOneHuil n=~Ry+ks+ ... +k,,
uTO ky 2> Ry 2 ... 2 ky, @ NOTOM MepecTaBAAThH MOKa3aTeqH
BCEMH BO3MOMKHbLIMH crocoGamu.

Hanpuwmep, souncaum (x+y+2)°% Ecanm He yunThsath
1OPAJOK c/1araeMblX, TO UHCJ0 5 MOXKHO pa3OHuTh Ha 3 caa-
raeMhlX MATBIO cnocoBami:

5=5+0+40, 5=4+1+40, 5=3-+2+40,
S5=3+1-+1, b5=2+42+41,
flo P(5,0,0)=1, P(4,1,0)=5, P(3,2,0)=10, P(3,1,1)=
=20, P(2,2,1)=30. IMostomy
(X9 +2P =2+ o + 2% +Sxly =4 Sxy' + 5x'z Dzt
5yt + dyzt + 10x3y% 4 10x2y8 -+ 10x322 -
-+ 10x%23 - 104322 4 10y°23 - 20x3yz -+ 20xy32 —+-
~+ 20xyz® + 30x%y2%2 + 30x%yz? + 30xy°22
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®opmyna (38) no3BosasieT JAErKo A0Ka3aTh HEKOTOpHIE

cpofictBa uucen P(ky, ks, ..., ky). Hanpumep, ecan modo-
KUTb B 3TOH (opMyle Xy=txo= ... =4x,=1, TO MOJAYUUM,
410

mt =P (kg -, k) (40)

3lech cyMMa pacrnpocTpaHeHa Ha Bce pasOHeHHs 4YHcaa 7
Ha m HeOTpHUATEJNBHBIX LeNbLIX cjaraemoix: n==~k;+ks+,
+ ... +ky, 1 MOPAAOK cjlaraeMblx YYHTHIBAETCA. -

Hanee, ecin yMHOXuThL 0Ge uactu paBeHctBa (l) Ha
Xy+x2+ ...+ Xy, IPUMEHUTL K JIEBOH YacTH AaHaJIOTHUHOE
pasjoxeHle, a B MpaBOf PAacKphITh CKOOKH, TQ TOJYUHM
aas P(ky, ..., ky) clepyioliee peKyppeHTHOE COOTHOLICHIE:

P(kl’ ky oo, km):P(kl—l: ky ooy k)4
+P(kl,. kg_‘l, ...., km)+ DR
.o —{—-P(kv By vuey ky— 1) (41)

Ecan ke mepeMHOXHTb 0o0e YacTH pas.joKeHHH

Fb o ) =P (R ky o, k) EGE L g

H
!

Gt Xt e X =P, by e, L)XpxE L X

U CPaBHHTb KOS QHLHUCHTEI B 06EHX YACTAX PH X[1X2 ..\ X7,
TO MOJIYYHM TOMKAECTBO '

P(rU Fgs vovy rm)= '

= X Plky, Ry eer, k))PUL Ly ooy 1) (42)
kp+lp=rp

3jech B MpaBoif YacTH CYMMHPOBAHHE pAacIpPOCTpPaHEHO Ha
Bce llesible HeOTpHLATe/IbHble YHCaa Ry, Ro, 0.y B Uy b, oo
oo Im Takue, uto Kyt kot ... +hp=n, L+L+ ... +l,=3
U kit+lL=r, kytlo=rs, ..., Ep+ln=rm Mb npepocra-
BJISIEM UHTATENIO MOJAPOOHO MPOBECTH COOTBETCTBYIOLIHE Bhi-
KAadKH.

Pasymeercs, dopmynnl (40)—(42) MoxHO G0 OBl MO+
JYYHTh H He MOJB3yAch npouspoisawelt ¢ynkuueii (38). Ho
B 3TOM cCjydae INPHILIOCL O TPOBOAUTH TFeOMETPHUYECKHE
paccyKaeHus, aHaJOrHuHble MpUMeHeHHHIM Ha cTp. 138, Ho
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He Ha IJOCKOCTH, a B n-MCPHOM TpocTpaHcTBe. [IpHieHe-
Hile e MpoH3BOAAlEH (GYHKUHM M03BOJASET MOJYUHThL 3TH
TOXK/JECTBAa aBTOMATHYECKH, BBINOJHAS JIHIIL HECJ0KHbIe
aarebpauuecklie npcodpasoBaHid.

Pag HoioroHa

Mbl HasBani, Kak 3T0 OOLIYHO AeAaioT B HIKOJe, (Gops
Myny maa (a4x)® Gunomom HewoTona. 310 Ha3BaHHeE C TOU~
KH 3peHHS HCTOPUH MAaTeMaTHKH HeBepHo. Popmyay nisa
(a4x)? xopowo 3HaAH CpeAHea3HaTCKue MaTeMaTHKH
Omap Xa#iam, Iuacaganu u ap. B 3anaanoit Espone 3a-
aoaro po HeloToHa ee 3nan buass Ilackaab, 3acayra ke
HuloToHa ©Oblia B HHOM — eMy yaajgoch 0606WHTL (op-+
Myay gans  (x-+a)® Ha caydadl HelledblX TMOKasaredneil.
ViMeHHO, OH JOKasal, uTo eciu a — NOAOHCUTEAbHOE HUC.10

|x|<a, 170 048 4100020 OelicTBUTEAbHO20 3HAYEHUS o
UMeeT MeCTO paseHCTB80

(Kt af =a® 4 ag® x4 LU D gute

e _+_ a(q_ll) '?z-..(cfk_k‘{“l) o—k k+ (43)

TosbKO Tenmepb NOJYYHJAOCH He KOHEUHOE UHCJIO cJarae-
MbiX, a OeckoHeuHbll psaa. B cayuae, Koria n — Hatypaib-
HOe uHc/10, cKoOKa (7 — n) ofpamaercst B HyJAb. Ho 3Ta
CKOOKa BXOZHT B KO3(QUIUHEHTH BCeX WIEHOB, HauyuHad
¢ (n+2)-ro, ¥ NOTOMYy BCe 3TH UJIeHH Da3/i0XKeHHS paBHbI
nymo. Ilostomy npu HaTtypasbHoM n pan (43) mnpespa-
L{aeTCsl B KOHEUHYIO CYMMY.

Mbt He 6ynem gokasbiBaTh Gopmyay (43) Aag Bcex 3Ha-
YeHMH o H PacCMOTPHUM JHMb caydall, Korga o — Lesoe
OTpHUATE/bHOE YHCA0, a=—n, B 3TOM cayuae noasexa-
1ag J0Ka3aTe1bCTBY (opMyJsa TNpHHHMAeT cJedylollHil
BIA:

n{n-41) PRl

(e =" e e ST 0T
_ﬁ(’l“%%{:ﬂa""’sﬁcs-i*
v (R R D g L 4y
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MHa'te 3T0 paBeHCTBO MOKHO MEpENHcaTh TaK:
R aa
—Che(E)+ o ) Chean () )

(seap Choyor= 28D (n+k—1))

X
IHam Oyner yaoGHee 3aMeHHT, — Ha —f ¥ AOKa3bBaThb
BaecTo (44°) caeayoliee paBeHCTBO

(1—£) "=14Cht+ Couflt .. +Ct st + ... (45)

[Tposeaem ZOKA3aTebCTBO € MOMOMIbIO HHAYKUNH MO 7.
[pu n=1 umeem Chip1=Ch=1un noTOMY JlOKa3biBae-
MOe COOTHOIUEHHe MNPIHHMAaeT cieyIOWlil BHA:

kA o . SN S (46)

Ho 310 — n3BecTHas copmysa ansa cymmbl OecKOHEUHOH
yObiBaiollledl reoMeTpHYecKol MporpeccHH (HaMOMHIM, UTO

[lpeanonoxum Teiiepb, YTO Y¥Ke JAOKAa3aHO paBeHCTBO
(45), u nokakeM, 4TO M3 Hero cjelyeT PaBeHCTBO

(I—t) " =14 Chiit+4Ch ot .. + CE Lt + .

(47)
Has storo yMHOxKHM o6e yacTH H0Ka3LBA€MOTO paBeHCTBA
(47) na | — ¢, Ecaun nocsie 3T0r0 MBl MONYYHM BepHOe pa-

BEHCTBO, TO H paBeHcTBO (47) umeer MecTo. Ho nocae
YMUOXEHU Ha | — ¢ MBI nosyvyaem

(11— "= [1+C,,+1t+ Chrsat + .
k-1 R
. CEhit +C,,+,¢t + ] —o.
Packpoem cxoéxu B NpaBOf YacCTH W npHBeAeM MOJ0GHbIe
YICHBI, CnaraeMble, collepxailine ¢k, noasaTcA  ABaK AL

Koria Cn+kt yMHOXaeTcs Ha | 4 Koria C,Hk 1k YMHO-
Kaetca Ha —{. [loatonmy Koacptpuuuem npit t* B npasofl
yacTil pasen

CrH R Cn+k 1= Cn iR—-1
(cM. popmyay (11) ua crp. 53),
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Ho no npeanoJoXcHHIO HHAYKUHH Koacpcpuuuem npu (*

B pasJyioxeHuu (|l — ¢) " gak pa3s paseH C¥.r_1. Tak Kax
nocje yMHOXeHus Ha [ — { MDpl MOJAYUHIIl BepHOE paBeH-
CTBO, TO H Jl0OKasbiBaeMoe paBeHCTBO (45) BepHoO.

Ecan vuyuTtateas Iie XOueT WITH OT AOK33bIBAEMOrO paseHCTBA K
yie H3BCCTHOMY COOTHOMICHIIO, - fIpeinounTaetT o6paTibiil nyTh, cJae-
AYET YMHOXKHTH 00e uacti pascictBa (45) 1a cOOTBCTCTBYIOULHE UJIeHBI
cootiotetua (46). Mol noayuna, uro

(1—8"'=
=+ C+Co 4 o CE )X
\<(1+t+t2—i— R AT
A Tenepp Halo packpbiTh CKOOKII K BOCIlQ.fIb3OBaTbC5I TOXK1CCTBOM
Cn 177 ,szlleT +Cﬁ+k—lzcﬁ‘rk

{cv. cTp. 54). Mwr upiacm B pesyabraTe K JOKa3biBacMOMY COOTiO-
wiciio (47).

Hrak, pasenctso (45) nokasano. Hanomuum euie pas,
YTO OHO CMpaBelJHBO TOAbKO npu (| <1, Ecan HeocTOpOXK-
HBIH YHTaTedb mnonpoOyer MNoOJOXKHTL B ofenx uacTax pa-
BeHcTBa f=—1 U BbIBEAET Ha OCHOBaHHI 3TOrC «3aMeua-
TeAbHYIO» QopMyTy

%zl_cnﬂ’ Cu+l 7;;-2+ +(_1)kcz+k—l‘i‘ ey

' ' (48)
TO OH COBEpPLUHT Cepbe3HyI0 OLINIGKY — BeJb cMpaBa Halu-
caHa cyMMa iedblX 4HCeJ, M 3Ta CyMMa- HHKaxk He JacT
ApoGHoro uucaa 1/27,

B XVIIE Beke, Korfa Teopus OecKOHeUHbIX PAAOB elie
He Obl1a JeTasibHO H3yueHa, Takue OIWHOKM Aesasi H H3-
BecTHbie MaTeMaTixil, [loHagoOuanch, AecATHAeTUs Hanps-
JKeHHBIX 1icCaefOoBaHNIT 118 TOTO, UTOOL TOUHO MOHATD, YTO
Takoe CymMMa OeCKOHEUHOTo psja, KOria OHa CYLIeCTBYeT,
a Korjga HeT. Bnpouch, cieayer cka3aTb, uTo B KOHIE
XIX Beka moHATHe CYMMBI OecKoneuHoro psaga Obljio 3Ha-
YHTEJIbHO 00OOLIEHO, 1 CYUIECTBYIOT TaKue OINpejieeHHus,
npi Kotopuix opmyaa (48) cnpasegausa. Ho stu sompo-
Cbl BLIXOAAT 33 paMKH Halllefl KHHUTH,
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CpaBHHM JIOKa3aHHOe HaMH pas.oxeHHe
(14+ 6 ""=1—Cht+Cipif— ...
(—1) Crint®+ oo (49)

¢ ¢opmyaoh
14+ 8)"'=14Crt+C2 4 ... +CEF 4 ... ¢ (50)
Mbl CHOBa NPHXOAHM K BBIBOLY, UTO HpH OOOOLIEHHH CHM-
Bona Cl wa OTpHLATE/bHble 3HAYEHHS 1 HaL0 MOJOKHTD

‘ Cla=(—1)*Chirs
(cM. crtp. 128). Ilpu oOTpHLATEAbHBIX Ke 3HAUEHHAX K
Ci=0, NOCKOAbKY B pasJioxeHusa (49) u (50) He Bx0AAT
c/laraeMbie ¢ OTpHLATeAbHbIMM cTeneHamu f. [lo Tem ke
coobpasxentam Cn=0npu 0 < n < k.

M3pneyeHue KBaAPaATHbIX KOPHEH

Mu nokasanu ¢opmyay HbioToHa mpu Bcex Henbix 3Ha-
YEHHAX NoKasaTeas. Ho, Kak y»Ke roBopuioch, 3Ta ¢op-
MyJ1a BepHa He TOJbKO AJsA LeJbiX, HO H ;s ApPOOHBIX (M
mnaxke A/s HppalMOHAABLHBIX) 3HaueHHH# MNoKazaTtens. Mol
He OyleM 31ech [IOKa3biBaThb ee MpH 3THX 3HAYEHHUAX, a

1
AHIUD BLIMHIUEM PA3IOKEHHA NPUA =7 H N=— 5.
1
Hpu n= 5 dopmy.ia HbioToHa mpuHHMaer BHI
1. =
(1‘*’}5)2:1“— +-—1—'§‘——-’C2'+
r(z—1)(z—7
—+ 373 X34 ...
1/1 (1
(= —1 - —k--1
2 (2 ) (2 ' ) =

ITpeo6pasys 310 BbipaXkeHHe, MOJaydyaeM

1
45 =14+1 x_“x-+246 B ..
1.3...(2%—3
+ (= D)7 = 4.(..2k)"‘k+"'
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1 .
"TouHO TaK Xe Npil = — 5 BbIBOAUM, UTO

(1+x) ‘—1——-x+——-——x-
(S D ey L (59)

IMonyueHHble GopMy/bl MOXKHO 3amucaTb HHaue. Has
3TOTO 3aMeTHM, UTO
. (2k—1 2k} 1
( ) @it 1 e

—7- Cape

2.4,,,2t Pk o

ﬂoaTomy
(14x)" 2_1——czx+ Lot — .o

- (_” Chx® 4 ... (53)

TouHo Tak xe 110.1y4aemM, 4Tto

1
(1+x)7=1+%x 5o 23 Cox’ +

1)*-1

G Cidd— ...+ (—2% _ Chtat 4 L. (54)

3.9

DTH BBIpaxeHus cxoaarcs B obaactu |x|<1. C ux no-
MOUIbI0 MOXKHO H3BJeKaTb € J1I000f1 cTemeHbld TOYHOCTH
KBaapaTHble KopHH. Hanpumep,

S 1
VO=YBT5=5VT+02=5(1+027 =
- =51 45002 — 5 02+
+7%;-?—g-0,23— ...]=5,4775

OnHako Hac OyAyT HHTepecoBaThb. He MPHJIOXKEeHHA YyKa-
3aHHBIX (OpPMYyJ K H3BJEUeHHIO KOpPHeH H3 uyHces, a COOT-
HOLUEeHHs MeXAY OHHOMHAJbHBIMH Koa(HiUHeHTaMH, KOTO-
pble BLITEKAIOT H3 MOJYYeHHBIX pa3sjoxeHu#l. UtoOul nosay-
YHTb 3TH COOTHOIUEHHH,. BO3BefeM ofe uacTH paBeHCTBa
(53) B kBaapar. [lo npaBHAy YyMHOMEHNSI CTENEHIIBIX
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pA70B MOTyyaeM, 4T0 KO>PGHUHENT NpH x* B 11PaBOi YaCTH
HMeeT B[

Y3
S [t Cichs 4 CiCkA A+ .. - Chl.

B JseBoil xe uacTi paBeHcTBa nmoJayuaem
04072 =7
(I+x) 2} —T1Fx

Ho Mbl 3HaeM, uto

L ke (=) L

14 x

CpabHuBass Kos(HLHEHTH MNpH cTelNeHsAXx x* B oOeux ya-
CTAX PaBEHCTBA, NPUXOAUM K TOXKIECTBY

-2 k % oz

Cgk —‘;— CQC ?+ C4C2k 4'+‘ + CQk =27, (05)

" AHaJOTHUHBIE pacCYKJIeHNs, PUMCHEHHbIE K PABEHCTBY
(54) NAI0T TOXKecTBO

CZk 4 C?k 6 C4C2k 8
Te—n T 2= +3(k—3)+"

CE2 . Chls (56)

T =11 &

cnpaBeaJIiBqe npu 2 > 2.

HaJjee, nepemHOMXast MOYJAEHHO pa3noxeHusa (H3)
(54), nonyuaem
2 3

1 , o
1=[1+7,\f 223C)x —1—395(/

. NS
O (= 1) gk >)C+ }[1 ——ng+

k_Q’kl
N P — 1D e oz =
+§TC4x - ... + (2.;,,2) Cipx" 4 ] (57)

Packpoenm cko6kn B mpaBo#l’ yacTn 3TOTO paBeHCTBa. Mul
NOJIYYHM CTENEHHOH pAJd, npnyeM u3 paBeHcTBa (57) cJe-
ayet, uTo Bce KO3 @uIHEHTs 3TOro psfa (Kpome cBOGOj«
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HOTO tmeHa) paBHbI Hymo Orciona noayyaeM TOXKACCTBO
Cii! 2“- C2C2k 4+ C4C"rz 6T - -

42 Clhily=1 Chy (58)

crpaBejIHBoe nmpn k 2> 1.
HakoHel, 3aMeTuM, 4TO

-

1
(I+x2 (140" =0+x)

OTciofa BBITEKaeET, 4TO

1 : (_l)khl K
(1+—-x—22.}c ..—[—"‘k.—gw‘,—jc;l\,—}—-..)x
X{l—x4x2—x24 ... (= Dxft . )=

1)k
=1——C>x+ (‘4,\ — .+ (93,1) Chox"+ ...

PackpoiBag ckoOku B 00eHX YacTSX 3TOTO paBeHcTBa H
cpaBHuBas kod(pduuueHTsl npH x* 8 obenx yacTax, mpuxo-
AUM K TOXAECTBY

1 1
]l ———C Ci— ...
9.8 2T 324 !

1 =
Ty o ST Ch  (59)

Mpoussopauine PyHKUMH H PEKYPPEHTHbIE COOTHOLICHMA

Msi yKe TOBOPHJIN, YTO TeopHs MPOH3BOAALHUX (yHK-
Iufi TeCHO CBA3aHA C pPEKYPPEHTHbIMH COOTHOLUIEHHSMIL
Bepuencs cHOBa K jfeneHilio MHOrou.1eHoB. ITveTs

f(x)=ay+ax+ ... +a,x"
]
ex)=0by+bx 4 ... +b,x"

— ABa MHorouseHa, npiyea by#0. Mbl 6yacm, Kpoae TOTO,
npeAno/aaraTb, 4yto #<m, TO eCTb 4TO a’areGpauveckasn
f(x)

ApOODb <=
PODb )
MOMeM BBIACIHTb H3 Hee LeYI0 YacTb).

npaBiibHa (B NPOTHBHOM CJyyae Mbl Bcera
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Mpzi 3HaeM, UTO eCJiH

égizcﬁ-mx-i--u+0kxk+”" (60)

TO

Qptax+ ... +ax"=
=+ b X+ oo F 0,5 (o F 01X F oo opxt 4 )

Packpoem B mpaBofi 4acTH 3TOr0 paBeHCTBAa CKOOKH H CpaB+
HUM KO3((HUHEHTH [PH OJHHAKOBBIX CTENMEHAX X CJ€Ba H
cnpaBa. CHauaja Mbl MOJYYUM M COOTHOLUEHHH TaKoro
BHJA; .

boco = ay,
boe,+ bico=a,,
boca+bie1+ boo= a,, (61)

b1t bi0m—o+ v + bpi0g=ay_q

(ecint n<m —1, TO MBI CUllTaeM, 4TO App= ... ==
=0). A panbplie Bce COOTHOLIGHHST HMEIOT OAHH H TOT XKe
BHA:

boCrmset+ bi€mir—14 <+ o =+ bnc, =0, E=0,1,...(62)

(Beab B f(x) HeT uJjieHOB, cofepxkaumux x™, x™t! u 1. 1.).
Takum o6pasoM, k03¢pGHUUHEHTH Cp, Ciy «.., Chy ... PAAQ
(60) ynOBJETBOPAIOT PEKYyPPEHTHOMY COOTHOLIeHHI0 (62).
Kos¢duuneHTsl 3TOr0 COOTHOLUEHHS 3aBHCAT JIHIIL OT 3Has
MeHaTeaa Apobu. Uucautenp xe ApoGH Hy»KeH A1 HaXO+

AJeHHS NMepBBIX YJEHOB Cp, Cy, ..., Cm—i PEKYPPEHTHO MO«
cle10BaTeJbHOCTH.
OO0paTHO, ecqH JaHO PeKypPpeHTHOe COOTHOLUeHHe (62)
H 3aJaHbl YJeHBl Cg, €1, ..., Cm—1, TO MBI CHauaJja no ¢op-
mynaam (61) BolunMcJAfieM 3HAuYeHHS do, ..., Am—t. A TOTAQ
npoussojsalied (GyHkuHel AJs NOCJAEA0BaTeTbHOCTH YHCEA
€0y €1y v+ vy Chy - .. ABISIETCA asirebpanyeckas Apolb
f) __ atax4 ... fap_xmt (63)

e(x) bt bx-F ... Fop™ "

Ha nepsuifi B3risA Ka)keTcs, yTO MBI MaJO BBLIUTPaJH
npH 3aMeHe DEKYPPEHTHOrO COOTHOIUEHHA INPOH3BOAALIEH
pyHkuuedl, Benp Bce paBHO npHieTcs AeAHTb HHCAHTEb Ha
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3HaMeHaTeJdb, @ 3TO INpPHBEIET K TOMY K€ CaMOMy peKyp-
pEeHTHOMY CoOTHollleHHio (62). Ho geso B ToM, 4YTo Han
npobbio (63) MOXKHO BHIMOJHATL HEKOTOphbIe a’lreépauqe-
cKHe Tpeobpa30BaHus, a 3T0 06JIETYHT OTBICKAHHE YHCE Ch.

PasnoxeHue Ha 3NeMeHTapHbie 'ApoGu

Mb! noKaxkeM cefiuac, Kak € NOMOWILIO a’are6paHyecKHx
npeo6pa3oBaHHil Npou3Bo/iallell (DYHKUHM MOXKHO pellath
pPEKYPPEHTHbie COOTHOLIeHHs. IIpeanosoKuM, uTO 3HaMes
HaTesib ApoOi (63) pasjolKeH Ha MHOXIITeJMH NepBoil cTes
TleHH , .

G(X) =by (X — ) ..o (x— )%

* OTMeTHM, YTO AJ51 3TOrO HAZO NMpeABapHTEIbHO PelllHTL ypaBHeiHe
bo+-. +bmx’"~0 TO €CTh XapaKTepPHCTIHeCKOe YypaBHeHue COoOTHOLUle-
uHa (62)

Torma sacho, uto Apobb (63) mosyuuaach B pe3ynbTaTe
NpHBEJEHUS K OJHOMY 3HaMeHaTesql0 CAelyILHX 3JaeMeH-
TapHbLIX 1poGeii:

A A A rot
’ — 3 sy T,
(x—a) (x—a) ! (x—ay)

L T L L L O I I T R |

Apy Aps Ap, 54

).s—l y v ey

.1
(x —ap)’ (x—ag X — 0y

Husimu cioBami,

A+ ... Aay_xm1 —_ Ay
Y P (Y Frys LRl ¢
Ak s§—1

Ay, o ,
con =L '+~~~+m—ru-+7:a;‘- (64)

X—a

Ham HeusBecTHn 3Jech JHIUL KOd(pdumueHTs! Ajf, ...

s Ap, s—1. HToG6bl HaliTH 3TH KO3 (HIHEHTH, HAT0 YMHO-
KHUTb o06e yacTH paBeHcTBa  (64) Ha 3HaMeHaTeqdb
(X —o4)"... (x—on)S, PpackpbiTb CKOOKH H CpaBHHTb
K03 (UL HEHTE NPH OAHHAKOBHIX cTeneHax x. M3 mosyuiBss
nieficst CHCTEMbI YpaBHEHHH Mbl H HaXOJHM HCKOMbIE KO3(+
(bHUHEeHTH.

WHorna yapaercss oGoiTich H 0e3 pelleHHIT cHcTeMbl
ypapHeHuli. [IycTs, Hampumep, Hajo pasAoxkiTh Jpols

X3 —2x21-6x -1
X —bxi 4
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Tak kax
-5t 4= (X2 — 1) (x?— 4) =

== (x— 1)(x + 1) (x—2)(x+ 2),
TO 3TO pasJ/oKeHHe JOMKHO HMETh BHJ

X3 —2x2 - 6x-+1 .
E=DE+Dx—=2)(x+2)

A B c D
=%=T 7 x—+1 +x—2+x+2'

le{BOlIH K OJHOMY 3HaMEHATEIO0, N10JyYyacM, UYTo

X — 2x2 4 6x + 1'=A(x + 1) (x —2)(x+2)+
+ Bx—1)(x—2)(x+2)4
+Cx—D(x 1) (x4 2)+ D(x —1)(x + 1) (x—2).
310 PaBE€HCTBO N0JKHO BBLINOJHATLCA NPH BCEX 3HAUCHHAX X,

Ho npu x=1 Bce csaraeMbie B npaBofi 4acTH paBeHCTBA,
KpoMe TepBoro, oO0pallaioTcsi B HyJab, H MBI [OJydYaeMm

—6A=6. [Tostomy A=—1. Touno Tak xe, nonarasa x=—1,
' 4 13 9
x=2, x=-—2, HaxoguM B=— T C-—-—ﬁ. D-_.~4— .

Taxkua o6pasom,

Pogetbetl L4
xt—bx24H4  x—1 3(x-F1)

13 9 -
+ 2(x—2) + Tx+2 ° (65)

Jas npobelt Buaa =) PasiomeHHe B pai momy-
yaetcsa no gopmynae HeioTona. Hanpumep,

B 1 (1 X\
Bx=2 24 2) -
x2

=— [l + 5+t w4

TpnMeHsa Takoe pas/omeHHe KO Bcem ApOGAM B paBel-
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c¢tee (6d), noayuaew, uto

X3 —2x2 46 -1 \ .
.r“_—s,\:?.;..(‘l =() + XX+ X ) -

(X e L (=1 ) —

o T LR SRV S S B
I T N

Fpynnupys uieHbl ¢ OAHHAKOBBIMII CTENEHAMH X, MOJY-
yaeM, UTO KO)GHUHEHT NpH X" BbipakaeTcss (GOpMYIOii

4 13 9(—1n”
crzzl—ﬁ(—l)n—xz_;,gz"‘“ g.on "

Mbl yxke 3HaeM, UTO 3ajaua O pasnoxeHHn anreGpanue-
CKofl Jpo6u B cTemeHHOM pSA paBHOCHJbHA 3ajaye o pe-
IIeHHH HEKOTOPOTO0 peKypPeHTHOro COOTHOLIEHHSA [1PH 3a-
AaHHbIX Havya/bHbIX ycaoBHAX. Taknm 06pasoM, C MOMOLIbIO
pasioxeHus apo6eil Ha 3.JeMeHTapHble W TOCIeAVIOUIETO
pa3/ioXKeHHs MOJYYEHHBIX 3j1eMeHTapHbIX JApobeil B cTemer-
Hble pAAbl MOXHO peliaTh JHHeHHble pPeKyppeHTHuie COOT-
HOUIEHHS C MOCTOSHHBIMH KO3((hHLHeHTaMH.

Hrak, ecan 3agaHo pexyppeHTHoe cooTHoluenne (62) 1
3HAYEHHS Cp, +.., Cm—y, TO CHayala Halo Mo Gopiyyaam
(61) wHafTH 3HaueHHA a, ..., Q-1 OHU AaoT KOPdu-
ILIHEHTBl MHOTOUJIEHA, CTOSIULErO0 B yHcaHTede Apoli

flx) P
.TqT(}Y—CO"" CX A+ voe - CpX" 4+ ...
3HaneHaTeNb Ke 9TOfl APoGH paBeH bo+ ...+ b, XM
Hafiaennyio apo6s {;)((;)) HaJ0 Pas3noXHTb Ha 3IeMcH-

TapHble IpobH, TMoc/e Uero KaXaylo 3JeMeHTapHylo Apobs

pasJoxuTh B cTeneHHofl pajx no gopmyse Herotona. Koag-

(duLHeHT TIpI X* B NMOJYYeHHOM pfie M JaeT 3HauelHe Cy.
Pemum, HanpuMep, pekyppeHTHOe COOTHOILIEHHE

Chrg—0Cy .14 6c,=0 (66)

NpH HauyadbHBIX YCAOBUAX Co=1, ¢;=-—2. 3mech bo=1, b,=.
=—>5, by=6. VI3 popmyanl (61) noayuaem, uto

ay=byco=1, a,=by,+bec,=—T.

14 H. 5. Buaenxun : 209



N

[lostomy uitcautenn apobu

flx) k

) =cy+ o+ o0 et
paseH | — 7x. 3HaMeHaTeqp ke 3TOH ApoGH cpa3y Moay- .
uaerca H3 cooTHowleHHs (60). OH uMeer BHA X% — 5x+6.
3HayHT, AJS OTHICKAaHHSA pemex—m;{ HaM Halo pPas/oXHTh
B CTeNeHHo# psg apolb

1—7x
xT—5x 46"
Ho x* — 5x+6=(x — 2) (x — 3), u notomy
1—7x 1—7x A B

x¥2—5x--6  (x—2D(x—3)  x—2 + x—3/'
OcBoboxXaasch OT 3HaMeHaTels], IoNyyaeM
l—7x=A(x—3)+B(x—2).
Ionaras x=3, maxomum B=—20, a moaaraa. x=2, Haxo-~
qum A=13. 3nauur,
1—7x 13 20
xX—bx16  x—2 x—3
13 x\7 20 £\
== (1= 7) +T(1“€) =
(1 B )+
T( + + on +

+T(1+“3‘+"' gt )

Iostomy
13 13 , 20

ca:‘_'_ 2/1 + 3 3n == gETT T AT

06 eAMHOM HEeNMHEHHOM PEKYPPEHTHOM COOTHOLIEHHMH

an pELICHIiII 3ajavyu o p836HeHHH nocjaea0BaTeabHO+
CTi{ Mbl IPHUILTH K PEKYDPEHTHOMY COOTHOLICHHIO

Tp=ToTyoy~+T\Taog+voo+Tus To (67)

rae To=1 (cm. ctp. 160). D10 cooTHOLIEHHE OLLIO peLIeHO
OYeHb HCKYCCTBEHHHIM 06pa3oM — Mbl CBeJqH 3Ty 3ajauy
K 3anaye 06 ouepenu (cM. cTp. 88), KOTOPYIO y¥XKe yMeau
pewats. Ho peilleHiie 3agaun 06 ouepean camMo GblLIO H0-
BOJIbHO FPOMO3/IKIIM. ~
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Ceilyac Mbl OKaXKeM, Kak HeMOCPeACTBEHHO PELIHThH COs
oTHolleHHe (67). Jasa 9Toro coCTaBHM TNPOU3BOJISILYIO
PyHKIHIO

[ =To+Tx+ToX+ ...+ T, x"+...  (68)
TTonoxum
F)ysmxf(x)=Tpx +Tx*+ ...+ T x"t14 ... (69)
H Bo3BeneM F(x) B KBaapaT. Mbl HOMYUHM, YTO
F)=Tx+(T,T,+ T T)x*+...
viet+ (Tl i+ oo o+ T, T) X" 14 L
Ho no pekyppentHOMy cooTHOwweHHIO (67)
ToTpi+ .. +T,Ty=T,.
3Hauur, .
Px)=Tx*4Tyx*+ ...+ T x"*L
[MoayueHHwlit psig ecth He uTO HHOe, KakK F(x) — Tox; mo-
ckonbky To=1, oH paseH F(x) — x. Hrak,
Fx)y=F(x)— x. - (70)
Hdas byHKuuH F(x) MOMYYHJIOCh KBaJpaTHOEe ypaBHe-
~ HHe (70). Pewas ero, HaxoAuM, 4TO '

1—Vi—4x

F(x)= 5

Mgl BeIGpadii nepel KOpHeM 3HaK MHUHYC, TaK Kak B HpO-
THBHOM cayuyae npd x=0 mMbl uMesan 6ul F(0) =2, a u3 pas-
Jaoxenus (69) sugxo, uto F(0)=0.

[To dopmyse (54) mMbl HMeeM

1
Vl——4x=(1—4x)7=1—2x—%Clpv2—

Ve A
3HAauHT,
1 2 "Ll —_
F(x):i[l—(l—-.?x—...—m ‘_';,;)C —...)].._
.-—_—x-f—Céx?+...+-,—l—_:—_—1—Cé’,,x"“+... (71)
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Cpasmiipas Qopmyasl (69) 1t (71), voayuaem, yro 7T,=
1
= —— C}y. 3TO NOJHOCTBLIO COOTBETCTBYET PCIUEHMIO, 110«

n-i-1
JYYCHHOMY paHee KOMOHHATOPHBIM MeTOfOM (cM. cTp. 160),

NMpoussoasuire PyHkumm 1 pa3dueHus uncen

B raase IV Mol pewasdn pasanudble KOMOHHATOpPHbIE
3ajlaud Ha pa3bueHne uHceJ. JTH 3aJauyll MOXHO OUYeHb
IIPOCTO peluats ¢ NOMOILBIO NpoH3BoAAWiNX @yHKUHIL. O60-
3HaYHM vepe3 @, YHCI0 crnoco6GoB pa3GHeHNs M n H CO-
CTaBHM psiJ

Qo+a X+ .o Fax 4.

Bo MHOrux ciyuasx yjaercsi COCTaBHTb TaKoe ajnreGpanue-
CKoe BhipaXkeHue f(x), UTO moc/e packpbuiTHs CKOGOK B 3TOM
BLIpaKEHHH cJaraeMoc x" TMOBTOpPSETCS pOBHO 4, pas.
Toraa

f(Xy=a,4+ax+...4ax"+...,

U, 3HauuT, f(x) — mpousBoasiiag QVHKUNA AJAA NOCIEN0-
BaTEeJNBHOCTH Qy, A1, . . ., Oy, - - -

[TycTts, nanpumMep, paccMaTplBaiOTCs pasbueHus 4ucAq
N na ciacaesoie, kaxmdoe u3 KoTOpolx pasHo OOHOMY U3
qucen fy, ..., Ny [lpu 3tom 68 cymme crazaemvie He OOAXCHOL
110BTOPATHCA, @ NOPAOOK CAGSAEMOLX HE U2PAeT POAU.

Ins pemtenns sagaun odpa3yeM BhipaXKeHile

(14 x")(1 + x™) .. (14 x). (72)
Ilpu  packphiTun cKOGOK rnoJyuatcs caaraeMble BHIa
x™, .., x"s, rae my, ..., m,— HeKOTOPbIE H3 YHCEA Ay, . . ., M.

TosTomMy x¥ BCTpeTHTCA B CYyMMe CTOJLKO pa3, CKOAbLKHMII
criocobaMu MOXHO pa3buTe N Ha caaraembie TpeGyemMbiM
o0pa3oM. .
Hanpumep, ecin Hajo y3HaTh, CKOJAbKHMH CHOCOGAMH
MOXKHO ynjaaTuTh 78 Kof., Oeps He 6oxage ONHOH MOHETHI
Ka)K0r0 JAOCTOMHCTBA, TO HATO COCTaBHTb BhIpaKeHHe

(14 21+ 22) (14 (14 £ X
X1+ x10) (1 4 xB) (1 4+ xP) (1 +- %), (73)

pacKkpLiTh cxoéxu‘ H HaliTH KO3 PHIIeHT npu Xx78,
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A Teniepb pelllHM C MOMOILBIO NPON3BOASIUIHX (PYHKLIH
cJelyIOmYIo 3afauy:

CKOIbKUMYU cnOCObad MOMCHO ynaarute 29 xon. moHe-
Tasu no 3 u b Kon?

B 3Toff 3ajgavue Hago HafiTH uHcno crnoco6GoB pasdnTh
yncao 29 Ha caaraemble, paBHbie 3 u 5, IpHueM MOPAIOK
craraeMblx He HMeeT 3HaueHHd, HHbIMH cJ0BaMl4, HaM
Haj/l0 HalTH YHCIO HEOTpHUATEIbHbIX pellueHH ypaBHEHHA
3m+5n=29

JL1s 3TOro coCTaBlM BbIpaKeHHe

Fle)==(14-a3-F x4 . 4 x¥ ) X
X (LA o0 x0 LL). (T4)

Ilokasatean npu x B nepBoil ckoOke npoGeralotT BCe HeOT-
plillaTeAbHble YMCJAa, KpaTHbie 3, a BO BTOPOH CKOOKe —
BCe HeOTpHUATe/bHBIE YHCIa, KpaTHHe 5. fcHo, uTo mocae
packpbuiTHa ckOOOK xV BoijieT ¢ KOY(pPHUHEHTOM, paBHbLIM
4HCJY . pellleHuit ypaBHeHusa 3m+5n=N, B uwacTHOCTH, KO-
spduunent npu x2? gaer OTBeT Ha Hallly 3ajauy.

* BmecTo packpblTHSI CKOOOK MOXKHO MOCTYRHTb TaK. Boc-
nosabsyeMcs QopmyJoil 4js GeCKOHEUHOH reoMeTpHYeCKoM
nporpeccud. Toraa BbipaxkeHne (74) nepenucbiBaercs B
Biuae

1 1 1
flx)= =% T—a5 1o —xpx°

A _Temepb paszenHM UHCANTeIb Ha 3HaMenarteab Mo mnpa-
BHAY [de/JeHHs MHOTOYJeHOB (TOJbKO OyaeM pacrnosaraTb
MHOTOUJ€Hbl He Mo YOLIBAIOLLHM, a 110 BO3pacTalONHM CTe-
nenam x). Havano storo gestedus TakoBo:

1 | 1 — a3 — x5 4 8
x84 x5 — x8 [ S A SRR T AR S Al SN
’r5+x6_xll
8
X6 X8 x10 — x11 — 413
X8 - X% - x10 — x13 _ yia

HMpomoamxaa nenenne, HafigeM HCKOMBIT  KO3DQHIHEHT
upi x%,

Oo0uiasa 3agauya 34eCb TaKoBa:

HalTw, cKOAbKUMU CROCOBamu MOXHO pasbute wucao N
Ha caazaemole, pagHble COOTEETCTEEHHO a, b, ..., m, npu-
YoM NOpAGOK cAa2aembls HE YHuTol8aercs.
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B s1O0M cayuae npoussoiaiias (GpyHKUUS HMEET Bi]
fO=1+x"4x*+ .. 42+ . )X
XUAF x4 X204 pxst L)X
XA Axm 4 xm o X)) =
1

- . 75
(l=x®H(l—xb) ... (1—x™) (79)
Hanpumep, B 3ajave o© pasMeHe TrpHBeHHHKa (CM.

crp. 110) Hago cocTaBuTh MPOW3BOASALLYI0 (DYHKUHIO

1
I =T—ma—ma—ma=m

Hepemlomaﬂ BbipaxeHHs, CTOAUWHE B 3HAMECHATE/1E leOél/l,

fnoayuaem

: 1

i(x): 7 5 1 .
l—x — x4 x" — x% — x10 4 x1!

Brino:uss JeaCHiIIe, HAaX04AHM
1 1 —x— x24T — x® — 10 x1!
X x2 — x7 - x9f x10— xUl 14 x4 202343 F5x4 ...
2x2 4= 343 — &7 — x84 X%+ 2410 — x12
33 24t — a7 — x8 — 9 - 2x10 L 241 - x12— 213
S 3 X0 X T — X B O —x 10| 2 VI —4 12 13 —3 ¢ 14

KosdduuueHrt npu x'° naer oTBeT Ha MOCTaBJEHHHI BO-
npoc. :
PasymeeTcst, BbINONHATL Jle/eHHe OObIUHBIM 00pasom
31€Chb JOBOJNBHO CJOXKHO. BMecTo 3TOro MOMXKHO HOCTYNHTD
HHave. 3anumeM pe3yabTar JeqeHHs B BHIE 6ecxouelmoro
psala c Heonpeneneﬂﬂumu Ko3(puuHEHTaMH

. 1

it e 2 7T — X9 — 410 x0t

=Ay+-Ax+Ax?4+ A X"

¥YamHoxuM o0e wacTH paBEeHCTBA Ha 3HaMeHaTeqab. Toraa
Ko3d(uuMeHT NpH X" CpaBa OKaXKeTCA paBHbIM

A _'VA - _Alt—2+AIl"7_A —D_An-lo'{—An-ll‘

CaeBa xe KoaphuumeHT npu x*, n 2> 1, paBeH Hymo. [lo-
3TOMY TIpH n 2> | Koaq)qmuuembl A, IOJXKHBI ydOBJETBO=
pATh PEKYPPEHTHOMY COOTHOLIEHHIO

flnzA:z—-l'_{—An—?'_An—?'{‘An—D + Anflo'—An-lv
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Hauaabible yeaoBusi umeor Bul: A,=0 npu n<0 it Ag=1.
[Tos1b3ysiCb 3THMH VYCJOBHSIMH, JErko HaHTH MO MNOPAAKY
Bee Koadhduutentn A4,.

Hast npumepa paccyorpum npoGaemy abuTypiieHTa
(cM. ctp. 105). B neil Hai10 OBlAIO HANTH, CKOJBKHMH CHO-
cob6aMH MOXKHO MpeiCTaBHTh Yncao 17 B Bue cyMMbl 4 cia-
raeMbiX, MPHHKHMAIOWHMX 3HaYeHUs 3, 4, 5, npuyesr HOpAIAOK
craraemMbix liMes 3HayeHue. [as 3Tofl 3ajauu B KayecTpe
npoussoisuieit GVHKUHH Haio B3ATh (X34 xt4x%)* Beab
MPH PaCKPbITHH CKOOOK B BhIpaxeHHH [(x)= (x3+x'+x5)4
KaxAoe ciaaraepMoe vV BCTPETHTCA CTOABKO pa3d, CKOJILKHMH
cnoco6amu N pasbupaeTcd Ha CyMMy 4 cjaraembiX, TNpH-
HIMAIOWHX 3HaucHKs 3, 4, 5. [Ipu 3ToM BeTpeTaTes M dJe-
Hbl, NOJyvaemble JIpYyT H3 Apyra nepecTaHOBKOIl cjlaracMbix
B MoKasaresle (Hanpumep, x3x'x5x® u xix3x%x5).

PackpbiTie CcKkoGoK B BbipaxeHnu (x3+xt4x%)t=
=x12(14+x+x2)* MOXKHO NPOM3BECTH, HAMpPHMep, MO TOJH=
HOMHA.1bHOH Teopeme. Ho npoiue HHO#l crnoco6. Mbl 3aMes

5 .
TilM, UTO 1—{—x+x2_=—11:); . TMoatomy f(x) MoxHO 3anH-

caTb B BHAE

) =it =2 — ey (1 — )

Ho 1o dopmy.e Guroma HploToHa HyeeM
(1 —x3)=1—4x34 6x5 — 4x% + x1%,

a no dopmyae pana-Heiotona (cMm. ctp. 199)

(1—x)'=144x+ 102242043+ ...

4.5... (n+3) _, |
vt T e

[Tostomy
f(x)=x"(1 —4x3 + 645 — 4% 4 x12) ¢

X (14 4x 4 10x2 4 2043 -+ 35x* + 5645 4 .. . ).
[TepevHOXKas MOYAEHHO 3TH pa3/oXKeHUs], HaileM, 4TO Ko-
3bduuueHT npn x!7 B pasnoxeHnun paeH 16. 3HayuT, pass
JoXKeHHEe MOXKHO cAenaTh 16 cnocobamu.

Boo6ite, ecan HaAo HaHTH, CKOJIbKHMH crnocobaMu
MOXHO pa3butb uHuciao N Ha B ciaraemblX, MpHHHMAIOMHKX
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8HA4Ye€HHdA fy, ..., N, NOpHUEM YUHTBIBACTCA MNOPAAZOK Caa-
raemsblx, TO lpol3poasauLas q)yHKI.UIﬂ HMEET BHA

Flo)=(x" + x" 4 ... + x"s)". (76)

3aiavya ynpowiaercs, ecJau yHcaa Ay, ..., M5 obpa-
3yil0T apuMETHYeCKYI0 [POrpeccHio —B 3TOM  cAyuae
X", ..., x"s  06pasyloT reoMeTpHueCKYIO POrPeCcCHIO, a 3TO
NO3BOJSET YNPOCTHThL Bhipaxente aas f(x)

HaiigeM, HanpuMep, CKOMBKHMH cHOCODaMH MOXKHO [MO-
ayuutb 25 oukoe, Gpocas 7 KocTeill, 3aech Hado obpaso-
BaTb NMPOU3BOAAULYIO (bVHKLHIO

FX)= (X + X+ ... + 9. (77)

[Mo ¢opmysae pas CyMMbl reoMeTpHYECKOR MPOTPecCHH 3ITY
GYHKIHIO MOXCHO 3aMiicaTb B CJAeAYIOLleM BILIe:
X7 (L — x8y7 -7
o)== =2 (1 — 2y — 27
(I—x)
Tenepb paznoxum (1 — x8)7 no dopmyae GuHoma HbioTo-
Ha, a (I —x)"— no dopmyae psana HbiotoHa. Mb mno-
JEYUIIM

f(x)=x"(1 —7x5 +21x'2 — 35x'8 - 3542 — 21x%0
7% — x2)(1 -+ Tx 4 28x7 1 84x3 - 21044 - 462x5 .. .),

[Tepemuoxas 3Ti pasaoxeHud, 6e3 Tpyda BHYHCAHM KO-
¢umuent npn x2°, OH # AaCT OTBET HA IOCTaBJAEHHYIO 3a-
Aauy.

AHajoTHUHO pelnaroTcd € MOMOLLIO NPOH3BOASUIHX
GyHKUHE W Apyrue 3aj1auH, pa3oGpaHHble Hamu B raase IV,

Ceoaka pesynbraroe no kombGuHatopuke pasbuenmii

1. Hucao chocoboB pa3buTh A pasjHuHbLIX Bellell Ha
r pa3AnuyHMBIX TPV, NMPH KOTOPBIX AOMYCKAOTCH NyCThie
TPVIbl, PABHO 1%,

2. Hucno cnocoGos pasOHThb £ pasjauuyHbIX Beltell Ha
r pa3aMuHMBIX TPYIM, NMPH KOTOPbIX BCE TPYIIL!I HE MYCTHI,
.paBHO KOD@HUILIEHTY NpH x™ B pasjoxeHHH (YHKUIH
(e¥— 1) B cTenceHHOfl pAA, YMHOXEHHOMY Ha n!, JTO yHC-
J10 MOXKHO 3aricath B BHIe

R LR ) (S SR A=L LYV ) (R
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3. Ecan B TOfl Ke 3asaue TPYyUnsl HEPa3AllnHMbLl, TO
no.1yuuTes B r! MeHblue crnocoGos.

4. Yucao cnoco6oB pa3bHTb 7 Hepa3 ldHMbBIX Belleil Ha
r pasAHYHMBIX TPYMM, NMPH KOTOPbIX BCE TPYMNIMbl HE MYCTHI,
pasro Cilhi.

- 5. Hueao cnocobop pasbuth # Hepas  HUYNMBIX Belledl
Ha f PasAiuuUMBIX [pYMI, TMphYeM MAOMYCKAKOTCH TyCThie
sueiikh, pasHo Chir_1. ’

6. Uncao cnoco6oB pa3buTb # HepasaHUNMbIX  Bellefl
Ha r pasanMuHMbIX TPYMN, NpPH KOTOPbIX KaXAad rpynna
COJAEPKHT HEe MEHee g Bellel, paBHO Cfﬂ‘x-rw-x,-

7. Uncao cnocoBoB pa3biiTh 7 Hepas.HUHMBIX Bellleil Ha
r pasAUYMMBIX TPYMIN, NPH KOTOPBIX YIICAO 34CMEHTOB B
KaxaoH Tpynne 3akaloueHo mMexay ¢ H g+s— 1, ¢ <x <
< g+s—1, paBHo go?q)qmuuemy npH X"~ B pasjome-

X o -
HUH QYHKUHH ) B CTEMeHHOH psL.

8. O603HauiM uIC.70 CnOcoGOB pa3GHEHIb! 1 Hepasdi-
YIIMBIX Beulefl HAa r HepasJHUIIMBIX TPYIHL, TPH KOTOPBHIX HET
HH ‘oAHOil nmycTtoil rpynnsl, uepes [I;,. Toraa imeer mecto
peKyppeHTHas opmy.aa

I, =T - T 11T
CnpaBeaaiBo paBeHCTBO
I =M, 4105 .

Mpu n—r <r uveen Ilf=T11,71.

Hapsaay ¢ pas6ueHussMH paccMaTpHBAIOT yNOPAAOUMBa-
HUSl 3/€MEHTOB, TIpM KOTOPbIX WIpaeT poJb KaK NOPSAOK
TPyNM, Tak W NOPAJOK 3J1eMEHTOB B rpynnax. Jas ynopsi-
AOUMBAHHIT CHpABEAAHBLI CJAEAYIOLIC YTBEPKACHHA:

9. Ecau n pasauyHbiX Bellell yNOpAAOYHBAIOTCA B 7 pa3-
JUUHMBIX TPYIUI, MpHYEM AOMYCKAIOTCH MyCTble TPYIIbI, TO
YHCAO YNOPAAOYHBAHHII PaBHO

rir=41) ... (r4n-1)
10.- Ecil n pasJuyHBIX Belled yHOPSI0WIBAIOTCA B r

Pa3AHYHMBIX TPYMI, NpHYEM BCE TPYMIbl HE NYCThl, TO YH-
CJ10 yNOpAKOUUBAHIIT PABHO

1 — IY!
nle,Z‘lz nl{n— 1!

n—ntr—nt’
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Ecan Ke rpynnbl Hepas.HYHMbl, a 3HAUHT, HX nopsA0K
He UrpaeT po.IH, TO YHCJAO YNOPAAOYHBAHHIl paBHO —f—!— phut

11, TTycTb M3 n pasiHYHBIX 3JA€MEHTOB BCEMH CIOCO=
GaMH COCTaBIAIOTCA f YMOPAJOYCHHBIX Tpynnm (npHYycM
MOXHO OpaTb He BCe 3.JeMEHTbl, AOMYyCKaloTCs MyCThle
TPyNnbi, a MOPAJOK TFPyNN MNPHHHMAaeTCs BO BHHMAaHHC).
Yicea0 TakHX TPYMN paBHO

L r . rr
n![TIT+ =D T 2T a=2! -+ ]

JTo BbipaxeHHe aBAfeTCA Koa(pdHLHEeHTOM DpH X™ B pas-
. J1oxKeHuH QyHkuuu e*(l — x)~" B cTemeHHO#N paA, yMHO-
JXEeHHBIM Ha nl.

12. Ecau B TOll e 3ajaue 3anpellaloTcsl MyCTble Ipyii-
fIbi, TO OTBeT paBéH KO3bUUHEHTY NpH X*~" B pasioMme«
HUH QyHKUHM e¥(l—x)™" mo CTemeHsIM X, YMHOXEHHOMY
Ha nl,




3AAAUYH MO KOMBHUHATOPHKE

@ U3 ropoaa A B ropon B seayr natb xopor, a 13 ropoia B B
ropon C — tpu poporu. Ckoabko nyTell, mpexoasuix uepes B, seayr
uz A s C?

U3 aByx croprtuBublx o6tiecTs, HacunteiBaownx no 100 ¢exro-
Ba/JbLUHKOB Ka[oe, HaJI0 BBHJEIHTb 110 OZHOMY (eXxTOBaAbLIHKY AJH
yuacTHst B coctazanul. CKOIBKHMH cnocofaMu MomkeT ObITb cienatl 3TOT
BHIOOR?

Hmeerca nate BinoB KoHBepTOB Ge3 MapoK It ueThipe BHAA Ma-
pok ozHoro mocrouHctBa. CKOJIBKMUMH croco0aMH MOXKIO BbIGpaTh Koli-
BePT ¢ MapKoil /1S MOCHIJKI NUCbMa?

CKOJBKHMII croco0aMu MOMKHO BbIOpaTh IJIacHyl0 H COLJACHYIO
OYKBRI U3 CJ0Ba «KaM30.1»?

% To Ke camoe U3 cl0Ba «31amley?

Bpocaior urpanpHyio KOCTb € IHECTbIO TFpallAMii 1 3aNMycKaioT
BOJIUOK, UMelOU(UHl BoceMb rpadeil. CKOJBKHMH Pa3aHuHbiMi crnocoGamu
MOTYL OHH ynactb? )

Ha pepumiHy ropbl BeAyT naTh Aopor. CKOJbKHMH crocofamu
TYPHCT MOXeT MOAHATBCS HA FOPY H CAOYCTHTbCA ¢ nee? To ke camoe
IpH _YCJOBIIH, 4TO CNYCK H-NMOXbeM MPOHCXOAAT MO Pa3HbiM NyTIM.

Ha ¢epme ectp 20 osen u 24 cBuHbH. CKOJBKIMH cnocofaMu
MOYKHO BbiOpaTh OIHY OBHy W OjHYy cBHHbIO? Ecan Takofi BhGop yxe
ciae1aH, CKoJbKUMH cnoce0aMH MOMKHO cieaTb ero etle pas?

79, CKOJLKMMH cnocofaMH MOXKIIO YKa3aTh Ha liaxmatitofi nOCKe
nBa Keajparta — Genbli W uepHMii? A ecati HeT orpamn4eHnii Ha uUBeT
BbIOpAHIIBIX KBAApPATOB?

CkosibkuMu crocoBayit MoXKHO BbIOpaTh Ha IIAaXMaTHOH JOcKe
Genblfi 1 YepHLIl KBaapaThl, He JeXallde Ha OAHON H TON e TOPI130H-
TaJI }{ BEPTHKAJH?

Hs 12 cnos mysxckoro poja, 9 eHckoro u 10 cpeanero Hano
BbIOpaTh MO OAHOMY CJOBY KamKnoro poia. CKOJIBKHMII CNOCOBaMH MO-
}KeT ObITb CiedaH TOT BhIGOP? :

Vimeercsi 6 map mepuatok pasnnunbeix pasmepos, CKOJbKIME
crocobaMH MOXKHO BHIGpPaTb M3 HIIX OJHY MepuyaTKy Ha JAeByl0 PVKY H
OZHY ~— Ha NpaByio PyKy TaK, 4TOObl 3TH MepyaTKH OblaNl Pasaimibix
pa3mgpos?

N3 3 3k3eMnafipos yueOHHKa aareGpbl, 7 3K3eMILIAPOB yuel-
HNKA reoMeTpud I 7 3K3eMNAApoB yueOlKa TPHTOHOMETPHH HajA0 Bhi<
6paTe Mo ONHOMY 3SK3eMMIAPY KaxjaorTo yueOHHKA. CKOABKIIMH CIOCO-
BaMIL_3TO MOXIIO CAeJaTh? )

B OykuHicTHUecKOM MaraspHe Jemar 6 3K3eMnaApos poMaHa
H. C. Typrenesa «Pymii», 3 3k3eMnaspa ero ke pomana «[lsopsiickoe
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ruesgo» 1 4 sxsemnagpa pomana «Orup 11 getu». Kpose Toro, ects
5 ToMoB, coiepskamuX poaanbl «Pyannm» n «Bopsaxckoe ruesnor, K
7 ToMOB, coiepRalIx pomanbl «Bopsiickoe ries1o> n «OTubl 1 ReTH».
CroabkuMu crioco6aMii MOKHO Cienatb NOKYMKY, COJICPKAUIYI0o HO ©1-
HOMY 3K3eMILIAPY RAK10T0 H3 3THX pOMaHOB? ] .

@j Ta e 3azxaua, ecad, KpoMe TOro, B Marasiie ccip 3 ToMa,
B Rogopnie BxoasAt «Pymmi» i «Otunt 0 xeti.

@ B kopsune gexat 12 a6a0k 1 10 ayeancrnos, Bails puidupacr

¥3 nce AGJOKO HAH aneabcHH, nocle yero Haiam Geper i1 A6A0Ke, -

aneabclin. B kakoM caysae Haas umeer Gdaniiyio cBoGoiy Bmdopa:
ecay Bans paaa a0a0Ko WK ecidu OH B3Aa anesbcHu?

_117. Hyeotea tpu Boauka ¢ 6, 8 u 10 rpansims COOTBETCTBEHNO.
CKOJbKHMI pasanuHBIMH crocofaMn MoryT onu ynacte? Ta ke 3ajaua,
eIl M3BECTHO, 4TO NO KpafiHell Mepe aBa poauka ynaJu Ha CcTOpouy,
oMeyenuyio widpoi 1.

CKOJBKHMH cniocodaMi MOKHO BWOpatTh TPH pasmfuibie KpacKi
H3 HyCIOIHXCS NATH? .
CKOJAbKHMH CcrnocofaMu MO/KHO COCTABHTL TPeXBeTHHil nojoca-

Tt (aar, ccan HMeercs MaTtepnas b pasanunbix useros? Ta ke 3a- -

Jlavua, ecad oAHa M3 1noJoc ROJIKIIA OuiThb Kpaciof?

CKoabKo choBapeil 1ajo 13aatb, 4TOOB MOMKHO Obio HCilO-
CPCACTBCHHO BLIIOAHSTL NEPCBOAL € 0000 13 NATH A3BIKOB: PYCCKOTO,
AHraHfcKoro, GpaHily3cKoro, IIeMeUKoro, HTadbsHcKoro, Ha noGodl apy-
roil I3 3THX HNATH A3LIKOB?

I1a ckoabko Godbliue cioBapefl Npiercst M31aTh, eCIH YRCAO
pas.iukblX f3biKOB pasno 10?

122, Cxonpbkumu cnoco6aMu Moo BbIGPATH M3 TIOJHOI KOJIOAL KapT
no oiuo# kaprte Kaxaofl mactu? To ke camoe MpH YCJOBHH, UTO CPCAH
BbIHYTHIX KapT HeT Hi OAHONl nmapbl OAHMHAKOBBIN, TO €CTb JABYX KOpO-
aell, IBYX IECATOK H T. i.

@CKOthHMH cnocofainit  MOXHO BHOpath U3 noanoil KoJoAs
KapT (cozepykauieil 52 KapThl) 10 0jHON Kapre Kaxmaoil MacTH Tak,
9700bl KapThl KpacHbiXx MacTell H KapTbl yepublx MacTcH o0pa3oBbiBaiH
napbi_(Hanpumep, AeBATKH MUK M Tped H Baserst Gy6en n uepsedt)?

¥ anraduauy npunATo AapaTb AeTAM 1ecKOabko nMeH. CKoJb-
KitMp criocofaMy MOXNo HaspaTb pefenka, ecmi ofuiee UHCIO HMeH
pasyo 300, a cmy aawooT ne Gojee Tpex umeH?

/25. Heckoabko ueioBek caaftca 3a Kpyrasil croa. Byiem cuurars,
4TO ABa cnocofa paccalKl COBNAlaloT, ecad KaxkKabifi 4CI0BeK HMmeeT
OJULHX H Tex ke cocepeil 8 oboux cayuaax. CKOJBKHMEH DPa3fHUHBIMH
cnocoBaMH MOXHO TOCajJHThb 4eThlpex uedqoBek? A ceMb uedosek? Bo
CKO.IbKMX clyuadX JBa AaniblX 1e0BeKa 113 CeMH OKa3biBalTCs CO-
ceaaMu? Bo ckoabKHX cayuasx jamiblii weJ1oBeK (113 ceMi) fIMCeT ABYX
RAlHBIX coceich? .

V26, ITsTb nesywex H Tpoe tonoiiefi HIpatoT B ropoiaki, CKOJIbKHMH
¢110co0aMH oMl MOTYT pa3fuTbCA HA ABS KOMamjbl 110 4 uclloBeka B Ka-
xKiaofl KomaHne, ecan B Ka)aofl Komaiiie 40Kno ObiTh x0T Obl 1O
04HOAY loHOLIe?

271 Hano uocaars 6 cpounbix nuces. CrOALKHME cnocodamu 3Te
MOMHO clleiaTh, ecad AAf MepejayHd MuceM MOJXKHO NOC1aTh TPeX Kypbe-
POB J _Kax10e MHCbMO MOXKHO AaTbh JjHOOOMY (13 Kypbepos?

Y oxioro venoBeka ecTb 7 KHHI 10 MaTeMaTiiKe, 4 V APYroro —
9 kuiir. CrkoabKHMH CNOCOOaMH OHI MOTYF OGMEHATL KHHFY OLIOTG Ha
Kuiiry Apyroro?
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Ta ke caMast 3ajava, Ho MeHsHOTCA ABC KHIIMH OIHOF0 HA JiBe
KHHL 1P YTOT0.

a coGpanuy B0KHbE BHCTYOHTL B uweaosck: A, b, B, T n .
CroabriMud CHOCO0aMH MOMHO Paclio/NOKHTh HX B CIHICKC OPaTOPOB fipH
i, 4TO0 DB 1e jomed BbICTYMATh A0 TOro, KakK Boicrynut AP
Ta e 3azava, o A go.0Ked BBICTYIHTb HENOCPe;ICTBEHHO re-

CKOJABKEHMI  cHOCOOAMH  MOXKIO  MOCainThb 32 KPYLasll C1o.
5 MYWRYHH {1 O KeMIMH TaK, 4ro0ul UNKaKHe 183 Jid OIHOTO HOMA
He cyIeq paioM?

) Ta ke 3anava. 1o oty calsTest He 33 KPYLALHT €CTOA, a Ha Ka-
pyeedb H o €nocolbl, Nepexoisuiie APYyr B APYTa fipi Bpajueiiin Kapy-
CCI,_CUHTAKOTCA COBMNAJaiowiMI,

M3 woaoiabl, cojepmauweit 52 kaprui, Bbiwyu 10 kapt. Bo
CKOAbKHX CJAYUasx cpefd 3THX KapT oKa:keTcs xoTst Oul ommit Tys? Bo
CKOABKHX CJAy4aax popno oz Ty3? Bo cKoabkux cayuasx e aeiiee
Asvx 1y3os? Poslio 1Ba Tyaa?

@Ha Aedae3H0JopoX Nt cTatiu Haceres m cBerodopos. Ckoab-
Ko rvikeT OblTh 1ailo PasIHUMbIX CHTUAN0B, ecad KaX:iuil cserodop
UMeCL TPH COCTORHIIS: KpacHbiil, Keatbiil i secnbiii?

@B IICKOTOPOM rocygapeTse He ObL10 ABYX uvedell ¢ omiako-
oM HaGopom 3yBos. Kakosa Momer Obire HanGoJblUaf UYHCACHHOCTD
Haceacllust rocytapersa  (sanufoapwee ulic1o 3y6oB papHo 32)°?

v 37. B Kyne Kele3u010poIIOro Barolla HMeeTca /[Ba MPOTHBONO-
AoKnuIX AuBana no 5 mect B Kaxiox. 113 10 naccamupos ueteepo
HKeAanT CHACTL THIOM K [1ApOBO3Y, 2 TPOC — CHHUON K 11apoBo3y, OC-
TaAblibIM TPeM Oespasanuiio, Kak ciLiets CKOABKIAMI cliocodaMi MOTYT

PASMELTITBCA MACCHKIPH?
B mectioym nsépano 9 uerosex, 13 uux nato sudpats upeices
Rate€TR, 3aMecTHVEMs] {IPeACCAATeTA, cekpetapst H Kyubropra. CroJb-
KMy CcIoco0aNIi 3TO MOXKIO ¢1eaTh?

113 cocrapa woudepenums, ua Koropoil npucyrcrsyer 52 uedo-
8eKa, Haio H30paTh JeJcTaudio, coctoslnyio Hs 3 ueaosek. CroAbKIMH
C110c00a3Ht 3T0 MOXKHO CACIATH?

v 40, ABToMOGHIBIULIC  HOMEPa COCTOAT 13 OANOMN, ABYX AU Tpex
Gyxn u ueThipex nHp. Hailin vncio rakux HOMCPOB, CCAU NCHOAL3IYIOT-
¢4 32 _QVKBBI pycckoro aadavira,

YV mambt 2 a6aoka 11 3 rpymy. Kamawfl 1cup B Teuelnte natH
el noapaa oHa BbilaeT no oiuHodn ppyvkry. Croapkusn cnocobayn
370 pQKeT OblTb Cledaln?

Apanornunas 3azaua, ecan sGJ0K M, a4 Ipym n,

Anaforuunrast  3aiada, worla uMceTcs 2 s0AoKd, 3 rpyunt U

4 angabeilia .

@y 0TUa ecTh 5 (IoNapHo pa3iglbIX anedbLCHUOB, KOTOPHIC OH
BLUIAET CBOHN BOCBMII CBHILOBBAM TAK; HTO KamAuill 1Moaydaetr jii0o o1k
auespeHi, 6o Huuero. CKOABLKIALE ¢HOCOBANI MOXIO 9TO cilenars?
Aunanoruunan 3a4]aya, CCAH YNCIO aHEABCHUOB, NOAYYACMBIX K-
CBIHOM, 11e OTPAHNYeHo,

CKOILKO pasakmiibIx €108 MOAUO HOAYYITL, fiepectasans Oyk-
Bol 8 CJ0Be «yartemaTuka»? B caose «mapaboqaa»? B caoee «uiirpe-
LHEHT»?

. Ha cnoprushoro way6a, vacuntuisaouiero 30 40108, HA10 co-
CIaBHIb KoMauay u3 4 ueaosek 115 )uacnm s Oere ua 1000 M. Croas-
KiMi CT0CODAMH MOMKHO 3T0 CACIATH? A CKOJLKUMU CHOCOBAMII MOKHO
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.

COCTaBUTh KoMauiy H3 4 4enoBeK HJf1 yyacTiss B 3cTadere 100+200+

-+ 400 800?
@ CKONBKHMH coco0aMH MOXKHO paccTaBHTh Oedble (urypbl (2 Ko-
us, 2 cioua, 2 naipH, ¢ep3s U KOpoad) Ha NepBofi JHHHH IAXMaTHOM
JLOCKH?

149, Hmeetcs n aGoneutoB TeneponHofi ceTu. CkOJBKHMU crocofarnl
MOMHO OJHOBpEMEHHO COEAHHUTb TPil AAphi?

50. B moutoBoM oTHeJeHuH npoaatotes oTkpuTKH 10 copTos. Ckob-
KHMH CNOCO6aMIl MOXHO KYMHTb B HeM 12 oTKpuLiTok? CKOJBKHMH Cng-
cO6aMH MOXHO KYNHTb 8 OTKPHITOK? CKOJbKHMH CNOCOGAMH MOMHO Ky-
MHTL,] a3 HuHBIX OTKPBITOK?

Sk M3 rpynnsl, coctosmiedl u3 7 MyXKuH H 4 XeHIUHH, HAAO BUI-
6paTh 6 uYes0Bek TaK, uTOOB Cpell HHX OBUIO He MeHee 2 XXCRLUIHIL
CKOJIBKHMH CITOCO6AMH 3TO MOMKHO cAeI1aTh? .

v 52. CKOJIbKO DA3/HUMBIX YETHIPEX3HAUHbIX YHCE, AENAUHXCA Ha 4,
MOXHO cocTaBHTh H3 uubp 1, 2, 3, 4, 5, ecnw Kaxpas undpa MoKeT
BCTPEuaTbhCs B 3aMHCH YHCJA HECKOJIBKO pas?

v53. [Toeany, B KOTOPOM HaxOIHTCH /1 MaccaxKHpOB, MpeICTOHT cle-
JNaTh-m OCTAaHOBOK. CKOJIBKHMH CIOcO6aMu MOFYT paclpelenuThesl Mac-
caxKHphl MeXIy 3THMH ocTaHoBKaMH? Ta e 3ajaya, eciM yuHTHIBaeTCs
JIHIIbL KOJIHYECTBO IAacCaX{HPOB, BBINENIIHX Ha JaHHOfl OCTaHOBKE.

v54. CKOJBKO MOXKHO cielaTb NepeCTaHOBOK H3 1 3JEMEHTOB, B KO-
TOPBIX AaHHble ABa 3JcMeHTa a H b ue ctoat pagom? [laHHble TpH dae-
MeHTa a, b, ¢ He cToAT pagoM (B Joboym mnopanke)? Hukaxme aBa H3
971€MeHTOB a, b, ¢ He CTOAT pALOM?

55. B copeBHOBaHHH N0 TUMHAcTHKe ydacTsBywloT 10 wenosek. Tpoe
cylefi NOJ/UKHBI HE3aBHCHMO JAPYr OT Apyra nepeHyMmMepoBarb HX B Mo-
pAnKe, OTpaXKalolueM HX YCMeXH B COPeBHOBAHHH Mo MHeHHIo cynefl. [To-
OemnTeneM CYMTaeTca TOT, KOro 1ia3oBYT MepBeiM XOTA Ol ABOe cyaeil.
B k3koii noJne clydaeB copeBHOBaHHS mofeiHTelb OyleT ompeiencH?

@ YeTBepo cTynenToB cnaoT 3k3aMmeH, CKOJbKHMH cnocobaMu Mo-
ryT ObITb MOCTaBJEHEl HM OTMETKH, €C/IH M3BeCTHO, YTO HHKTO H3 HEX
He NQAYYH/ HeyIOBJETBOPHTENbHOH OTMETKH?

7} CKOJbKO oOXepeJHil MOXHO COCTaBHTb H3 ceMu OyCHHIOK pa3-
HLIX, DA3MepOB (HAa0 HCNOJb30BaTb Bee 7 OYCHHOK)?

CKOJIbKO OXepe/Hil MOXHO COCTaBHTb H3 OATH OJHHAKOBLIX Oy-
CHIQK-J ABYX Oosblliero pasMepa?

59 B cencuun npoxusaer 2000 xutesef. Jokasatb, uro no Kpan-
Hell gpe 1BOe H3 HHX HMEKT OJHHAKORBIE MHHIHAJBL

Komnanua 3 cemu lonomiefi H NecATH JAeByweK Tasuyer. Ecau
B KaKOM-TO TaHlle y4acTBYIOT BCe IOHOILH, TO CKOJbKO HMEETcsl BapHail-
TOB y4yacTHd AeByluek B 3ToM TaHUe? CKOJIbKO HMeeTCs BapHAHTOB, eCe
Jui yYHTBIBATh JIHIIbL TO, KaKHe NEBYINKH OCTajgHCh HenpHIJaleHHBIMH?
Pewnth Te Xe BOMPOCH, €C/H OTHOCHTEJBHO [BYX LEBYINEK MOXHO ¢
YBEPEUHOCTBIO CKa3aTb, 4YTO OHH OyldyT MPHIAanieHbl Ha TaHel?

Porta coctont u3 3 oduuepos, 6 cepxanros H 60 PALOBEIX,
CxonbKHMH cnoco6aMii MOMHO BBIJEHTb M3 HHX OTpPAJ, COCTOAMMH{ H3
oaHoro odiuepa, AByX cepxaHToB H 20 pamosnix? Ta e 3amaua, ecan
B OTR4A JO/KeH BOATH KOMAHIHP POTH H CTapWIHA H3 cepXKaHTOB.

62) Ha mosbHOM Bewepe npucyTctByloT 12 meBymek u 15 ioHowef,
CKO.JBKHMH CrocofaMH MOXKHO Bbi6paTh 3 Hix 4 napbi Lia TaHua?

V63. Hmeerca 3 kypuub, 4 yTkH U 2 ryca. CKOJBKO nMeercst KOMGi-
Hauui 1J4 BbiOpa HECKOABKNX NOTHW Tak, 4To0bi Cpeau Bbibpanhbix Obi-
JAH H KYpbi, H YTKH, H T'yCH? '
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@Cuonpxne\m C11ocoBaMi MoXKHo PasiTb m+n+p HpeiNeTon Ha
api TPYONBL Tak, 4TOObl B OAHOH OblIO /72, B APYrO# f, @ B TpeTbelt p
npeipeToB? )

Ha noake HaxoaaTcs m+7 paz’iHUMBLIX KINT, H3 KOTOPHIX 711 B
yepublx NepenJeTax, a fi B KpacibiX. CKOMbKO CyIlleCTBYeT MepecTaHo-
BOK 3THX KHHT, NPH KOTODBIX KUHTH B uepHBIX MepenieTax 3aHHMaloT
nepsbie 1 MecT? CKOMBKO MOAOMKCUHA, B KOTOPBIX BCE KHUFH B UePHLIX
nepeLieTax CToAT paiom?

66,) CkonbKHMH crnioco6aMH MOHO BHIOpaThb H3 |5 ue10BeK rpynmy

M0ACH Aaa paboTe® B rpynny moryr Bxoants 1, 2, 3. ..., 15 uero-
sex, Ta Ke 3aflaua Jaa cayuasi spibopa U3 i yeJ0BeK.
!67. MMycTe py, ..., pa— pasanunuie mpocTbie yncaa. CkOIbKO He-

JiTeneHd 1MMeeT uHCI0

rie aj, ..., Onp— HEKOTOPbie HaATYpalbiibie 4HC1a (BKIIOYAA AeTTeIH
1 1+ g). Uemy paBna ux cymma?

CKoJMbKHMH cnocobaMit 12 noITHHIHKOB MOXKHO PasIomuTh 1O
NATH Pa3JHUHBIM [aKeTaM, ecan il OInH I3 NaKeTOB lic A01XKen ObiTh
NyCTBIM? :

169. CroapknMi cnocofaMh MOZKHO paccTaBHTh 20 KHHT B KIHKHOM
wrady ¢ 5 noJkaMh, eCaH Kaxkias NOJKa MOXET BMeCTHTb Bce 20 KHHT?

170. Croapknmi crnocobamu MOAHO 1aleTh 5 PasmMHubbiX Kojell Ha
naJpitbl OTHOH PYKH, HCKMtouast 6oabiiofl naaeu?

V71. 30 uwenoBek romocyloT no 5 npeanomenHaM. CKOJIBKHMH €nOCO-
6aMH MOTYT pachlpeleJHTbCA ronoca, ecall KaKIbil rojsocyer 3a OJHO
LpCLT0KeHHe N YYHTHIBACTCA JHIIL UHCJIO TOMOCOB, NOZAHHBIX 32 Ka-
H10€ Npeasoxeiine?

i72. TlepenneTunk nosen NependecTi 12 pasiHunbix KHHT B Kpac-
HLHT, 3eMenbil i KopHuneBbill nepen.eThi. CKOMAbKHMH CHOCOGAMH OH MO«
XKeT 3T0 clenaTh, €CJAH B KaXKIbil 1BeT QO/MKHA OLITh Oepen/eTeHa
xoTf Obi 07Ha KHira?

173. CroabKuMi cnocodaMu MOXNO COCTaBNTb 6 CJI0B H3 32 6yKB,
ecai B COBOKYNHOCTH 3THX 6 cJ0B Kaiag OyKBa HCOOJAb3yeTcsl O
11 TOJIBKO OfHil pa3?

!74. CroabKuMH cnocodaMit Moo BbiGpaTh 12 uescsek n3 17, ecau
Jlaitiitie IBOe ueoBeK H3 3THX 17 we MoryT GHiThb BHIOpaHB BMecTe?

V75. CKoMbKo pasaiuibix OpacaeToB MOXKHO clenaThb H3 OATH O1H-
HAKOBbIX H3yMpPYIOB, WIECTH OAHHAKOBRIX PYOMHOB M CeMH O1HHAKOBBLIX
canpupos (B OpacjeT BXOZAT Bce 18 kawmiefi)?

v'76. CKOJILKHMH cnocoGaMu MOXKHO H3 TeX Ke Kamuefi BhiGpaTh Tpn
KaMH$ AJ Ko.blla?

v71. B KOMHaTe CTYIeflUeCKOro OGLIEKHTHSt KHBYT TpOe CTYAEHTOB.
V nux ecTh 4 wallky, 5 6t01elt 1 6 uahnbX J0XKeK (Bce uallKH, 6.a101-
Ua H JOXKN OTJHualTesa Apyr oT apyra). CKOJBKHMH CcrocoGadMH OHH
MOTYT HaKpbiTb CTOJ AaA uaennTia (KamIAbifi 0OJAyudeT OANY uallKy,
0110 671011 M 0ZHY J0KKY)?

V78 Y Myxa 12 3HAKOMBIX — 5 JKeHIUHH 11 7 MYMKUNMH, a y MKeHbl —
7 KenumH 1 5 MyXuui. CKOJIbKHMH cN0co6aMi MOXKHO COCTaBHTH KOM-
Oamnio 13 6 MyXKunM 4 6 KeHUHI TaK, yToObi 6 yeloBeK MPHIIACHA
MYHE i 6 — xeua?

179. Ha wamuoM 6opTy /03kH cHinT nu 4 uenoBeka, CROMBKHMH
CrocodaMi  MOXHO BHOpaThb KOMaHAY AJAf 9TOR JOAKH, €CIH €CTb
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31 kanguaar, npuuen 10 ue10BEK XOTAT CileTh #ia JesoM GOPTY J0IKH,
12 — na npasom, a 125 9 Gespasanuno, rile CHACTH?

180. B ypue aexat xeronw ¢ uncaamy 1, 2, 3, ..., 10. U3 nee nu-
nuMat 3 XKeTona, Bo CKOABEIX CIyuasx ¢yMMa HABHCAHHBIX H3 HDX
unces pasna 9?7 He menbie 9?

v81I. CKoJbKENE CNOCOBAMI MOKIIO BLIOpATh H3 N0ANOA KOJ0AH, €O«
aepxainefy 52 xapTw, 6 KapT Tak, urobbl cpeAH HuHX GblIH Bce ueThipe
Macyn?

’82. Xop cocront u3 10 yuacTunkoB, CKOJLKHMH cnocoGaMu MOXKHO
8 TeueHHe Tpex Amell BMOHPaTh N0 6 YHAaCTHHKOB, TaK, 4TOOLI KaKibiil
aenb ObH pa3amiHbie COCTaBbt Xopa? .

v83. Ueaosek veeT 6 apyselt n B Teuenne 20 qurell mpHraalllaer K
ceGe 3 u3 mux Tak, 4TO XKOMNanHa HH pasy ne mosropsercs. CKoOMbRuME
CnocodanH MOKET OH 3TO ¢l1eaaTh?

384. Tpoe ronowelt n 1Be JesyiKM BbIOHPAOT MecTo paborbvi. Bro-
poie ecTb TpH 3aBo/a, rae TpebywoTes paboune B JnTeiinbie ueXH (Tyla
GepyT amiib MYyMuuH), ABe TKaukne (pabpuKi (Tyda NPHraamaloT kKew-
HIHH) H ase (aGphKH, rie TPESYIOTCA H MYMRuilibi # JKeHInHb., CKOdAb-
KHMiI C10COGaMH MOFYT OHH PACHPENeTBCA MeIK1Y, STHMHR NPCANpls-
THAMH? ) :

785. CKoJbKO €108, cOIeprKallgX MO NATH GYKB KaXKi0e, MOMKHO ¢O-
cTabuTh H3 33 OyKs, ecoy jlonyckaioTca MOBTOpeHIs, HO FHKaKie 1Be
cocelltie OYKBL lie ROKHL! COBMAajaTh, TO €CTb TAaKiie CJ0Ba, KK
«Tpece» 13k «CCopa», He 10TMYCcKaloTes?

V/86. Mlas upeMufi ya MaTeMaTHUCCKON OJuMniaje BHLISJCNO 3 3K-
3eMIIApa ofitofl KiMiW, 2 3K3eMnaapa Apyroft u 1 skseMminiap Tperheil
Kinry, CKoJabKHMH €NOCOGAMH MOTYT GbITh BpYueHbl NpPeMHH, eCqaH B
onnMnuaje vuacrsopado 20 uesJoBeK i HHKOMY He XaloT OBYX KHHF cpa-
3y? Ta me 3alaua, ecqn HHKOMY He Iai0T IBYX 3K3eMIVIAPOB OABOI H
TON Ke KHIIFH, HO MOFYT OLITb BPYyuellLl jBC HJH TPHl Pasjinynble KHHTH.

v 87. Bepytes aonnuio or (0,0) no (n,n). IMokasath, uTo uHCio j10-
MHHO ¢ CyMMOIi OUKOB f—r paBHO 4HCAY JIOMHHO ¢ CYMMOI O4KOB

1 ‘ .
fi4-r B 3TO ulCAO paBHO vy (2n —2r - 3). Haiitu obuiee w10 BCCX

LOMKHO, :
v88. CKOJBKUAIM  CMOCOBAMH  MOMKIIO MOCAUiTh 3a Kpyrawifi cTod
7 MyXuun d 7 JKeBUWHH Tak, 4TOObl HMKaKue 2 Weluyiibl e CHIEIH
psizon?
; 89. Croaukiumu criocobaMi MoXHO BbHGpars u3 16 aomazedt ie-
)CTepl(y Las  3a0PsRKKH Tak, YTOGL BOIMLIH 3 Jjioilajn 13 IIecTepkH
" ABCA’B’C’, no un oxna u3 uap A4, BB, CC™

v 80. CKoabkuMit cnocoBamil MOKHO COCT#BiTBH 13 @ coraacHmx H
7 raacnbix ¢J10Ba, B KOTOPLIE BXOJAT 4 pas/iiublX CORJAcHbIX H 3 pas-
JINHBIX rAachBiN? Bo CKOJLKHX M3 9THX €J0B HEKakiie 2 corvacibie tie
CTOAT PRIAOM?

v 91. B orlene nayuyho-uccaeAoBaTe bcKOro HHCTHTYTa paboTaloT He-
CKOJIBKO 4€0BeK, MPHucM Kakibifi M3 HHX 3HaeT XOTd Obl OJHII HHO-
crpanHbiil A3bk. lllectepo 3matoT apraniickuil, juecTepo — uealclKil, ce-
Mepo — ¢parinysckhii. HeTsepo 3naloT anrauiickiiit v HeMEUKHA, Tpoe —
HeMeUKHI o (paHuysckifl, 1soe — dpanuyscknii n aHranfickuit. Oamn
neJ0BEK 3laeT Bce TP n3bika. Croapko ueloBeK paboTaloT B oTiede?
CKOAbKO H3 HHX 3HAIOT TOJLKO aurauiickuii s3blK? Toabko ¢pauityss
CKItii? ‘
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Vg2, Ha saropoasyio nporyaky nocxaau 92 wuenoseka. ByTepGpoani
¢ KoJbacoit B3sann 47 uegoBex, ¢ chlpom — 38 HenoBex, ¢ BeTuHHOM —
42 uc/oBeKd, H C CHIPOM H ¢ Koadacod — 28 uesoBek, n ¢ Kosabacoii u
¢ perunnoit — 31 uenoBek, H ¢ CHIPOM U ¢ BeTyHHON — 26 uenosek. Bce
tpu BHA2 OyTepOPOLOB B3AAN 25 UENOBEK, a 11€CKObKO YENOBEK BMECTO
6yTepOp0a0B 3aXBaTHAH ¢ cOBOR #HPOKKH., CKOMBKO UeTOBEK B3fIH ¢
co6pfi HIPOHKH?

93. Komnanuga, coctosunaa u3 10 cynpyxXecknx nap, pasGuBaeTcs
na 5 rpynn no 4 ueasoseka 1aa AoaouHoli mporyaxu. CKoJbKHMH crio-
cobaMu MOXKEHO pa3buTh HX Tak, uToObl B KaXaofl J0AKe OKasaaich
ABOC MY)KUHH H JBOE MeHuHn?

v94. Bo CKOJBKHX CJaY4asxX JaHbil MYyadliHa oKa)eTcq *B  OANOI
JOAKe CO cboel XKenoii?

195. Bo CXOJBKHX cayuafX 1aHHble ABOe MYXKUHH OKaXyTed B 01-
noif, nonxe co CBOHMH JKEeHaMII?

J196. CkonbRO pa3JHYHBIX UETHIPEX3HAUNBIX UHCEN MOXNO COCTaBHTb
n3 ungp 0, 1, 2, 3, 4, 5, 6, ecan Kaxknaa u3 HHX MOKeT NMOBTOPATHCA
HeCK0JbKO pas?

v 97. HafiTu KOJHYECTBO 1HeCTH3HAUNbIX HHCes TAKiX, YTO CyMMa Tpex-
3HAYNOr0 4MCcAa, 06pPa30BaHNOTO MepBhHIMH TpeMa UHudpaMu, U Tpex3Ha-
1I0r0 ylicJa, 06pa30BAHHOrO MOCJeAHHMI TpeMs uudpamu, meublie 1000.

v/98. CKOJBKIIMH Ccnoco6GaMil MOXKHO paccTaBHTb 12 Geanix H 12 uep-
BbiIX IIalIeK HA YePHBIX MOJSX INaxMaTHON AOCKH? :

v'99. CKOJAbLKHMH CnocoGaMli MOXHO nepectaBUTb Oyksbl c.10Ba «IOmu-
Tep» Tak, uToOHl riacHbie WK B aAdaBUTION NOpAJKe? ~

¥ 100. CrosbkuMII cnoco6aMii MOXIIO NepecTaBUTh GYKBbI CJ0Ba «Ile-
pelneek» Tak, 4ToObl YeThipe 6YKBBHI «€» He LLIH 1101pna?

v 101. CkoabkHMH  ciloco0aMH  MOMXKHO TNepecTaBUTh OYKBH CJ0OBa
«0f10CCyM» Tak, uTo6bi GyKBa «I» IJIa HemocpeacTBeHHO nocae Oyk-
Bbl «0»?

V102, CkoapKilMiE  cnocofaMit  MOMKIIO MepecTaBuTh GYKBH C€A0Ba
«06?p01mcnoc06uocrb» TaK, 4ToGbl jiBe GYKBHl «O» He ILIIH NMOAPSR?

1103. CxoapKuMH cnocoGaMH MOXKIIO NepecTaBlitb GyKBbI CJOBa «Ka-
paKkyaH» TaK, 4To0Bl IIMKaKue fABe rJacHble lie CTOSII pAfOM?

V104, CkolpKUMI cnocof6aMi MOXKHO NEPecTaBasATb OVKBH B CJ0BC
«baneTia» Tak, uToObH He MEHSICA MOPSIZOK rJacHbx OYKB?

¥105. CKoabKlini cnocofaMii MOXHO TepecTaBHTb OYKBHL B CI0Be
«napajnienu3My» Tak, 4ToObl He MEHAICH MOPAJOK raacliblx Oyks?

¥ 106. CxoJbKUMH cnocoGaMIl MO:KHO MepecTaBUTb GYKBHl CJ0Ba «Ma-
CTyX» Tag, 4robbl MeKay QABYMa Traachbisii OblIH  ABe COTJacibie
GYKBLI?

*107. CKOMbKHMH CIocoGaMi MOXKIO NepecTaBRTh OYKBbI CJ0Ba &.J0-
rapudy» Tak, yToGLl BTOpOe, uCTBEPTOC Il IUECTOE MECTa OBLIH 3aHATLI
COrJacubiMi GYKBaMu?

108, CKoABKHMH CMOCOGaMIl MOXHO BBLIGPATH H3 C10Ba «JA0TAPH(N»>
JBe coraaclibix W OAHy raacuyio 6yxkBy? Tak e 3amaua, ecail cpelH Bbi-
OpanHbIX 6YKB ecTb yKBa «»?

Y 109. CKOJLKHMH CrocoOAMH AOXKIIO 1lepecTapiasitb GYKBbl CJ0Ba
«Oropoi» Tak, yTodBl TPH OYKBBl «O» lie¢ CTOAJI PSAIOM?

110, Ta xe 3azaya, HO 3anpeltaercs, YToGbl Ase GYKBBI €0» CTOS.LI
pAaaOM, ‘

{ 111. CKOABKH¥ Pa3MIKBIMI CIIOCOGAMII MOXKHO BBIGPATb HECKOAL-
k0 OYKB 03 ¢dpasut «Oko 3a oko, 3y6 3a 3yt»? [lopagox GykB He yuit-
THLIBZETCH,
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v 112. CkoApKuMil crocoBamMi MOXIO BbIGpaTh K3 3TOA ¢passl TpH
OyKkBbI?

v 113, Ckoasrirmil criocofaMil MoOXKilo BblOpaTh H3 370t ¢dpasbi TpH
OYKBbI, CC/IH YUITHIBATH NOPANOK BbIOPAHHLIX OYKB?

v 114, CxoapKlIMH cnoco6aMH MOXKIIO TepecTaBasfith GyKBH CJ0Ba
«MacTyXH» Tak, uroGbl Kak raachbele, Tak H COTJacHble WM B aadasuT-
HOM lIOpAAKe?

¥ 115, CKOJbKHMH crnocofaMil MOXKHO TNepecTaBUTb GYKBHI CJ0Ba «KO-
depapka» Tak, 4yTo0bl raaciible H corjaacHble 6ykBel uepefoBaaunch? To
Ke camMoe AJs CI0Ba «CaMOBap».

V116. CkonbKHMH  cnoco6aMil  MOXHO TepecTaBHTb GyKBH CJIOBa
«AGakau» Tak, uro6bl corJacHbie WM B alddaBuTHOM nopanke? To xke
caMoe NpH JOMOJHHTEABHOM YCJOBIH, YTO ABe GYKBbI «a» He HAYT MOAPAL,

Vv 117, CKoabKHMH crnocoGaMH MOXKIIO NepecTaBHTb OYKBbl B C.Ja0Be
«THR-TaK» TaK, 4To0bl OJliHaKOBble OYKBbI He ILJH japyr 3a jppyrom? To
Ke camoe AMs CJ0Ba «TapTap».

V118, CKONbKHMH CNOCOOaMH MOMXHO BBIGpaTh 4 GYKBE H3 CJ0Ba
«TapTap», ecai lle yUHThIBAThb NOPSiAKAa BhIOpaHHbIX 6ykB? CKoAbKO ye-
THIPEX3HAUYHBIX Uliced MOXKIIO COCTaBHTb M3 LHpp. yHeaa 132 132?

1118, Ckoabko HeOTPHUATE/BHBIX LEABIX UHCEN, MEHBIUHX HeM MH-
JIHOH, cojlepaT Bce uHppui 1, 2, 3, 47 CKOAbKO 4KCea COCTOHT TOJILKO
H3 3THX uudp?

V120. Hafiti cyMMy ueTbipex3naullblX UHCEJ, NOJyyaeMbLiX MNpH Bce-
BO3MOXKHBIX nepecTaHoBKax uudp 1, 2, 3, 4.

V121, To xe camoe ans mudp 1, 2, 2, 5,

¥122. To ke camoe aas uudp 1, 3, 3, 3

V123, To xe camoe aas uucp 1, 1, 4, 4.

V124, To e camoe AAs BCeX MATH3HAYHBIX uHcel, KOTOpble MOXHO
noayuntb nyreM nepectanosok undp 0, 1, 2, 3, 4. Ludpa 0 ue nonxua
6LITh 1ICpBOI.

125, CKoabKo uiiced, MeubIIlX ueM MUAJIHOH, MOXHO lamHCcaTh ¢ No-
Motiipto uudp 8 u 9?
126. To e camoe c riomouibio undp 9, 8, 7.

v127. To ke camoe ¢ nomoumbio uudp 9, 8 0 (3anncu, Hayuuaspo-
Iiecs ¢ HyJs, CUBTAIOTCA HeJOlyCTHMBIMH).

(128, Hafitu cyMMy Bcex Tpex3HauHMbIX YHCEN, KOTOPble MOMKHO Ha-
nicats undpamu 1, 2, 3, 4.

v129. Hafitu cyMMmy Bcex BO3MOKHBIX MSTH3HAYHBIX WYICEJ, KOTOpHE
MOJKHO Hanucath umdpamu 1, 2, 3, 4, 5 u B KOTOpLIX Kaxnpas uucppa
MOBTOPACTC ORAMH U TOJAbKO oMl pa3. Ta Xe 3ajaua uas OsiTH3HAY-
HBIX UHCeJ, KOTOpble MOXHO HanucaTh uudpamu 1, 2, 3, 4, 5,6, 7, 8, 9.

2130. Ckoabko 1eYeTHBIX uliCesl MOMKIIO COCTABHTL H3 LHbP uucna
3694 (kaxnyo nudpy MOXKIIO I1CNO/ML30BaTh He GoJee 0IHOro pasa)?
A ueTHBIX?

131, CKobKO HMeeTCs IUECTI3HAYNbLIX YHCes, Yy KOTOPBIX Tpn uudpu
yeTHbIC, 4 TPH — HeyeTHbEe?

w132, Ta ke s3anaua, ecqu JZONYCKAIOTCA M «UIeCTH3IAulBle» wicJaa,
auAHaoUIHCCH ¢ Hy.ad,

}133. CRobko — HMMeeTcss LIECTH3NAUHBIX -.YHCEJ, Y KOTOPHIX CymMa
undp uernas (nepsas wudpa npeanosaraercs OTIHYHON oT Hyas)? Ta
e 3ajgada, ecan OepyT Bce uucaa oT 1 po 999 999?

?134. Croabko MMeeTcs AeCATH3HAUHBIX WYHCEN, y KOTOPBIX cymma
undp pasia tpeM (nepsas undpa npeanonaraeTcs oTAMuROR OT Hyas)?
Ta xe 3apauya, Ho Gepyr Bce uncaa ot 1 zo 9999999 599.
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V135, CKoabKO NiMeeTcsl AeBATH3UAUHBIX UYHCE], Y KOTOPHIX Bce IH{(-
pH paaduuHbe?

v'136. CKOABKO cylliecTBYeT Leanix uuced o1 0 no 999, kotophe He
nensTca HU Ha 5, HH Ha 7?

v137. Ckoabko cyumecTByer ueablx uucea ot 0 no 999, Kotopble He
nen{ncn HH Ha 2, HY Ha 3, HH Ha 5, Ha Ha T?

$138. Bo ckosbko uucea ot 0 no 999 exomut uudpa 92 Bo ckojbko
qHceq OHa BXOAHT ABaXAb? Bo cKoibko uncen BXOAHT uudppa 0? Bo
CKOIbKO uHce] Olla BXOAHT ABaxabl? Bo cko/lbko uHces BXOAAT UHBPH!
0 u 9? Undpul 8 u 9?2 Croabko ectb uucei ot 0 no 999999, B koTopLie
He BXOAAT ABE HAyLIMe ApYr 8a APYroM OAHHAKOBHIE WUHPpHI?

v 139. CKO/bKO "YeTHIPEX3HAUHBIX WYHCel MOXKHO COCTaBHTh H3 Uudp
mca 123 153?

2140. CxonbKo nATH3HAMHBLIX YHCEA MOXKIIO COCTAaBHTh 113 UM(pP uHC-
aa 12 335 233?

1141, Ckoabko LIECTH3HAUHBIX HHCeJ MOMKHO COCTaBHTb M3 UHDP ukc-
Aa 1233145254 tak, yto6Ll nBe OAMIIAKOBbie UMGPH He LM APYT 32
npy{om? :

142, CKOAbKO  nATH3HAYHBLIX YHCeJ MOXKHO COCTaBHTh H3 UHOP
uricaa 12312343 tak, uTo6sl Tpu U¥dpH 3 He ILIH APYr 3a Ipyrom?

v 143. CKoabkKHMH  criocof6aMH  MOXNCHO TMEpecTaBHTb LUHGBPH  4HC/a
12 341 234 Tak, yToGHl HHMKaKHe ABe OZMHAKOBBIE UH(pPb He IWIAH APYT
3a Apyrom?

V 144. Ta xe 3agaua aas uncaa 12 345254

v 145. CKoabKiHMH crioco6aMH MOXKHC MepecTaBHTb UHODPH  yHCjIa
1234 114 546 Tak, uTo6LI TpH OAHHAKOBLIe UHGbPH 1€ LIAH APYT 3a ApYy-
rom?

148. CxoabKuMH cnocofaMu MOXKIIO 5TO cieNaTb Tak, YTOOH IMIKa-<
KHC B¢ OAMHaKoBble undpbl He LAH APYT 3a APyroM?
v 147. CxkoabkuMu cnocoGaMyu MOXKHO BbIOpPaTh U3 HATYPAJbHBIX Ul
cea or 1 no 20 npa uydcaa Tak, uTOObl uX cymMMa Oulaa 1eueTHOH?
v 148. CkoubkiMu crnocobasMy MOXHO BbIOpaTb H3 1IaTypalIblbLIX yli~
cea ot 1 210 30 Tpu uncaa TaK, 4robbel ux cymMma Obuta uernoir?

Puc. 34.

V 149. U3 Jlouona B bpafitou Beayr 2 wocce, coeauiiseMsrx 10 npo-
ceqouiteiMu poporamu  (puc. 34). CkoJbKHM# CcnocodamMu MOMHO Tnpo-
exath 3 Jlonaona B Bpafiron Tak, yto6bl mopora He mepecekana ccs?

v 150. IlycTe npu ToM Ke YCJIOBHH IRA MYTeIECTBEHIKA BHIE3KalOT
u3 JlonnoHa no pasubiM wocce. CKOAbKUMH CrOCOGaMH MOKeT NMPOH30it-
TY fiyTelweCTBHE TaK, YTO Hu OANH YYaCTOK IOCCC OHH lic NPOe3dxalor
B ONHOM M TOM € HanpapBJeHuu?

Y151, M3 Jlonaona B KemOpuax BemyT 3 wiocce, TNepecckaeMble
4 mpocenounbimi goporaMu (puc. 35). CKOJNBRMMH CIOCOGaMH MOXKHO
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CoBepilldTh MyTelleCTBHE, €CAH  HIt [0 OIHOMY Y4acTky IMocce He
e1yT B HanpasjeHuu JIOW1OUA H 1M UII'H Y4ACTOK lie Mpoe3xator
HBE/'KIU)I?

152. MiMeeTcs HeOTpaHiUYCHHOE KOJHYECTHO MOUET AOCTOHHCTBOM B
10, 15 u 20 kon. CKOMbKHMH Clioco0ami MoXHo Bui6path 20 MoHeT?

153, Hamo oTramaTth, KaKie NsiTb MOHeT AEPXKHT B pyKe naprtdep?
Mouers 6biBatotT noctouiictBoM B 1, 2, 3, 5, 10, 15, 20, 50 kon. u
1 py6. Croabko MOxeT OuiTb Aauo
HEBepPHbIX OTBETOB?

154. CkoabKo  cyulecTByeT fsi-
Tusnauhbix unce1? Bo ckoabknx w3
uinx Bce undpul uetHs? Bo ckoab-
KX Bce uudpbl tieveTHb? Bo ckosb-
KO lle BXOAfT UH}PH, MeHbllle uyeM
62 Bo ckoabknx HeT LHDpP, GoJb-

Puc. 35. ux ueM 3? CKOJBKO M3 HHX COjep-
watr Bce uubps I, 2, 3,4, 52 Ckoab-
KO coaep:aT Bce undpw 0,2, 4,6, 8

155. Ctopotibl Kasa0f U3 ABYX HrpasdbHbiX KOCTEll MOMeUeHb YuC-
samu 0, 1, 3, 7, 15, 31. CkoabKO pa3amMHbIX CYMM MOXET MO.YMHTBHCA
NP1 MeTaHHH 3THX KocTeii?

156. CTopoHbl KaxZOfl H3 TPex HrpajbibiXx KOCTEl MNoMeueus yuc-
aamu 1, 4, 13, 40, 121, 364. Cko/lbKO pa3jHulIBiX CYMM MONET {10Jy-
ulIThesl NMPH HX MeTamHuu?

157. KunaoT mecTb Urpaibitblx KocTell, noMeuesHbix uncaamu 1, 2,
3, 4, 5, 6. Bo ckoabKHX caywasiX OHM AA1yT OAHI BHA oukoB? [lsa BH-
na? Tpu Bupa? Yernipe Bupa? [laro Buaos? llfects Bupos? (Bce xo-
CTH CUUTAIOTCS Pa3JHYMUMBIMH IPYr OT Apyra.)

158. Bpocator n urpaibHbix KocTeil. CKOJIbKO MOXKET MOJyuHIbCA
pas3aHulbIX pe3yabTaToB (pe3yabTaTbl, OTJIHHAOMIHECH JHIUb MOPSAKOM
O'KOB, CUHTAIOTCA OAMHAKOBBIMN; Ha Kax10¥ KOCTH Hanecewn 1, 2, 3,
4, 5, 6 oukoB)?

169, CKOMBLKHAH pasJHUHBIMH CMOCOGAMH MOXKHO NPeACTaBHTb UHC-
Jo 1.000000 B suge npoH3sexcHust Tpex comuoxuteneir? [lpencrasie-
15, OTAHYAIOUIHECS MOPARKOM COMHOKHUTENeH, CUHTAIOTCA Pa3THUYHBIMH.

160. Ta e 3amaua npH YC/OBIIH, W10 MOPSAOK COMIOMKHTeJell He
yutiTHBaeTcs.

161. CxkoqbKHMHK cnocofaMi MOXKIO Pa3loXKHThb B JABa KapMana je-
BSITb MOHEI Pa3JiH4HOro AOCTONNICTBA?

162. CkoabKHMH cnocofaMu MOXEO paclpefeduTb 37 pas3iuuHblX
npe:iMeTOB MeXJy TPeMs JIOAbMH TaK, uToObl KaxKAbIA MOJAYyHila A npej-
MeTOR?

163. Jausr 27 aaemedtoB. PaccMaTpuB3IOTCS BCEBO3MOMKIIbIE pa3-
GueHiis UX Ha napel, npuueM pasbuelus, OTJAHYAOUHECS APYr OT Apyra
TOJBKO MOPAAKOM S5JeMelTOB BHYTPH nap M MOPSAKOM pPacrnoJoXeHHs
nap, cudtatotcs cosrnagaoumu. CKOJILKO CyuwlecTsyer PasaHUHLIX Ta-
KitX pas6uenuii?

164. Ta e sajaua, 110 pa3dusalOTCs 7k 3ieMeNTOB a n rpynn
no % sneMeuToB B Kax Jofi rpynmne. '

165. CkoabkuM# cnocofasn Moxio pazbuth 30 paGounwx na 3 Opu-
raaot no 10 wenoBek B Kaxioft Gpurase? Ha 10 rpynn no 3 ueaobeka
B Kaxiofl rpynne? )

166. CkoabkuMu cnocob6aMu MOXKHO pasgennTs Koaogy #3 36 kapr
nonojiaM Tak, uTo0B B KaXAofi mauke Obwio {10 ABa Ty3a?
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167. Cxoabkumn crnocobaru MOXKio pasziokntb 10 kHur na 5 6an-
mepoJeil Mo 2 KIMFR B Kaxiofl (mopfiok GanaepoJedt me mpHunaaeTcs
BO BHHMaliHe)?

168. CroabKiMH crnoco0aMH MOXKIIO pasaoKuTb 9 wuur na 4 Gai-
pepoain no 2 KHHFH H 1 6aHAepoab B 1 KHHFY?

189. Ta e 3ajgaua, ecan nago cocTaBUTh 3 Gauaepoan mo 3 KIHrH
B KamAioil,

170. CkoabkuMHu crnocobanmu 3 dye10BeKa MOFYT pasieliTb MekK1y
co6oii 6 oauHakoBbix 2610k, | aneawbcwd, 1 cansy, 1 JuMmon, 1 rpymy,
1 afiBy 1 1 puunk?

171. CronbkAMH crnoco0aMi MOMKIO BLIMOJANHTE 3TOT pas3ge] Tak,
yToObl Kax bt noyuna no 4 nj1ona?

172. Jluua A, B u € umeioT no 3 A6A0Ka KaKAbI H, Kpome Toro,
A nmeer 1 rpymy, | cauBy u 1 afiBy, B uveer 1 aneabcus, 1 iMoH
n 1 ¢unux, a C nveer 1 mannapun, 1 nepcuk n 1 abpuroc. CKOIBKINMU
cnocobaMi MOTYT OHH pachpeneauTb MeXAy coboit st GpyKTb Tax,
uTOObl KaKAbll foayuna no 6 mwryk?

173. Ckoabkumil cnocofaMH MOXKHO pasiaTth KoJOZy B 52 Kapthl
13 urpokam mno 4 KapThl KakaoMy Hrpoky? Ta Ke 3aiaua ¢ yc/oBlieM,
4TO KaxIblil HMeeT Mo 01HOM KapTe Kaxpoft mactn. Ta e 3anaua npu
YCAOBHH, 4TO OANI HMeeT KapThi BCeX ueTbipex MacTell, a Bce oCTalb-
Hble — KapThl OJHOI 11 TOH e MAacTilL

174. CKONMbKIIMH cMoco0aMi MOXKHO BbIHYTb 4 Kaprbl H3 MNOJIHOM
KojoAbl Tak, 4To6bl Obian 3 Mactu? Tak, aTo6bl 6blai 2 MacTH?

175. CKOAbKHMH criocoGaMy MOXKHO pa3laTh 52 KapThbl ueThipeM Hr-
poKaM TaK, 4TOObl KaMKaAblfl MOAYUIL MO TPH KapTbl Tpex MacTeH I ue-
ThIpe KapTHl YeTBEpTOf MacTu?

176. CroabKuMu cnocoGaMH MOXKIO pasnatbh 18 pasauubix npet-
MeTOB 5 y4acCTIIHKAM TaK, uToGbl YeTBEPO M3 HHX NOJYYHJH 1o 4 npe-
Mera, a nathifl — 2 npeameta. Ta ke 3a:aya, 10 Tpoe MNOIYUAOT IO
4 npeamera, a JABo¢ — 1no 3 npeaMeTa. :

177. MimeeTca 14 nap pasauyHeix npeaMeron. Fafiti nosjxoe uielo
BbIGOPOK H3 3THX npeameros? (IlBe BbibOpKN oOTaAHuaioTess APYr OT Apy-
ra CBOHM COCTABOM, HO e MOPALKOM TpeaMeTOB).

178. CKoabKuMH cnocofamn 4 uepHbiX wiapa, 4 Genblx wWwapa u 4 ci-
HUX WAapa MOryT ObITb pas/oxeHbl B 6 pasaudibix nakeToB (lleKoTopuie
nakeThl MOTyT GbiTb NYCTBIMH)?

179. CKoAbKuMH cnocoGaMi MOXHO pasiokiute 3 py6. n 10 noa-
THHNIHKOB B 4 pasJaHyHHIX naKera?

180. [loka3aTh, 4To KOAHUECTBO pasbueHHit yHcIa 7 HA HECKOALKO
craraeMblx paBlio KoJauuecTBy pasbueHufi uucsa 2n Ha 1 caaraeMbix
(1IOPAA0K cNaraeMbiX le NPIHHMACTCA BO BHUMAHIIE),

181. n npeameroB pacnomoxeubl B pad. CKOJLKUMH cnocoSaMu Mo-
JKHO BbIOPATb 113 HUX TPII TpeiMeTa TaK, uTOObI lie 6paTh HHKAKIX 1BYX
COCEIUX MEMEHTOB?

182, PeGeHok cTaBHT Ha nepsble ABE AINI LWAaNMaTHON 1OCKH Ge-
Jiple 11 YepHble GUryphl (no JABa KoHs, /Ba CJOHA, ZBe JalbH, dhepss H
Kopoast Kakaoro useTa). CKOJBKHMII CTIOCOGAMH OH MOMKeT 3TO caesaTh?

183. CKOMbKHMII CNOCOGAMII MOKHQ pacCTaBHTb -3TH (Hrypbl Ha
Beel focke?

184, Pemmre Ty e sazauy, ecin paccTaBasioTcs H Bee MeWKH (N0
8 newek Kaxporo usera). . :

185. CKoAbKuMH cnocoGaMn MOXHO nocTaBuTh 15 Geabix H 15 uep-
NuUX  Wallek Ha 24 noas Tak, uyTo6b Ha KAamAOM foae ObLIH NAH
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TOJbKO Oenble, HAH TOJMbKO 4epHule Wamku? (Tak pacmogaralorcs luall-
KH B BOCTOHIIOH Iirpe «Hapibi».)

186. CxonbkuMu crnocofaMu MOXKHO pacctaBuTb 20 Gedbix Lialuek
lta IWaxMaTHOA JocKe TaK, 4TOOH 3TO pacnaJoiKeHHe MepexOJH/I0 CaMo
B ceGa npH BpalleHHAX AOCKH Ha 90°?

187. CkoabkaMu crocofaMy MOXKHO paccTaBHTh 20 Genblx lualek
Ha IaxMaTHOM JOCKe TakK, YToOb 3TO pacrmoJioxeHHe ObLIO CHMMETpHY-
HO OTHOCHTEJIbHO JIHHHH, AesAlle# AOCKY monoJay?

188, To Xe camoe NpH YC/IOBHH, YTO LIALIKH CTABATCA Ha YepHble MOJIA.

189. CKoJIbKHMHA crocoGaMu MOXKHO paccTaBuTb 12 Geabix H 12 uep-
HBIX INALIEK HA YepHble MO JOCKH TaK, 4TOOL 3TO MOJIOXKeHHe ObLIO
CHMMETPHYHO OTHOCHTEJIbHO UEHTPa MOCKH? -

180. To ke camoe, HO TpH CHMMETPUH JAOJIKHBI MEHATbCA LBETa
LA LIEK.

191. CxoabKuMu crnocoGamMu MOXKHO ROCTaBHTb 20 GeJBIX lIaluex Ha
KpaliiHe JIHHHH IaxMaTHOl JOCKH Tak, YToOB 3TO paclofoKeHHe He
MeHJI0Ch NTPH MOBOPOTe TOCKH Ha 90°?

192. CKONBKHMH cocoBaMH MOXHO pacnotoXuTh 20 Gesnix INaluek
Ha KpaHHHX JIMHHAX WIaXMAaTHOR JOCKH TaK, YTOGH Ha MPOTHBOMOJIONK=
HbIX CTOpPOHAX JOCKH WAIIKH CTOAJNH CHMMETPHYHO OTHOCHTEJbHO JH-
HUHA, TeNAWHX NONONaM JOCKY?

193. CKoibKuUMH cMocoGaMH MOXKHO pacmofoXutb B 9 nysax 7 Ge-
JIBIX IIApOB M 2 uepubiX Wwapa? YacTb ay3 Momer GbTb MycTOH, H Jy3nl
CUNTAIOTCSE PA3JIHYHEIMH. ’

194. CkonbKuMH crioco6aMH MOXHO pacnodiokuTh B 9 aysax 7 Ge-
JbIX 1MapoB, | uepHbA wap u | KpacHH wap?

195. Ckonpkumu crmocoGamu MoxHo pa3gaTe 27 kuur auuam A, B
1 C Tak, uro6ni A v B BMecTe moayuunu BABOe Gogblue KHur, Yem C?

198. B sudpT cenn 8 uenopek. CKOMBKHMH CHOCOGAMH OHH MOLyYT
BbIATA Ha ueThipex 3Tamax TaK, YTOOH Ha KAMAOM 9Taxe BHILEa IO
KpafHell Mepe OJHH yeJoBeK?

197. Ckonbkumu crmocoGaMH MOXKHO BEIOpaTh u3 gHcea oT 1 o 100
TPH YHCAA TaK, yTOOBl HX CyMMa JAeiuJach Ha 3?

198. CKoMbKHMH COCOGaMH MOXKHO BHIOpPaThb H3 37 MOC/TEAOBATEIb-
HBIX LEJIbIX YHCe/l TPH yicAa TaK, yTo6Bl MX cyMMa Aendnach Ha 3?

-199. MMeeTcan n Geabix W oAHH UepHblfi wWwap. CKOMLKAMH croco-
GaMil MOXKHO MOJIOXHTb HEKOTOpbIE M3 3THX WapoB B n+1 Jys, ecan
B KaMIylo Jy3y noMmewaercs He Gosiee ogHore luapa?

200. Cxo/bKuMH cnocoGaMH MOXKHO DACCTaBHTb . Oennlx H A uep-
HulX  IIAPOB TaK, UTOOH Mexdy OesbIMH M UYEpPHBIMH LIapaMH GBuLIO
2r — | KOHTaKTOB? 2r KOHTAKTOB?

201. CKOMbKHMH CHOCOGaMH MOXKHO MOAYYHTb 8 OLEHOK He HHKe 3
flo pasinIM npeiMeTaM Tak, 4ToOn cymMMa Gbiia pasma 307

202. [loxasaTs, uTO mM-+n NpPEAMETOB MONKHO MEePeCcTaBHTL TaK,

(m+n)1D,
yroGbl POBHO 7 OCTAaJOCh Ha MecTe, e
c1p. 73)

203. [lokasatb, UTO r PasMHYHHX Bellet MOXHO pa3fesHTb MeK 1y
n+p J0OAbMH TaK, 4TOGH JaHHBIe 7 [IONYYHJH N0 KpaifiHe# Mepe no ox-
HOMY npeiaMery;

S,=(+p —natp—1)+Clnt+p—2 — ... ()" p
cnocpGamu?
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204. J{okasaTb, 4TO KOJH#eCTBO pasfuenun uncia 2r+x mua r+x
OT.UHBIX OT Hy/AA CJaraeMbiX TaKOBO e, KaK H KoJuyecTBo pasfite-
Wil r Ha HEOTPHLATE bHbIC Claracmble,

205. OGwecTBO H3 7 YJAeHOB BHIGHPAeT U3 CBOEro COCTaBa OINOrn
npeacrasuTe1a. CKoJbKEMH CNOCO5aMH MOMKET HPOW3OATH [OJ0COBAHCE,
ecad Kam/ulil rolocyeT 3a OAHOro uedoBeKa (GuIThb MOXKeT, H 3a celbn)?
Ta e 3ajaya, HO YYHMTHIBaeTCA JIHIIbL YHCJIO [OJNOCOB, MOJIYyYElHBIX Ka-
KALIM KaHIHJATOM, HO He TO, KTO 32 Iiero roJocoBad.

206. Toka3aib, 4TO 4ucI0 cnocoGOB paspeanTb 27 HEpasJAHYHMBIX
NpCcIMETOB Ha TPH HEPA3JHUNMble YACTH TAK, 4TOGH cyMMa JHOOBIX ABYX
Guina Gosblue TpeThbell, paBHAa UHCAY CNOco0OB pas3ieluTh TaKHM e 00-
pasoM 2n — 3 npeaMeTos.

207. JTokasaTb, YTO HEUYETHOE UIC.10 MPEIMEeTOB MOXKHO BbOpaTb H3
n npenMeros 271 cnocoGamil

208. JlokasaTb, YTO YHCJO cnoco6oB, KOTOPHIMH ABa YejJ0BeKa Mo-
I'YT pas3fe]uTb 2n MPeAMETOB O1HOTO COPTa, 21 nNpeIMETOB [PYFOro
copra H3 2n npeAMETOB TpeTbero copra TaK, uToObl KaXABIA NOAy4n:1
3n npeaMeros, paBHO 3n2+43n+1.7

209. Ecau noGaBuTh, 271 NPEIMETOB YETBEPTOrO COPTa, TO HilC.T0
cnocoGop pasfena, NpH KOTOPOM kaikJbli noayuaer 4n npeiMeTos,
pasio

1—(?.n 1) 8n2 + 8n -+ 3).
3 T .
2106. Ecau npeaMeTbi JeJIATCA Ha HEPA3TIUuEMBIC 4aCTH, 10 OTBETL
GyayT
-%—(Snz—{—Sn—{—Q) " %(n+1)(8n?+4n—{—3).
211. JokasaTb, uTO €C.1 €CTb /1 COPTOB MNpEAMeTOB NO 2n npea-

METOB KaXKJ0ro copTa, To 4ICJI0 ¢nocofoB AeJEHHS HA JBe paBitbie
yacTu BhIpaxkaercs dopmy.aoi

m-—-1 1 rm-1 )
Cmn m-17 C:ncmn+m—2/z-2 T
v 2 prm-1 x rm—1 —
Tcmcmn+m-—4n—3— cee Cmcmn+m—l—x(2n+l) e

212. CkoaeKHMH cliocoGaMM MOXKIIO MOJOAHTb NATh GedblX IUapes,
NMAThL YePHbiX IHAPOB H NATb KPACHbX IIAPOB B TPH Pa3aHyHbX AUIHKA,
KJa/15 110 NATb IapoB B KaXAbtil AlUMK? :

213. Ecan ectb TpH copra Beliefi no n IPeAMETOB KaXKJOro copTa,
TO HX MOXHO pacnpelreuts Mexay TpeMs junamu A, B, C TaK, urofsl
Kaxbill NOJIYYHI 7 NPeIMeToB

€21 oC2 = 3Ch s =2 (1 1) (1+-2) (2 + 30 +-4)

€110coGarH.

214. CrobknMH cnocoGaMi MOHO TOCAJNTh PSAOM 3 aHraudal,
3 dpanuysos u 3 Typok Tak, yToGbl HHKAKHe TPU COOTEUCCTBEHIIHKA lie
CHICIH PAIOM?

215. Ta xe 3a1ava npu yCJOBHH, YTO PAAOM HE MOTYT CHAETH [iH-
Kaxie [Ba coOTeuecTBeHIIKA.
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216. CKOJbKIMH cHlocOBaMH MOKHO TNOCAJHTh 33 KPYTAbIA CTO/
3 aurMivan, 3 dpanuysos u 3 TYpOK ‘TaK, uroGui HHKAKHE -ABA COOTE-
YeCTBEIlIMKA He CHIeAH pAI0M?

217. CobKHMH cnocobaMy MOMHO Hak/acHTe MapKu Ha 40 Kom,
Hcnodb3ys Mapku jaocTuacTaoM B 5, 10, 15 u 20 Kon., pacnosoxennsie
B oiuy Jauuuio? (Pacnonoxeinds, oT.HYalOLiHecss NOPAAKOM MAapok, pac-
CMATPUBAIOTCH KaK pasduvilbie, UNCAO MapoK lie orpaniuero).

218. CKOJBKHMI CTIOCOBAMII MOMHO pa3MensiTb py6.ib Ha MOHETH
noctouHcteoMm B 10, 15, 20 1 50 kou.?

219. CKOJBKHMI cnoco0sMIF MOKHO cOCTasHTb 78 2, MoJb3ysch BO-
cembio pasnoseckamu B 1, 1, 2, 5, 10, 10, 20, 50 2? ITpu stos cuntaercs,
UTO npHMeHenne ABYX PAasitbix pasioBecok, XoTs# Obl H 0.1Horo Beca jlaer
HOBY10 KOMOHHAUHIO.

220. Mmeertcs inecTh mapos: 3 uepHnlx, | kpachbifi, 1 Geawtl 1 1 cu-
i, CkoAbKHMI crnocoGaMii MOMKHO COCTaBHTbL U3 HHX pfaid, colepika-
wué 4 wapa?

221, CkoJ/bKHMU cnoco8aMit MOXKHO NPEACTABHTL IATYPAJbHOE YHC-
JO n B BHJe CYMMBI Tpex cC.laraeMblX, KaxKJ10e H3 KOTOpHIX TakKe sB-
JsieTcsl HaTypaabHbiM fHCAOM (TpejicTaBieis, pasaHuaioluuecss nopaa-
KOM CcJaraeMblX, CUHTAIOTCA Pa3aHuHBIMII)?

222. Ckoabko H Kakinx wngp noxaiobutcs, urofwl HailHCaTb BCe
yiicna ot 1 g0 999 999 sx.tountenbno? Ot 1 a0 10" — | BrJiouHTeIbHO?

223. CkoJIbKO DasauuHbIX [JeCATH3HAUIBIX YHCEA MOXKHO HamHcaTb,
noab3ysach TpeMsa uudpami 1, 2, 3 npu A0NOAHNTEABIIOM YCJAOBHH, YTO
undpa 3 npuMeHsercs B KaxJA0M yHcie poBHO aBa pasa? CKogbKo Ha-
IHCAHHBIX YHCed jeaurcs ua 9?

224. ByaeM roBopiTb, UTO ABa ulCla, BXOAsLIHE B pasMelleHIle, 05-
P43yIoT iHBEpCHIO, ecall GoJbliee H3 HHX HAMICAaHO paHee, ueM Mellb-
mee. CKoOJbKO HHBepcHii BO Bcex nepectaHoBKax uuce.d 1, 2, ..., n?

225. Ilokazartb, uTo wica0 pa3biuenuil 1 Ha 3 4acTH TakHX, YTO HH-
KaKiic Be YacTH He paBHLI APYF APYTY, ecTb

1:[11—2 (02— 6n - 12)].

226. Noxkasatb, 4T0 uucao pasGHeuuit 12n+5 na 4 wactu Takux,
4TO i 0HA 4acTb He HPEBOCXOJIHT 6n--2, ecThb

% (- 1) (1222 -1 9n -+ 9).

227. HNokasatp, uto ‘miccio pasbuenuit 12a+5 ua 4 yacru, npi Ko-
TOPLIX HHKAKas YacTb fie #peBocxoant 6n-+2 H uHkakie ABe uacTu He
pasHbi, eCTb

% (1212 L 30 — 1),

228. Hafitn Ko.siiuecTBO TpOeK HATypaAblibiX UHced, 06pasyowux
reoMeTpituecKyio nporpeccHio i He npepocxoaswmux 100,

229. CxoabkHMH crnioco6aMii MOXKHO paccTapHTb B pAl 6 auranuan,
7 ¢paiuy3oB n 10 TYpoK TaK, yTOOBl KamKAW AHCAMYAHHI CTORA. Me-
KAY pavuy3oM H TYPKOM, O HHKAKHE GBPadBys 1 TYPOK. He CTORAH
psaaon? : . o .
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230. To ke camoe aaa 5 anrmuuan, 7 ¢pauysoes u 10 Typok.

231. CKoJbKO pclueHufl upeeT 3afgaua: nafity ABa uscia Takue, 4To
ux nanGoapumii o6wuft genutenp pasew G, a nauMenbluee obuiee Kpar-
10e M=G a®6Bc¥d® (a, b, ¢, d — npocthie uncaa).

232. Pemyte Ty Me 3agauy, no 06es cnoB <«HauMelbWIHi» H «Han-
Gonplutiiz.

233. CKo.JIbKO MO0 cocTaBuTh couetaitit ns 20 Oyks no 6 Tak,
yToObl B KaXAOM coueTaHiH HHKaKasa Oyxksa ie Bxoanda Oosee ABYX
as?
P 234. Hyeerca p+g+r Gyks: p Gyks o, ¢ 6yks § i1 r 6yKB y. Oun
NepecT4BATCS BeeMu crnocoGamu TaK, 4To0bl @ HAYHAAAHCH PaHblue,
yem B, a B pambiue, uem y. CKoibKuMH cnocoSaMi BO3MOXKHAa TaKas
nepecTaloBKa?

235, Jlunna B 30 c4 3aKpalMBaeTcas B CACAYIOUIEM NOPsIKe: Kpac-
yeil, Geablll, cuuui, Kpacublii, Geaslfl. cuunit u T. 1. Hauunaercsa c kpac-
Horo uBera, a KoHuaertca cHHuM. Kaxawift user 3aHmvaer Bcero 10 cu,
noJockf 1le Melibllie 2 CH, MPpHueM AJHHBI MOJ0c — ueable uHcna. CKodab-
KO BO3MOXKHO cNOCOGOB OKpackH? A eciil cHATb YCJI0BHe, YTO Bce KOH-
yaeTca cHHuM uBeToM? I[TokasaTb. uT0 ecan HIM 0jiHa NOMOCa He Meliblie
3 cm, 10 B 153 cayuasx nocieanuM 6yreT culiufl uset, B 71 — Gebtit
H B 81 — Kpacublil.

236. V Meusi ectb 6 apysefi, ¢ KaxAabM H3 KOTOpblXx fi o6e1a.
8 pas, ¢ KamABIMH ABYMA — 5 pa3, ¢ KaxibMil Tpemsi — 4 pasa, ¢ Ka-
KABIMH HeTHIPbMA — 3 pasa, ¢ KaxXabMI NAThI0 — 2 pasa, cO BCeMH
mecTolo — 1 pas, a 6e3 kamaoro u3 Hux — 8 pas. Ckoabko pa3 a oGe-
nan ojir?

237. IlBa sk3amenatopa, paboras OIHOBPCMCHIIO, 3K3aMCHYIOT KJacc
B 12 uenosex mo ABYM mpeaMertaM. Kaknbifi sk3aMenyioluufica orsedact
no 5 MHHVT MO KakAoMy npeameTy. CkoJbKHMH CHOCOGAMH MOTyT
9K3aMeHaTOpbl pachpefesuTbs Memjly cobofi paGoTy TaK, uToGH 1M
OLIOMY IUKOJbHHKY He NPHILIOCH OTBeuaThb cpa3y Mo JABYM Ipeame-
Tam?

238. CxkoabkuMH crnocofamu 6 uejqoBeK MOryT BbiGpath u3 6 map
NepuaToxk Mo NPaBoOfi M JeBOH MNepyaTKe TaK, UTOGH 1tH OAMI Lie MOJY-
yuy naper? To ke camoe ana 9 map u 6 uenoBek.

239. Byksbl, BXojadllde B Bblpamentle a2f2y?, mepecTaBAslOTCA BCe-
MH criocobaMi, MPH KOTOPHIX PSAOM C KaxKio# OGYKBOIT (caeBa iy crpa-
Ba) CTOHT Takad e OykBa. [lokasaTb, UTO UHCJO TaKHX NepecTalioBoK
paBHo 6. laa a3B3y® — Toxe 6. Ilaa Pyt — 90, aas o«SBSyE — 426,

240. B waxmMaTuofi oJMMIIHALE YYaCTBYIOT NpPEACTaBUTENN N CTpall
no 4 npeiacTaBuTens oT Kaxcaoit cTpanbl. CKOJbKIIMH CIOCOGAMH OHH
MOTYT BCTaTb B PfAJ TaK, uTOGb PAIOM ¢ KamAbial GLLT MpeicTaBHTeb
TO# e CTpaHbI?

241. KneTkH waxmaTHofi ZOCKH pacKpauiisaloTcsa s 8 LBeTOB Tak,
YTO B Kax[A0M TOPH3OHTaJAbHOM PA1y BCTpewalTcs Bcé 8 uBetes, a B
Kax/0M BEPTHKaAbilOM psy He BCTpeualoTca MOAPAI1 JABe KJAECTKH, OK-
paweiidbie B TOT Ke caMbiil uBeT, CKOJABKHMII CNOcO0aMIl BO3MOXKHA Ta-
Kan oKpacka?

242, MMeoTca n 0AMHAKOBHIX Bewledl M eudie 7 Pa3MHuiHIX Belileil.
CKoabkHMH cnocoBaMil MOMHO BbiOpaTb H3 HHX n1 Belneli? CKOJIbKRMH
crnocoGaMi MOXKHO yNOpA0YHTH Bee 27 Beniedl?

243. m ¢panuysos M n auraHua¥ cToAT B PAI TaK, YTO PAAOM €
KaXAbiM CTONT XoTA 6bl OJHH ero cooTeyecTBeHiuk. I[TokasaTh, urto
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YHCTO0 BO3MOKHBIX PACCTaNoOBOK paBHO

mln![l—{—(C?n_ s (C }1_3).{_
_L(Cm 3_LC2 4)(611 "t’cn 4)"1"
+(Cm—4+cm—5)(c —T‘Cn-a)"!""]

244. CKoabKO IHECTH3HAUHBIX HWiCeT COJePANUT POBHO TPH pPasiHu-
bte nudpbi?

245. Cko.tbKO m-3HaulIBIX 4HCEJd COICPXKUT POBHO R pasaHunbIX
unpp?

246. PaccvaTpupailoTcs Bee k-pasMmelnenna uicet 1, 2, ..., n, mpu
KOTOPBIX YeTHBIE uiic/a CTOAT Ha MecTax ¢ 4YeTHbIMH HOMepaMH, a He-
veTible — jla MecTax ¢ HedeTHbIMH toMepaMH. CKoJIbKO TaKHX pa3sme-
UleHHA pacrmoqioxeHo B MOPAJAKE BO3pacTalHs uHcen (i1alpHMep, HMEOT
BHa 3678)?

247. Hanbl 2n 371€MEHTOB ay, Gy, Qa, gy « .., An, An, IPHUEM Q; F= a;,
eci1 [ 5= j, Bo ckoabKHX TepecTaHOBKax H3 3THX 271 37€MeHTOB HH oinla
11apa OAHHaKOBBIX 3JeMEHTOR He CTOHT paoM?

248. lanbl n #aGopoB, B KaxAblfl 13 KOTOPBIX BXOAHT ¢ OJHHAKO-
BbIX 3JCMCHTOB, NPHUYEM 3jeMelTbl pa3auuHbix HabopoB pasnHuHbl. Bo
CKO/IbKHX NMepecTaHOBKax 5THX ng 3JeMellToB HeT HAYIIHX noupm oaH-
HaKOBLIX 3JIEMEHTOB?

249. Pewnite Ty e 3ajauy NpHf YC/IOBHH, UTO 5/1CMEHTBI pacroJa-
raiofca no OKpYKHOCTH.

- 280. Ha xmuxHoi mogxe ctoat n Kuur. CKOAbKHMH crnoco6aMi Mo-
XKI0 BHOPaY¥b 113 HUX p KUHT TakK, YTOGbI MEXkAY /MOOBIMH ABYMS BHI-
OpaHubiMit KHUTAMH, paBUuO KakK M mocie p-fi BuIOpaHHOi KHHrH, Obl1O
He Mellee § KHMT?

251. Uncna, BblpaXkalonliie KOJAHYCCTBO YUACTHIMKOB MaTeMaTHUecKol
onumnuagel 13 5, 6, 7, 8, Y u 10 Knaccos, o6pa3yioT apHdMeTHUECKYIO
nporpecciio. HHcto MpeMHi gas KaXaoro KJjacca pPaBHO pasIiOCTH 3Toil
nporpeccuy. [lokasath, UuTO UHCI0 cHOCOGOB BPYUCHHA MpeMuil He H3MC-
HHTCS, ecJH Bce NpeMuH OTAaTh yueHHkaMm 10 kqaacca (nmpeanoJaraercs,
YTO BCe LIPEMHI Pa3/ftuHBl).

252. Ha kaeruatofi 6ymare moctpoed keaapat ABCD co cToponoit
B 4 KJeTKy, TMoc.1e uero MPoOBecHLL BCe KpaTuamiHe NMYTH H3 BePUIHHbI
A B sepuniny C, npoxoasiiiye nmo cropoliaM kaetok. IToxasate, uto umc-
Jo myreil pasito 70, npuues uepe3 4 oTpe3Kka NpoxoddAT 35 myTefi, ue-
pe3 8—20 nyre#t, uepes 4—18 myredt, uepes 4—15 mnyreil, uepes 4—
12 nyreil, uepes 4—10 myrei, qepea 4—5 nytefi, yepes 4—4 nyty, ye-
pes 4—1 myTs.

HccredoBath  adajornuibiM 0o6pasoM NeEpekpecTkH: 1 I1poxoaat
36 pas, 4—35 pas, 4—30 pas, 4—15 pas, 4—5 pas, 4—40 pa3, 2—1 pas
(KoIllieBLI€ TOUKH HCK/IOUEHbI).

253. CKOJIbKO CyuiecTBYeT TPEYyroJbkHKOB, BCPUIMHBI KOTOPBIX fiB-
JSIOTCS BEpIUMHAMIL AalHoro BBITYKJIOTO IUEeCTAYTOAbHIKA?

254. Ckeabko cylecTByeT Tpeyronbunxon, JJMHBL CTOPOU KOTOPHIX
NPHIIBMaIOT 0AHO H3 3Hauenufi 4, 5, 6, 7

253. CKO.IbKO MOXIHO NoCTPOTh pa JHYIBIX  TIPAMOYTOJbHLIX Ia-
PaJICICIINE 0B, I1UHA KaKA0ro pebpa KOTOpLIX ABIAETCH UEJBIM 4HC-
Jaox ot 1 30 10?
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956. Ha miockocty mposefeHst 4 mpaMbie JHHHE, H3 KOTOPHIX HHU-
KaKkHe ABe He fABJAIOTCA NMapanefbHBIMH M HHRaKHe 3 He MPOXOAAT ye-
pes 0AHY TOUKY. CKO/IbKO MOJyUYHJI0Ch TPEYroJbHHKOB?

257. Ha nuockocty 3agaHo n TOYeK, H3 KOTOPHIX p JeXaT Ha OA-
Hoil MpAMON, a KpoMe HHX HHKaKMe 3 TOUKH He JexaT Ha OJHOR nps-
moit. CKOJIBKO CYLIeCTBYeT TPeyroqbHHKOB, BepIUMHAMI KOTOPHIX fB-
JAIOTCA 3TH TOYKH?

258. Ha npamoit B3aThl p Touek, a Ha napaJnenabHolt eff mpAMOf —
eie ¢ Touek, CKOJMBKO CYLIECTBYeT TPeyroJibiHKOB, BePLWIHHAMH KOTO-
pbiX ABASIOTCS S5TH TOUKH?

259, ITycTb NMpH TOM e YCJOBHH Ha elie OJHOA NapaluenbHOH
npAMORt B3ATHL 7 TOuEK, MPHYEM HMKAKHe TPH TOuKI He JeXaT Ha OAUOH
npsanolt, Nepecekaloleit Bce TPH Napadieni. CKoJbKo NMOAYYHTCS LOMO-
HHTEABHBIX TPEyrodblHKOB?

260. Kaxpasa ctopoHa KBaipata pa36uta Ha n uvacteil. Ckouabko
MOXHO TOCTPOUTbL TPeyroNbHUKOB, BepWIHHAMH KOTOPbLiX ABJAITCA TOY-
KH Jeneuns?

261. Ha miockocTd nposegedbl 7 NMPSMbIX JIHIHA, H3 KOTOPHIX
HHKaKHe [Be lle fABJSIOTCA NapaJjlle]blUbiMH H HHKakHe TpH He rmepe-
cekaloTcss B ofuolt Touke, CKONBKO TOUEK MNepeceueHHAa HMEIOT 3TH
npsiMbte?

262. Ha mnJjockocTd mnpoBefelio n NPAMBIX JIMHHE, H3 KOTOPbIX p
npoxoiaT uepes Touky A U g — yepe3 TOuky B H, KpoMe TOro, HHKa-
KHe TPU TpsMble He NMPOXOAAT uepe3 OAHY TOUKy, HH OJHa NpAMas He
1IPOXOAHT uepes ofe ToukH A ¥ B M HHKaKHe ABe He MapaJlle/lbHbL
CKOJIbKO TOUEK Mepeceu&HHs UMeOT 3TH NMpAMEle?

263. Ha cKo/ibKo yacTeRl JenfiT NJOCKOCTh 72 NPAMDIX JAHHHA, U3
KOTOPbIX HHKaKie JBe He NapaJefbdbl 4 HIiKakHe TPH HE NMPOXOAAT ue-
pe3 OAHY H TY ¥e TOUKY?

264. Ha ckosbKo uactefl geniT MpoCTpalCcTBO 71 MJOCKOCTel, H3 Ko-
TOPBIX ILIIKaKHe 4 He IPOXOAAT Yepel OAHY H Ty Ke TOUKY, UlIKaKHe 3
He NPOXOJAAT uepe3 OAHY M Ty e INPAMYI0 M UHKaKue 2 He napad-
JIeJIbHBI?

. 265. Ha nuockocTr OaHbf nAth ToyeK. CpeldH MNpAMBIX, COEXHUAIO
IHX 3TH NATb TOYEK, HET MNapa/ileqbHbLX, MeplNeliAMKYJNAPHBIX H COB-
najpatowux. ITpoBoanm yepes KaXkayio TOUKY NepreHIHKYJAsipEl KO BceM
NPAMbIM, KOTOPEE MOMHO IOCTPOHTDb, COAMHAA NONAPHO OCTAa/bHBIE Ye-
TEIpe TOuKH. KakoBo MaKcuMasbHOe YHCI0 TOUeK IepeceueHHs 3THX Nep-
NeHAHKYApOB Mexay coboft, ecnd He CuHTaTh jAaHHBHe NATb TOYeK?

266. CKOMbKHMH CnocOGaMH MOXKHO COCTaBHTb TPEYToJIbHHKIL, CTO-
POHb! KOTOPBIX ABJARAIOTCA HEJABIMH YHCAAaMH, GOJbWHMH 71 U He NpeBoc-
xoaawnMy 2n. CKOMLKO CpPeAH HMX paBHOOeNpeHHBIX I CKOJbLKO paBHoO-
CTOPOHHUX?

267. JlokasaTb, 4YTO WYMC/I0 TPEYFOJBHIIKOB € UEJOUHC/EHHbIMH
CTOpOHAMH, [JJIHHA CTOPOH KOTOpHIX He O0OJblue UeM 27, paBHO

1
g n (1) (4n+5). Ecin Ke HCKIOUHTL PapHOGEApeNHble, TO 3TO
1
HHCIIO PABHO =1 (n—1) (4n —5).
268. JlokasaTb, uTO 4MC/AO TPEYTOJBHIKOB, AJHHA CTOPOH KOTOPHIX

9 1
He npesLillaer 2n —1, papho gn(ﬂ-l-l) (4n — 1), a nocae HCK:IOUeHHA
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1
paBioGepelsblXx  TPeYroJblHKOB OCTaeTcs s (n—1)(n—-—2)@4n—23)

TPEYTOALHHKOB,

269. Ha njockocTi NpoBefenbl n NPAMbIX JHHHM, UIIKAKHE TPH H3
KOTOPBIX He NMPOXOAAT ucped oany Touky. JlokasaTh, 4TO UHCAO Heymo-
PALOUYEHUBIX TPYHIl 10 # TOUEK INepeceyenHs, H3 KOTOPbIX HHKaKue TpH

ne Jexart Ha 0AHOf upsaMofi, paslo 3 (n—1)!

270. Hyeetca n Touek Ha ILIOCKOCTH, HHKaKHe TPH H3 KOTOPHIX He
sexat ua oanofi npamoil. CKo.1bKo ecTb r-3BEeHHBIX 3aMKHYTBIX J0MalbiX
C BepWIHHAMH B THX TOuKax?

271. Ha oanofl npamoil B3aTe # Touek, a Ha Napa/lle/bHOl efi apsi-

MO — 71 TOMeK. DTH TOUKH COEAIHSIOT MpsiMbiMil, JlOKa3aTb, UTO UHIO
mn(m—1)(n—1)
TOUeK Mepeceuelliss NPOBEIEHHbIX IIPAMBIX PaBHO 5 .

(MBr cunraesl, yro JIKakiue TPH 113 NPOBEICHIBLIX MPSAMBIX He Iepece-
KaloTca B O/HOH TouUKe, a 3ajaHlible rM+/i TOUEK 1le YYHTHLIBAIOTCA.)

272. Hanbl n Touexk Ha 1L1OCKOCTH, HMKaKlie TPH 1i3 KOTOPHIX He Jje-
XaT Ha OJHOH npsiMoil u NuKakne 4-—ila oaHoll okpyxkuoctH. Hepe3
KaXiable [1Be 113 3THX TOUeK NPOBOLHTCA HpAMas, a Yepes Kaxime Tpu—
oKkpymHocTb. HafiTu nanGosbliee uncio TOUYEK mepeceueiiss BceX IpoBse-
JEHHBIX fIPAMBIX CO BCEMH OKPYAHOCTSIMH,

273. B mpocTpaHcTBe 1aibl 7 TOYeK, HHKaKie HYeThipe H3 KOTOPBIX
e Jexart Ha ool naockocti. Yepes Kamable TpH TOUKH TPOBOZUTCA
IJIOCKCCTb, MpHYeM HHKaKHCe jBe i3 3THX IJI0CKOCTEH He MapaJelbHbl.
HafiTu uMcao npsaMblX, TMOJyualOUIMXCs TPH 1lepeceueldd 3THX IJIOCKO-
cTell, a TaKXKe UUCJAO TAKUX TPAMLIX, lHe NPOXOAAIHX K Ueped OAHY
3a1aHHYIO0 TOUKY.

274. Yz n ortpeskop auubl 1, 2, ..., n BbibupalotT 4 Tak, uTOGH
LHOAYUHJCA OMHCAHIibII lleTprexg'rOJleHK. Jokasatb, 41O 3T0 MOXKHO

< __'( < —_— — (3
cae.atb 2n (2 —2) @n 42) +3(¢=D) cnocobamy, CKO/JbKO fi0-

JAYYHTCA YeTHIPEXyro.blilIKOB, €CJH MOXKHO 6paTb CTOPOHBI O[iHAKOBOII
JANHKBI?

275. Ilanbl n TOueK, HHKaKIie 4YeThipe 113 KOTOPHIX He Jexar Ha oA-
1ol OkpyxHocTH. Hepes KaMble TPH H3 HUX NPOBOAAT OKPYIKHOCTb.
Kakoso HanGonbuiee 4uC/IO TOUEK TepecedeHHsl 3THX OKPYHHOCTEH?

276. Jloka3aTb, 4TO €C/H n MIOCKOCTeH NPOXOAHT uepe3 UEHTP cde-
pbl, TO B oblueM cjyuae oHll AeqAT cepy He GoJee uem Ha n?—n+2
yacreil.

277. CKoJbKHMH TeOMeTPHYECKH PpasjilyHbIME  CHOCOGAMH  MOMKHO
packpacuTb rpann Ky0a WIecTblo pasiuurbiMu Kpackamu? Jsa cnocoba
CYHMTAIOTCA TEOMeTPHUeCKH COBMaRalOHIMMH, ecall OMHH MOMHO nepese-
¢TIl B Apyrofl ABHikeHHeM Ky6a KaK TBepAOro Tela.

278. CKOJBKHMMH  TEOMETPHUYECKH pas3iHuHbIMH ClIOcoGaMH  MOXKHO
packpactiTb rpaHd TeTpa’ipa HeTHPbMSA Pa3JH4ILIMH KpacKaMu?

279. CKONbKHMH  TeoMeTpHUYECKH pa3JjIMUHBIMH CnocobaMH MOXKIIO
packpaciTh Tpand OKTajApa BOCEMbIO pa3JHUHBIMH KPacKaMH?

280. Pewth anajnoruunble 3anaud s TPaBHAbHbIX fOAeKa’apa i
HKOcazpa.

281. PaccmoTpers B mpeAbAYIUIX 3alavyaX Cayyad, KOrAa uuC/I0
KpacoKk Melibuie 4Hcaa rpaneflt (manpunep, xy0G 3akpalliHBaeTc ABYMs
KpacKaMi, TpeMs KpacKaMii, UeTBIpbMSl KPacKaMH, NATbl0 KpacKaMu).
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282. CKOABKO CYILECTBYET TPEYroJbHIKOB ¢ LEJOMHCJACHHbIMY CTO-
posasy b ¢ nepumerpom 40? A ¢ nepumeroom 43?

283. lokasaTb, UTO UHCJAO TPEYrosbHHUKOB C LEAOUHMCJAEHHbIMH CTO-
poitaMH H C TEepUMETpoM 4n-+3 Ha n+1 Gonbliie uucaa TPEYroMbHIIKOB
€ HEMOYMCICHIBIMK CTOPOHAMH il TICpuMerpoM 4sa,

284. /{okasaTb, UTO YHC/AO TPEYTrOAbHIKOB C LEIOYHCAEHHBIMII CTO-
poHamu 1 mepusetpom N aaetcs tabauued

N Uncao Tpeyro.biKos N Uucao Tpeyroabuikos !
!
12n . 3n? ‘ 12n -6 3n2+3n 41 I
2n 41 n@&n4-2) 12n +-7 n+1H@GBnt+2y |
12n4-2 n(3n-1) 12n 4-8 (n+D@Bn+1)
12n43 3n2 +3n41 12049 3n2--6n-3 g
2n+4 n3n42) 12n4-10 (in+1@Bn+2)
2n+5 (n4+1D)En41 12n 411 3n24-7n4-4

285. ApTofycHas ceTb roposa YCTpPOeHa CJeAYIOUHM 06pa3oM:

{. C moboll ocTanoBKH Ha /MOOYI0 IPYrylo MOXKHO nonacTb 6es Ie-
pecaiKH.

2. Has a0Gofi napel MapuwpyToB HafgeTcs, M OPHTOM eIUHCTBCH-
Hasl, OCTalOBKa, Ha KOTOpoii MOXKHO nepececTb ¢ OAHOTO U3 3THX Mapul-
pyTOB Ha ApYrOH.

3. Ha xaxjom MapiupyTe poBHO 7 OCTalOBOK.

CKoJIbKO aBTOGYCHBIX MapHIpyTOB B ropoje?

286. B ropome 57 aptobycubix MmapumpytoB. HMspsectho, 41O

1. C moBofl ocTaHOBKH Ha 106yl0 JAPYryi0 OCTaHOBKY MOXHO IO-
nacTh 6e3 mepecaiki.

2. Ons ao6oft mapbl MaplipyToB HafaeTcs, H MPUTOM TOABKO 0113,
OCTaHO0BKa, 11a KOTOPOH MOXHO liepececTb C OJHOFO H3 3THX MapiupyToB
Ha Ipyro#. ’

3. Ha kaxzaoM mapumpyte He aleHee TpexX OCTAHOBOK.

CKo/1bKO 0CTAaHOBOK HMeeT KaxIblit K3 57 Mapuipyros?

287, Moxuo Ju npoBecTH B ropoie 10 aBTOGYCHBIX MapuIpyTOB M
YC14HOBHTb lla HHX OCTaHOBKH TakK, 4TO Kakne Obl 8 MaplupyToB HH
Obiau B3ATHI, HafiieTcsl ocTaHOBKa, He Jexallas HH Ha ONHOM H3 HHX,
a Jobble O MapmWpyTOB MPOXOAAT Uepe3 BCe OCTAHOBKH?

288. Kakoe mnauboJibiiee UiCJA0 Pa3THGHEIX I[MAaPOB  MOXHO Mo-
CTPOHTH B NMPOCTpPaHCTBe TaK, YTOOLl OHI KacaJHch Tpex JaliHhX Mnio-
cxocTefl # 1aHHoOro mapa?

289, Uepes KaxAyl0 H3 TPeX JaiibiX ToHeK MPOBEAEM no m nps-
MblX Tak, uTOObl CPeAH HHX He Onl10 NBYX, Hapase/bHBHIX MexIy cofoil,
H TPexX, mepecexawlliixca B oAnofl Touke. HafitH uyucio Ttowek nepece-
YeHHA STHX NPAMDIX.

290. B mpoctpaHcTBe JaHbl 7 TOUEK, 13 KOTOPLIX M J€XaT B OIMOA
nA0CKOCTH P, a ocTajbHbie pacHoioXedni Tak, UTO HHKakue Yersipe H3
HUX He JiexaT B OAHOR nM0CKOCTH. CKOJBKO MOMKHO MPOBECTH M.0CKO-
cved Tak, uTOGBl OHH COAEPXKAJH MO TPH Aatiible TOYKH?

291. Ha naockoctu Aanm tpu Touku A. B, C. Tposeaem uepes Tou-
ky A m npamwix, yepes B —n npambix u ucpes C — p IpSAMBIX. [pu
STOM CPe/il NpOBEACHRHEIX NPAMLIX HeT Tpex, flepeceKaloifuxcs 8 OLHOM
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TOuKke, H /ABYX, NMapajielbHbiX MexKay cobofl. HaliTh uncio Tpeyrosibs
HHKOB, BEpIMHHLI KOTOPHIX fABJAOTCA TOYKaMH Iepeceueltusi 3THX mps-
MbiX H He COBNAJalOT ¢ 3aJaHHEIMH ToukamH A, B, C.

292. CKOJBLKO CYILeCTBYET TPEeyTOJbHHKOB, Y KOTOPHIX BEpIUMHEI 5B~
JSI0TCA BepIUHHAMH JlaHHOTO BHIMYKJOrO 7-YroJibHHKa, HO CTOPOILL HE
COB{iaJaloT CO CTOPOHAMH 3TOro N-YrodbHHKa?

293. Ha m/iocKocTH NpOBeJEHH 7 NMPAMBIX, H Ha KaXOof H3 HHX
B34TO NO p TOYEK TakK, YTO HH OJHA H3 ITHX TOYEK He fABJAETCA TOUKOH
nepeceueHns MpAMEX M HHKaKHe TPH TOYKH He JieXaT lla OfHOH mps-
MO, OT/IHYHOM oT 3ajaHublx, HafiT 4HcAO TPeyro/bHHKOB ¢ BepiiHs
HaMH B 3THX TOYKax.

294. JlokasaTh, YTO UHC/O TOYEK INCpeceueHHs JHaroHaJjiedl BRIIYK~
JIOFO  A-yroJibHHKa, JeXalMX BHe 39TOr0 MHOrOyro/ibHHKa, paBHO

SV (n—3)(n—4)(n—>5), a aexamwux BHYTPH HEro  pPaBHo

2—14—n (n—1)(n —2) (n —3) (npeamosaraetcs, YyTO HHKaKue jBe Alia-
ronajd He MapaiajejbHhl H HHKakMe TPH He llepeceKaloTcs B OalOf
TOUKe),

295, Ha OxpyXHOCTH pacfoqoxeHo n TodeK., CKOMbKO CyllecTyeT
pPasNuyHEIX MHOTOYFOJNbHHKOB (He 0GA3d4TeNbHO BBITYKJABIX), BIHCAHHBIX
B 9Ty OKDYXHOCTb, BepIIHHAMH KOTOPBIX CAYXKaT AAHHEE TOYKH?
A CKOJIBKO BBINYKJBIX MHOFOYrOJbHHKOB?

226. Ha nJaockocTH npoBejelikl /m MapaienbHelX npAMHX. Kpome
TOro, Ha TOH XKe MJIOCKOCTH NPOBeJeHH # MPsAMbIX, He Mapa/inielbHbiX HH
MexLy coGoM, HH yXe mnpoBeieHHblM paHee. Hu oana H3 npaAMbIX He
HPOXOJUT Yepe3 TouKy Mepecedenusi ABYX APYrHX npsiMbix. Ha ckoabko
obJacTedl AeAHTCA IJIOCKOCTb NPOBEIEHHBIMH NPAMBIMH?

297, Haubl 11 104eK, H3 KOTOPHX 5 JieXaT Ha OLIOA OKPYXKHOCTH.
Kpore HHX, HHKaKHe 4 He JexaT Ha oJHOH OKpyxHOCTH. CKOJIbKO OK-
PYy#HOCTeHl MOXHO MpOBECTH TaK, 4ToObl Kax</lad M3 HHX COAepKajaa mno
Kpafinefi Mepe 3 TOUKH H3 uHc/Aa 3ajaHubIX?

298. Ha mnuockoctH paHo 10 nonapHo mnepecekalolluXcs NPAMBIX,
MpHYeM HHUKakHe 3 NpsMule lie NMPOXOAAT uepe3 OJANY TOUKY H HHKakHe
4 He KacawTcsi OAHOA H Tofl xe okpyxnocTH. CKOIbKO MOXHO IO-
CTPOUTH OKPYXKIIOCTeH, KaxKJas H3 KOTOPHIX KacaeTcl 3 MNPAMBEIX H3
yhcAa 3ajgannuix 10?

299, Hafitn uHCI0 BceX BBINYKJBIX &2-YroJIbHHKOB, BepHIHHAMH KO-
TOPHIX CAYXaT B M3 N BEepINHH BHNYKJOrO n-yroJbHHKa, NpHYUEM ABe
COCC/lHHe BepiHIIH R-yroJbliHKa AOKHLI ObITb pasdgesieHbl NO MeHbILeH
Mepe § BePIIHHAMIH r-yroJbHHKA.

300, [lapasnenorpaMm nepecekaercs ABYMsl psiaMH NpPsMBIX, la-
pasieNbHbIX ero CTOPOHAM; KaxKAblfl psif COCTOMT M3 r JHHHHA. CKOJBKO
napaj;iesiorpaNMoOB B MOJYuHBLIeHCS (DHUrype?

301. Ha ckoabko uactefi pa3bupaercs BbIIYKAbIfl n-YroJbHHK CBO-
HMH 1HaroHaJsiMH, €c/Au RHKAaKHe TPH H3 HHX He mepeceKaloTcs B OJHOI
TOYKEe BHYTPH 7-yroJibHHKa?

302. Ilyctb ecTb oalia KapTa ¢ uucjaoM 1, JBe KapThi C UYHCAOM 2,
Tpu KapThl ¢ uucaoMm 3 M T. 4. JlokasaTb, 4TO UHC10 c11oco6oB BbLITA-

n
HyTb /[BC KapThl TakK, 4To0nl MOJYuHTb CYMMY 1, paBilo —l—,z-(n"’-l)

n
uaf -1—2-(n2-4) B 3aBHCHMOCTH OT TOrO, HE4eTHO HJH 4eTlo A,
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303. Umetotcs 3n+1 npeameToB, H3 KOTOPbLIX 7 OAHMHAKOBHIX, a
ocTajbhble pasinuubl. JIOKa3aTb, 4TO H3 HHX MOXHO H3BJ€Ub 11 lIpeA-
MeToB 22 crmocobaMH.

304. Jlana mocaejoBaTeabHOCTh 4Hced 1, 2, 3, ..., 2n. CKoAbKHMH
crioco6aMH MOKHO H3BJeub H3 Hee TPH uHc/Ia, o0pasyloliue apHPMeTH-
yeckyo mporpecciuwo? To xe cavoe Aas moc/ielloBaTe/qbHOCTH UYHCET 1,
2,3, ..., 2n+1.

305. Ha m/IocKOCTH mpoBeNeHO HecKoJbKO 3aMKHYTbIX KPHBBIX, Ka-
sKaas H3 KOTOpBIX MepeceKaer Bce OCTaJbHElE 0 KpaHHEH mepe B ABYX
toukaX. IlycTb n,— 4HC/IO TOHEK, B KOTOPHIX MNEPeceKalnTCA r KPHBBIX.
JokasaTb, YTO WICJA0 3aMKHYTHX 00/1aCTedl, OrpaHHY€HHBIX AYraMH 3THX
KPHBbIX [1 He cOlNepXalluX BHYTpH cels TaKux LYr, paBHo

Vfng-b2ny-F ..o -brnpy .0

306. Ha maoCKOCTH MpoBelgHbl 1Ba IIyuka NPAMBIX JAHHHA C UEH-
tpamui A W B, onuH M3 KOTOPEIX COJEPXKHT M; a APYrO# n UPAMBIX.
[lycTb HHKaKHe IBe NpAMLe He Napa/ielbHhl M HW OJHA NpAMas He
npoXOAHT uepe3 obe Toukn A H B. Ha croabko uacrtelt mpsmbie 3TUX
MyYKOB AeJsAT MAOCKOCTD?

307, MoxHO JM KaXIblfi ©3 77 TedaethoHOB COEIAHMHHTb pOBLiO C
15 apyrumu?

308, Haiitu cymMMy Ko3Q(@HUHEHTOB MIIOroYIeHa, MoJy4arolueroct
110C/1€ PacKphITHA CKOGOK B BHIPaXKeHHH

(7% — 13y? -+ 522194 (43 — 8y2 -1 6y - 2)* |- (242 - 18y%— 21)1%5,

309. B amuke Jexut 100 pasnouBeTHHX IIapHKOB: 28 KpacHbIX,
90 sencubix, 12 Xeatmx, 20 cuuux, 10 Gemnx u 10 uepunx. Kaxoe Hau-
Melbllee YHCAO IIAPHKOB HAKO BHITALLHTb, YTOGLl Cpefn HHX 00s3aTeb-
10 0Ka3aJjoch 15 uapHKoB: oqHOTO UBETa?

310. Moxuo packpacuts aubo Bce rpasd KyOa. B Geamil. uper, Jaubo
Bce B YCpHHIA uBer, JinGo uacTs B Geblfl LBET, YaCTh B UEPHbIA LBeT.
CKOJIbKO CyILECTByeT pasiHUHBIX crmocoGoe okpacku? (Ilsa xy6a cuu-
TATCA pacKpaliedHbIMH Pas3JHuHO, €C/H HX Helb3s NepemyTaTb, Kak Obl
HH MepeBopauuBaTh KyO.}

311. PeunTe Ty Xe 3ajayy npll ycJOBHH, YTO pacKpallliBaloTcs He
rpasH, a BeplIHHH Kyba.

312. Moaenn MHOrorpaliHiKoB JeJalOTCA H3 IJIOCKHX pasBepToK.
B pasBepTKe rpani [pHJeraloT ApYr K IApyry peGpamH, a Moledb
CTPOMTCA NyTeM 3arM0aHHst KapPTOHHONX pa3pepTkH BAoJAb pebep. Takux
pasiuuHblX Pa3BePTOK MpaBHAbHHA TeTpasap umeeT IBe. CKoOJbKO HX
uMmeet Ky6?

313, [IpaBusbHbIf JOJ€KA2Ap MOXKHO BHKPacHTb B 4 uBeTa TaK,
4TOOB! JIIOOLIe Be CMexHble IpaHd ObH pasiHyHbiX uBeToB, CKOJbKO
HMeeTCsS reoMeTPHUeCKH a3 HullelX CIoco0oB pelneHus 3Tofl 3agauu?

314, M3 wectu pebep Terpasipa MOXHO BHOpaTh: ueThipe pebpa,
o6pasylolMX 3aMKHYTHIH NPOCTPAHCTBEHHbIH YETHPEXYroJbHHK. ITOT
UeTHIPEXYro/IbHHK COLEPIKHT Bce BeplIHHBI TeTpaaapa. To xe camoe
MOXXHO CHe1aTt ¢ KyGOM — Mbl MOJYHYHM BOCbMHYFOJIbHHK, cOdepKalllil
Bce Beplimnbl Ky6a: MOXHO /M caenaTb TO XKe CaMOe C OKTa’ipoM,
nonexasapoMm, HkocasfipoM? Ciroapko 6yldeT peuleHn#l AJds KaX10ro
MHOrOrpaHHHKa?

315. B HavuaJe K0OpAHHAT HaXOAHTCA uacTHUa. Yepes eauunuy pe-
MeHH OHa pacmajaeTcsl Ha NB€ YACTHUH, 0/JHa H3 KOTOpPbIX CABHraerTcs
Ha eIMHMUY anHHH -B1eBO, a Jipyrafs — BNpaBo. 2ITOT Ipolece
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MOBTOpAETCS uepe3 KaxKIYI0 eQHHHIY BpeMenH, NPHUEM [Be 4YacTHILL,
OKasaBllHecs- B OAHOf TO4YKE, B3aUMHO YHHYTOXaloTcs (Tak 4TO, HANpH-
Mep, uepe3 ABe eIHHHUbI BpemenH ocraeTcs ABe uacTuubl). CKOJABKO
gacTHu 6yneT uepes 129 eannuu BpemeHH? Yepes n eausnu BpeMeun?

316. HekoTopbiii althaBuT cOCTOMT H3 ulecTH OyKB, KOTOpbie s
nepe/iayn 1Mo Telerpady KOAMpPOBallbl TakK:

08—t = ——p

¥ y >

d (]

s
Ilpu nepenaue ogmoro cnoBa e coeAaqH NPOMEXYTKOB, OTAeASIOLLEX
GYKBY OT GYKBbI, TaK UTO NMOJYYHAAch CIAOIIHAA UENOYKa TOUEK H THPE,
coctonllas u3 12 3uakos. CkOapKIME cnocofami MOXHO NPOYHTATH fHe-
pelasntioe ¢10BO? )

317. Kakmx yncea ot 1 no 10000000 6yner Go.buie: TexX, B 3alHCH
KOTOPBIX BCTPEyaeTCH €JHHHUA, HJIH TeX, B 3alIHCH KOTOpbiX e€e HeT?

318. U3 Touek u THPe COCTABAAIOTCS BCEBO3MOXKHHE «ClI0Ba», B KO-
TOphle BXOAHT POBHO ceMb 3HaKoB. Kakoe #anboJsibiilee YHCAO CJIOB MO-
¥KHO BHIGpPAThb 3 HHX Tak. YTOGb JIIOGHe ABa BEIOpaHHBIX C/10BZ OT/iH-
"aanch no Kpafigefi Mepe TpeMsa 3HaKamu?

319, CkobKHMH CNOCOGaMH MOMHO packpacHTb n KPacKaMH OKPYX-
HOCTb, pa3le/ieHHyl0 Ha p dacteil (p — npoctoe)? CrnocoGkl, coBmanaio-
ImHe MpH NOBOPOTe OKPYXXKHOCTH BOKPYT LEHTPa, CUMTAIOTCA COBNANaio-
IWAMH.

320. Ha aucte KJetuatoi Gymard pa3mMepoM nXn KJeTOK paccTas-
Newnl wueaa 1, 2, 3, ..., n? mo oAHOMY B KaxIoM KJeTKe TaK, YTO HHC-
Jia, CToALlHe Ha KaMio#t BepTHKaiH H TFOpPH3OHTanH, obpasyor apud-
MeTHuecKylo mporpecciio. Haiith umciio takpx pacnoioxenufi.

321. ¥V uenopeka Ha ronose He Gonee 300000 sonoc. Hokasatsb, uro
B MockBe XuByT He MeHee 10 4enoBeK, y KOTOPHIX 4YHCJAO BOJMOC OfiH-
#akoBo (Hacenenue MoCKBE 0KOJO 6 M.iH. 1€I0BEK).

322. Hano 2n+1 npeameros. Jloka3aTh, YTO M3 HHX MOXHO BHI-
6paTb nedyeTHoE UHCIO MPe/MeTOB CTONBKHMHU e cnocofaMH, Kak
ueTHOe.

323. Hokasath, 410 1 py6. MOXHO pa3MeHSTb MOHETAMH B 2
5 xon. GoapwiiM uHcaoM cnocoboB, ueM MoHeTaMu B 3 u 5 kon.

324. CxoapkuMH crnocoGaMH MOXHO pasmeHaTh 20 Kom. Ha MoOleThl
poctondcTBoM B 1, 2 11 5 Kom.?

325. ﬂoxaaarb 4TO C NOMOUIbIO cTaH:xapTHoro Habopa pa3sHOBecOK:
1 me, 2 m2, 2 me, 5 me, 10 me, 20 me, 20 me, 50 e, 100 2, 200 e,
200 me, 500 M2, 1 2 1 T. 1. MOXKHO COCTaBHTh ‘no6oir Bec, Bblpa}KeHHblﬁ
HEeJbIM UHCAOM MUJIIFPAMMOB.

326. Hauwt 6 undp: 0, 1, 2, 3, 4, 5. HefiTh cymMMy Bcex ueTmpex-
BHAUHBIX HETIBIX 4IICeJ, KOTOpble MOXHO HamuCaTb 3THMU URDpamu
(onda u Ta Xe uHdpa MoxKer MO3TOPATLCA).

327. Kosona u3 2n KapTt TacyeTcs CJEAYIOL{HM 0OGpa3oM: ee HeisiT
nonoJiaM W KapTel MepBofl MOJOBHHBL pacrnofaralnT N0 OZHOA MeXny
KapTaMu BTOpOft NoJ0BuHbI (B 3ajanuoM mnopaake). Hanpumep, kapta
¢ HoMepoM n-+1 craunosiurca nepsofl, mepBasi— BTOpOH, ¢ HoMepoM
n+2 — tpetvefl, Bropas — neTBeptod # T. A. [dokasate, 4ro uyepe3s r
pa3 kapra, mepBoHauanbllo laXOAHBLIAsIC Ha pP-M MecTe, nomaleT Ra
MECTO, X, rle X— OCTaToOK OT Aenenus p2” na 2n+ 1.

328. HdokasaTb, uT0 ecau B ycJoBuH 3anaun 327 kodola conepmur
6m+2 kapT, TO KapThl ¢ HoMepaMu 2m+1 u 4m+2 GyAyT BCe BpeMsa
MeHATbCA MecTaMi.
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329. Ecnu nmpu TOM Xe YCNOBHH Koaoda coaepXuT l4m--6 xapr,
TO moche TPeX TacOBOK YKa3aHHBIM cmoco6oM Kaptul 2m-+1, 2(2m-+1),
3(2m+1), 4(2m+1), 5(2m+1), 6(2m+1) BepHyTca na ucCXoAHbIE
MecTa.

330. Ecau npu ToM e ycaoBHR 2% — 1 genutcs na 2n-+1, 10 KO-
aoga M3 2n KapT mocse X 1acOBOK NPHAET B [epBOHAUaJbHOE [0.10~
xKende.

331. Konona Kapt Ttacyercs caeayloljuM ofpasoM: cHauasia Geper-
csl mepBas KapTa, BTOpaf KapTa KJa/leTcsl Ha Hee, a TPeTbs — II04 Hee
B T. A. Hokasatb, uT0o ecau konoda coaepkHT 6n-—2 KapT, TO KapTa
2n octaeTcsl Ha MecCTe.

332. 22 kapTe moaBepraloTcA ykasaHHOM Bbllle TacoBke. Ilokasato,
uyTO KapTa 8 BCe BpeMsi oCTaeTcs lla MecTe, 5 u 14 Mensiorcs Mecrauy,
a 3, 13, 18 nepexoasaT Apyr B Apyra uo Kpyry.

333. MokasaTb, 4To NpH TOM XK€ YC/JOBHH: Kosoma B 16 KapT npu-
IeT B MepBOHauaJbHOe moJoxenye depes 5 pas, Konolda B 32 KapTe —
nocie 6 pas, 42 kaptel — 8 pas, 28 u 36 kapt — 9 pas, 12, 20, 46 KapT—
10 pas, 22 u 52 kaptet — 12 pas, 14 xapt — 14 pas, 18 kapt— 18 pas,
26 xapTr— 26 pas, 30 kapt — 30 pas, 50 kapt — 50 pas.

334. Ksangpart pasnenen na 16 pasmbix kBagpatoB. CKoAbKuMH CliO-
co6aMu MOMIIO pacKpacHTb HX B Oedblil, YepHbil, KpacHuil H CHHUB
1BeTa TaK, 4ToOHl B KaXX0M FOPH3OHTAJIbHOM H KaXKAOM BepTUKAJbHOM
psay GblaIH BCe 4eThIpe liBeTa?

335. 15 WKONLHHKOB CTPOAT 444 nporyaku B 5 psuos no 3 yeno-
Beka B pany. CkoabkKo pa3 MOXIO 3TO CAeNaTb Tak, UTOGbl HHKaKie
2 WwKoNbHHKA He OKa3aJHCh ABaX{Abl BMecTe?

336. [doxazaTb, uTO ecau n——-ue.noe,lro (n2)1/ (n!) »*! — pegoe; ecan
LES m+1

m H n —uedyetHne, 10 (mn)!/(m!) 2 (nl) 2 yenoe.

337. n npeaMeToB pacnoJioeHbl no Kpyry. HokasaTtb, 4To ecan
fn — uHMCJO mepecTaHOBOK 3THX NpEAMETOB, NMPH KOTOPHIX HH OIMH
npenMer He CJAeIyeT 3a TeM, 3a KOTOPBIM Ol CJeLOBaJ NepBOliayafsio,
10

fatins1= Dy

(cm. cTp. 73).

338. Hafttu uyucjo uedbIX pelleduil ypaBHeuus Xi+xe+ ... +xp=m,
ecJIi BCe HeH3BEeCTHble yIOBJeTBOpsAloT HepaBeHcTBY 0 LI xp<Ca.

339. Hmeerca 7 3K3eMnuifApoB onilof KHHPH, 8 — Apyroii H 9—
Tperbefi. CKONBKHMH CMOCOGAMH MOMHO pasfeNuTb HX MeXAy ABYyMS
JunaMu Tak, 4To6n KaXawil noayuna 12 xuur?

340. Buinncanbl Bce n-coyetanus ¢ MNOBTOPEHHAMH, COCTaB/ellibie

13 n 6yks. [Tokasatb, uTo Kaxaaa 6yksa Bctperutca Cy, | pas..

341. Ot A no B 999 ku. Broab noporu CToT KHJIOMETPOBble CTO.1-
6bl, Ha KOTOpbIX Hamicanb paccroauna g0 A u g0 B (0,999),
(1,998}, ..., (999,0). Croabko cpeall HHX TaKHX, 11a KOTOPHIX ecTh
TOABKO [Be pas/uuiible LHOPLI? :

342. CocraBnsloTcA BCCBO3MOIIBIE Pa3MeIUEHHS C MOBTOPEHUAMIL,
KOTOpble MOXHO cenaTb H3 m Geabix H n uepHuix wapos. [lokasats,
YTO HX YHCIO paBto P(m+1, n+1) — 2.,

343. Cocrap/jenbl BCEBO3MOXHbIe Pa3MeleHHS ¢ MOBTOPEHHAMH K3
m GesblX ¥ n uepHbX iuapoB. IlokasaTs, yro oGuiee wHCIO GeJbix

16 H. f1. Braerkun 21



wapos BO BCCX pasMeleHHAX

—1
1+”‘”jf2 P(m1n1),

mn+4+n—1
4+t P(m1, n41).

nposepmb OTBeT 3a4auH lla CJioBe «[aaras.

344. [lokasath, uTO uHcA0 pasmeutesuit nmo 1, 2, ..., m+n+1, ko-
TOpble MOXKHO caeJaTth H3 m Gebix maposB, n YyepHHIX IIApOB H OAIIOrO
KpacHoro Liapa, B KOTOpbie BXOAMT KpacHBIfl L1ap, paBHO

mn+m-+n
14+—F——FF—F—P(m+2 n+2).
+EEE P(nt2. n D)
345. [Toanoe unca0 pa3MelleHHH, KOTOphIE MOKHO ciejath H3 m Oe-
JIbIX 1I3pOB, N YePHHX LIAPOB H OLHOTO KPacHOro mapa pAaBuo

(mt1)(n+1)
T Pnta, n42)—1.

TIpoBepuTH OTBET Ha CJOBE «OKOPOK®.

346. V mensa 7 apyseil. CKONbKHMH cnoco6aMu MOry s NpHraaliaTh
X K cebe obenath nmo 3 B TeueHue 7 OHeH TaK, yToGb HHKakKue 3 H3
HHX He BCTPETHJCH Yy MEHA ABaXKAbl?

347, Ecau 1 xouy uMeTb 7 pasHbiXx KOMNAHHH no 3 u | HHKOrO He
OCTABHTbH lle NPHUIIALIEHHBIM, TO 3TO MOXHO cleaaTh

Al — 145+ 214},

a 4eplibix —

crnocobamu.

348. Ecan a xowy nmeTb 7 pasHbIX KOMIaHHA no 3 M HU oguH ApYyr
e XOAMT KaXABlfi NCHb, 3TO MOXHO CIeJdTb A3a 74l cnocobamu.

349, Tokasath, 4TO MOJIHOE YHCJIO pa3Mmeluesuii u3 n>2 npeime-
ToB (mo 1, 2, ..., n) aABiasgerca OGaumKalwuM uenbiM K en!—1.

350. Ecau BhIMicaTh Bce 3Td pasMellelHs, TO YHCJAO Pas, CKOJLKO
BCTPeTHTCA KaxXAbifl mnpeamer, fABjaseTcAd OauwXKafiuM  HefsiM K
e(n—1)(n—1)!

351. Morety Gpocawor 2n pas. Jlokasatb, 410 HHCJIO BapHAlITOB,
npll KOTOPHX rep6 i B OAMII MOMEHT He BBiNaJj dYalle PelIKH, pPaBlo

1+(CY+ ... +(Coy =y,

352. CKOJILKHMH CNoco6aMi MOXHO pacipeenuTb 37 pasHbIX Kuur
MeX Iy TPeMfl JHUAMH TakK, uToObl uHcJa KHHT 06pa3oBajH apudmeTHue-
CKYIO NpPOrpeccHio?

353. VimeeTcss n map, cOCTOALHX H3 ONHHAKOBBIX OYyKB, MpHiueMm
pasHble maphl COCTOAT H3 pasubix OykB. DTH OYKBBI YIIOpfAIOUHBAIOTCA .
BCeMH BO3MOXIIBIMH CNOcO6aMH TaK, uTOGH IIHKaKHE 1Be OIlHAaKOBble
6yKBH He LM noapsai. JlokasaTb, YTO YHC/IO Pa3AHUIIBIX YNOPSAOUH-
BaHHI paBHO

grlent=Teen—ni 28D 0 n—gi— ],
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354. meeTca r pasituuHBLIX Belllefl, KOTOphle pacnpelensioTcs Me-
XAy n-+p JAHUAMH TaK, 4yToOH MO KpaiHed Mepe n H3 HHX NOJYUHJIH He
MeHee OfHOf BewH. JloKasaTb, YTO YHCAO CNoco6oB pasfena PaBHO

' n(n—1)
P =t p—)+—gm5— +p=) —...

355. O6oanauum uepes Hﬁ yHca0 cnoco6GB pasfena 7 pasaHuBbLY
Betiiell Ha k& rpynn. [doka3ate, 4t0o npu n>1

l—moand—stmi4... =0

356. Vmeerca m sueek, B mepBOfl M3 KOTOPBIX JeXaT N MpeaMe-
TOB, BO BTOpPOfl 21 mnpeIMeToB, ..., B Mm-B— mn npeaMetos. Cko.b-
KHMH CNOCOGaMH MOXHO BbIOpaTh MO 7 NPeIMeTOB H3 KaXKIOoH AueiKH?

357. B xopaume Jnexar 2n+r abaok m 2n—r rpym. [okasars,
YTO NPH 3aJaHHOM N 4YHCJAO BhHIGOPOB n AGJOK H n rpyw OyleT HaH-
6oaplINM, ecad r=0.

358. 1000 Touek ABAAOTCA BepIIHHAMH BBIMYKJIOrO ThICAUEYroab-
1iHKa, BHYTPH KOTOporo pacmoJioxkeHo eite 500 ToueK TaK, 4TO HHKaKHe
TpH H3 3THX 1500 ToueKk He JexaT Ha oAHoM npamofi. JlaHHLIA Thicsue-
YrOJIbHUK Pa3pe3aH Ha TPeyroJbllHKH TaK, 4To Bce yKasarHmle 1500 ro-
YeK ABJAIOTCA BepPUIHHAMH TPEYroJIbHHKOB, H HHKAKHX NPYTHX BeplIlH
3TH TPeyroibHHKH He HMeloT. CKOJIbKO NOJYYHTCA TPeyTOJAbHHKOB TNpH
TaKOM paspe3aHuu?

359. I'laTb uesoBek HMrpaloT HeckKosbKO NMapTHii B ZOMHIIO (IBOe Ha
[BOe), MpHYeM KaXXAbli HrpalouHii pMeeT KaxAOro. OAHH pas CBOHM
napTHepoM M ABa pasa CBOMM mNpoTiBHHKOM. Haflty Koauuectso chl-
rpaHHbIX NMapTHH H Bce cnocoOnl pacnpefescHHs HrpaloLIHX.

360. M3 Touxu O Ha NJIOCKOCTH NPOBOLSAT BCe 3aMKHYTHE JOMa-
HHe [JHHbl 27, CTOPOHBI KOTOPbIX JeXaT Ha JHIMAX KaeruaToil Oy-
MarH co CTOPOHOH KjeTkH, paBHO# 1. HalTH 4HC/IO 3THX JIOMaHHIX, CCH
JIOMaHasi MOXKeT NPOXOAMTb OXHMH H TOT e OTPe30K IECKOJBKO pas,

361. Ha smcte OGymaru HaHeceHa ceTKa H3 7 TOPII3ONTAJBHBIX H
n BepTHKAJbHHX NpAMbBIX. CKOJIBKO Pa3AlluHBIX 2n-3BeHHBIX 3aMKHYTBIX
JIOMaHBIX MOXIIO NMPOBECTH MO JIHIHAM CeTKH TakK, YToOBl KaXjasi Jio-
MaHas HMeJa 3BeHbSl Ha BCeX FOPH3OHTA/BIILIX H BCeX BepPTHKAJNLHBIX
npaAMLIX?

362. 3aBox BHIMycKaeT MNOrpeMYIIKH B BHIAE KoJblla € HaZeThIMII
Ha 1ero 3 KpacHbIMH H 7 cHHMUMH WapHKaMH. CKOJIBKO PasiHuHLIX MO-
rpeMyllek MoOXKeT ObiTh BHINYLIEHO (ABe MOrPeMYIIKH CUHTAWTCA OIH-
HaKOBBIMH, €CJH ONHA M3 HHX MOXT ObiTb MOJAYueHa H3 APYrofl TOJBKO
nepeBHKEHHeM IIAapHKOB MO KOJbLY H TNepeBOPauHBaHHeM).

363. Co6pasocy n uenoBek. HekoTopble M3 HHX 3HAaKOMBI ApYr ¢
ApYroM, npHueM KaXahie ABAa HE3HAKOMHIX HMEIT POBHO ABYX OOUIHX
31aKOMMBX, @ KaXK[Able [Ba 3HAKOMLIX He HMelOT OGLIHX 3HaKoMblX. [lo-
Ka3aTb, UTO KaXXZIblil MpICYTCTBYIOLIHH 3HAKOM C OAHHAKOBEIM UHCJOM
yeJ0BeK.

364. Ha OKpV:KHOCTH B3fITO I11€CKOJIBKO TOYEK; OLHH H3 HHX 060-
3HaueHbl Oyksoil A, Hpyrue — 6yksoit B. Ha xaxpmofl us Ayr, Ha KOTO-
pble OKPYXKHOCTb HeJNTCS B3ATBIMH TOYKaMH, CTABHM MO CAAYIOHIeMY
lipaBuny: ecay ofe KOHUEBbie TOUKH 0GO3Hauelbl GykBamu A, To cTa-
BHM UHCJO 2; eciu 062 KollUcBele TCUKH 0GO3HAueHnl OykBaMu B, 1o
cTaBuM lfy; ecam ke KOHUEBule TOYUKH AYrH 0GO3HAUEHB PasHBIMH
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6ykBaMH, To cTaBuM uicao !. HokasaTe, 4To npon3BejeHNe Bcex HOCTaB-
JIGHHBIX ulceJ paBHO 297%, rie a — uucao TOUeK, 0GosHaueHHbIX OyK-
Boit A, a b — unca0 TOUeK, 0GO3HaYeHHBIX GyKBGH B.

365. ['opuzoHTann HraxMaTHoil HOCKH O0GO3HAUAWTCHA, KaK OGHIYHO,
undpamy ot 1 go 8, a sepTukamt — G6ykBamu oT a fo A. [lycts Temepo
a, b, ¢, d, e, [, g, h— npousBosblivle uncna. Hannmem Ha Kaxiom
noje DOCKH NMPOM3BEJEHHe YHces, 0603I1ayalolliX COOTBETCTBYIOUHE [O-
PH3OHTaNb 11 BepPTHKANb, H paccTaBuM 8 Jalell Tak, uToGH OHH He GH/i
apyr gpyra. Uemy papHO npon3BeleHIle 3aKPBLITHIX 4HCed?

366. OprkoMHieT oauMnHajn COCTOMT i3 11 uenosek. Martepuasmil
oJuMnHanbl Xpaunatcs B cefijpe. CKO/MIBKO 3aMKOB JOJIKEH HMeTe cefd
H CKOJIBKHMH KJOYaMH cjaelveT CHaGOuTb KaXK[AOTO H4a€Ha OPTKOMHTe-
Ta, u4To6bl HOCTYN B ceiig Obla BO3MOMEH, Korza cobepyTcs JoOble
6 uneHOB OPrKkOMHTETa, H Ille 6bld BO3MOXKell, ecJH co6epeTCs Melibiie
6 uneHoB?

367. Mmeercsa kycok uenu u3 60 apeubeB. Kaxnoe 3seiio BecHT 1 &
Kakoe nanmeHblllée YHCJIO 3BeHbEB {1a10 PacKOBaTh, UToBbl C MOMOLLBIO
PacKOBAHHLIX 3BEHbEB H MOJNYUHBINHXCH KYCKOB MOXHO GBIIO MONYUHTHb
Mmo6oll Bec, BbIpaXawoLulics UeabiM uiicioM oT 1 ngo 60? Pemmnte Ty
XKe 3ajauy, eciau [Jd B3IBeIHHBaHUs MOXHO MOJb30BATHCS [ABYXualuet-
HBIMH BeCaMH.

368. CxosbKO CyLIeCTBYET nap UeJbIX yilcea X, §, 3aKJAI0UelHbIX Me-
xkay 1 u 1000, Takux, uto x¥2+ 42 geautcs Ha 49?

369. CkosbKO ABY3HAuHBIX UYHMCEJd B CYMMe C YMCJOM, 3aNHCaHHBIM
TeMH Xe uudpamu, H0 B 00patHOM mMOpfAIKe, AaeT MOJHBIH KBaApat?

370. HailTu cymMmy Bcex ueTHpex3HauyHBIX UHCeJ, COCTABAEHHBIX U3
oTux uidp ot 1 10 6 u pensuuxca na 3.

371. HafiTh cyMMy BCeX ueTbIPeX3HAUNbIX YeTHBIX ulicesa, KOTOpble
MOXHO cocTaBHTb H3 UHpp oT 0 mo 5.

372. CKoAbKO pas/uHblX LENOUHCAelHBIX pelleHHR HMeeT HepaBeH-
ctBo |x|+lyt < 1000?

373. Ha okpyxHoctH maubi touku Ay, Ag, ..., A [locTpoum sce-
BO3MOXKHEIE BBIMYK/ble MHOFOYTONbHUKH, BepLIHHbH KOTOPHIX HAaXoATCH
cpern Ttouek Ai, Aj, ..., Ajg. PaszoGbem 3TH MHOrOYroJbHHKH Ha ABe

rpynnsl. B nepBylo rpynny oTieceM BCe MHOFOYrOJIbHHKH, OZHOM H3 Bep-
IIHH KOTOPHIX sBJsieTcs TOUKa Aj, a BO BTOPYIO — BCE OCTaJbHBIE MHO-
royroJbtiiki. B Kaxofl rpynne GoJblue MHOrOYrOJbHHKOB?

374. Ha Geckolneurzoft utaxMaTHON R0CKe CTOHT Kowb. Haiitu uncso
KJETOK, 1ia KOTOPHX OH MOXeT OKaszaTbCs uepe3 271 XOJOB.

375. Mmeercss 1955 Touexk. Kakoe HanGoJbuiee UHCIO TPOEK Touek
MOKHO M3 HHX BbIGpATh Tak, uTOGBl KaxKAble [Ise TPOAKH uMenti obulylo
TOUKY?

376. Uncaa ot 1 mo 100000000 BeinHcaHB fIOAPSA TaK, 4TO MOJY-
UHMACh MOC/AENOBATEABHOST, Lutp 123456 ... 100 000 000, [lokasath,
4TO uHc/JO Becex uHp 3Tofl noC/e10BaTENBHOCTH PaBHO HHCAY HYJed
B nocsefosatensHoctn 1, 2, 3, ..., 10° ~

377. Cxonbko cyuiecTByeT ueTthipexsnautibix uHcea or 0001 mo 9999,
y KOTOpBIX tyMMa [BYX mnepebix uldp paBHa cymMe ABYX MOCAENHIX
uucdp?

378, B mkone Hsynawor 27 mpeametoB. Bce yueHukw yuaTca Ha 4
u 5. Hukakne nBa yuenwlKa He yuaTcl OAMHAKOBO, HH (PO KAaKHX ABYX
He/b3sl CKa3aTh, TO OAHIl yuuTcs Jjyuwe apyroro. Jlokasars, 4ro uuciao

yueHUKOB B WIKosie He Gombme Ci, (Mbl CuMTaeM, 9TO OAH(I YueHHK
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YHUHTCA JYyullle APYroro, ecaw 10 BCeM NpeaMeTaM y HEro OlEHKH He
Xy#e, 4HeM y BTOPOro, a Nno HeKOTOPBIM — Jyuuie).

379. Ilycth M, — uncao pasMeulennit 6e3 nosTopenuit U3 m sie-
MeHTOB 110 r, a N, —unCJ0 pa3Menennil 6e3 nopTOpeHitil H3 n 3jeMeit-
TOB N0 r. JlOKasaTh, WTO WicA0 pasellennii u3 m-+n 3JEMEHTOB 110 r
Bhipaxaerca dopmynoii (M-+N)7, rae nocre Bo3BeICHHS B CTEeReHb
HaM0 3aMEHHUTb BCe NOKasaTejH IHAEKcaMil.

380. Hafitn Koadduunent npu x% B pasiomennd

1+ x2— x99,
381, Hafitu koaddHUHEHT Npd X™ B pasiomenuy
I+ A+ (L x)"

no creneHaM X. Pa3o6paTb oTaeabHo cayuad m<k, m >R,

382. Hantn Koapduunent npu x'7 u x'* nocae pacxgmm{ cKoGoK
Il pUBENeHHs] MOLOGHHIX uJeHoB B BhpaKenHu (1+x5+x7)%0,

383. B kakom u3 Bmipaxenufi (14 x2—x%)1900 pyay (1—x24-x3)i00
6yncT nocie pacKpeITHR CKOGOK It mpaBejeHiin NOAOGHBIX HJeiloB 60Jb-
umit Koapduunent napu x17?

384. Ilyctb @y, @, as ...—Ko3buUHENTH B PpasnoKelin
(14+x+x?)" no mospactawounm crenensvm x. Jlokasats, 410

a) @M — QG+ @iy — ... — Gyn—1d2, =0,

. -1 1 1 -
6) ap—al+aj— ...+ (—1)" lai_1=§an—|—§(——-1)” 'a,

B) a,—nar-x+C,2,a,_z—... +(1)’C,: ag =0, ecanr He KpatHo 3,

D) @yt @b eyt = (G,

: 1
a+az-tas+... =3 37 —1).
385. HaiiTw uncao pasnnuubix (He MOXOGHLIX MeXAY cebof) wie-
OB Pa3JIoMEeHus '
(x-t x-F o X%

110/1yYaIOLIXCA HOCAE BO3BEAEHHS B CTeNeHb,
386. HaiiTs Kosadduunent npH x* B paanoxeHHH

A4 x4+ 24 F 1)

387. Jlokasathb, uTo
[Chti—Ch] Chh
(C;l)‘z —Crtl CZ_—ll

n+t

.

388. okasaTb, uto
2 :
C,+6C; +6C)=n’,

1-}7C} 4 12C% +-6C3 — (n 4 1)°.



389. Mlokasare, uto
14 14Ch 4-36C% 4 24C3 = (n +1)* — n?,
Cl - 14C% 4 36C3 + 24CL = n*,

390. Hdokasats, uto

1 —3C] +9C,—27C5 4 ... = (—1)" 2" cos 221
3 5 (—1)t1 gntl 2na
C}l—3cn+gc‘;— = -——-]—/—g_—-——-—sin —g—.

391. Hoxasatsb, ¥to

a) C‘,’,+C;"’:-+C?,+...=§(
6) CL4-Ch+Clt ... = (274 2cos LAY,
n n n 3 3
1
=3

B) Ci—l-ci—l—Ci—{—. 2" 42 cos (n—l—))n)

0 4 8 1 -1 nx
r)C,,+C,,+C,,+...=—2—(2” —1—22 cos 4)
392. lokasathb, uto npu n 22 u {x]<! uveem

(42" (1 — ) <20,

393. okasatb, 4TO mpH m>n

nn—10)...0—x+1H  m41
mm—1)...(m—x+1)" m—n+1

x=0
u
cxcr _ 2n+1
a Cit a1
394. JloxasaTb, 4yTO
m(m-+1) m(m-1). (m+n—1)
T +"L_”“+ -t ( +1 2.
_ n(n—{—l) n(n+1)...(n+m+1)
_1‘+ + ot 1.2...m N
. 395. dokasats, uTo
o Crol _ 2
x=1 Cfn—l fl+1
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396. JlokasaTb, uTo

2"1‘6:::%= n4gq+1
Cr., @+h@+2’

x=1

397. JdokasaTtb, 4TO
n

Xcz:%: 2(n+q+1)
= Cig @TDE@+D @3 p

398. JlokaszaTn, uTo

" 2n — 1)!
(CF+2(CF +3(C) + .. +a(Cpf ==
399. doka3aTb TOXIECTBO
1 1 1 1 1 L
[(n— D2 + 1120 [(n—2!)2 + 2131 [(mn—3)1)2
(2n— 1!
[n!(n—l) e’

400. Jloka3saTb, uTO
(ndr—Nn! _n (n-+4+r—3)! n nin—1) (n+r—2>5)! .
rl 1 r—2)! ! 1.2 (r—4)!
_nl(n—1)!
LY '—‘m-

401. BpluncauTth c/iejlyioliHe CyMMBL:

a) CL42C%4+3C3 ... 4-nC",

6) CO42C) +3C2 4 ...+ (n+1)CP,

B) CE 4203 43¢ 4 ...+ (n—1)C",

r) CLgCt 4+ 5C% 4 ... L. (2n—1) CP,

2 Ch—2C,3CE— ...+ (—1)" (n41) CY,
e) 3CL+7C2 L 11C3+ ...+ (4n—1)C",

x) Cl,—2C% 4+3C5 — ... 4-(—1)*"'nC",

cU ¢, ¢ cn
1+ —l- +"'+n——|—l'

¢ cl cz ct
Pl 2+ + —r...—l-my

CO Cl CZ ol
1n n
K) —-—— 2 + 3 — e —l—(—l)”n—_l_l!

n (€)= (€ +(Co)f — -+ (=) (Co)-
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402. Hafitu naudoabufi KosGdHuHeUT B pa3ioKeHHsX
(@60, (atb+c4d)u

403. OGoznauum uepes Y, Koxbduuneutnl paszioxesns GyHKILHY
1

(1—4x) ? B crencuiof psa

1
(1—4x) 2 =14Yx-LV,x24 ...
Buipasuts Y, wepes GuntomuanbHbie Kospduunents. Haittu pasnoxenue
1

aas (1 —4x) 2,
404, Jokasatb, 410 uucia Y YAOBJETBOPAXT COOTHOLIGHUUSM:

1 1 : 1 1
a) Yn+72‘Y1Yn—1+'§'Y2Yn_2+ P —l—myn=-2~Yn+,,

6) YQYn+ yl Yn-l+Y2Yn_.2+ R Yn YO=‘«4",

YOYII yl),ﬂ-l YQYII-—Q
| Tarn T o timay T

Yo¥o  Ya,
e (n—{fl)-l - nf{—’2

405. B uncaoBom TpeyroJbiiKe

(= I ORI
~ D =
|

. . . . . . .

Ka)Xfoe ulcjao0 paBHO CyMMe 4HCe/, DAcno/IOXKEeHHBIX B Npeiblayllef
CTPOKE 1aJ 3THM YHCJIOM M HAA €ro cOocelfMH CNpaBa # cieBa (ecau Iite
BCE TaKHe YHCJA NPHCYTCTBYIOT, TO OHH CYHTAIOTCH DPaBHBIMH HYJIO).
Hoxasarte, uto B Kai10il cTpoke, HauMnad ¢ TpeTbedl, HalZeTc veTHOE
YHCI0.

406. [lepsan cTpoKa YHCJAOBOrO TpPEYTOJALUHKA

01 2 3......107 1958
135 ...... 3915

L T S R T T R T TR Y

coctout 13 uuces 0, 1, ..., 1958. Diementsr Kax10fi caesywwel crpo-
Ki} ABJAIOTCA CyMMaMil 34CMeNTOB Npejbiayliell CTPOKH, CTOALUUX ciesa
11 cApaBa OT AaHHOrO 4YHucaa. JlokasaTe, 4TO sseMelt moc/jeaHell CTPOKH
TPCVTOAbHHKA AeuITCA 1Ha 1958,

407. PaccMatpusaercss  paa  uucea DuboHawum Uy =0, uj=1,
tg==1, 13=2, uy=3, us=5 u 1. 4. (Mot #avanu ero ¢ wrewos 0 u |, a
ve 1 1 2, kax B raase VI), Hokasars, uto
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a) Has mobeix m i 7 umeeM
Upm = Uyl Upll ¢y
6) Hdasa mo0bix m u fn=FRM YUCIO0 4, ACJIUTCH HA Upn.
8) JBa coceinux wieua paza Pubovayuum B3aHMHO 1IPOCTBL
408. Haifitu naudoaswnit obwuit teaurens 1000-ro u 770-ro uyaeHos
pr1a DudoHauul.
409. Hafinerca ait cpeau nepsmix 100000001 nepsuix uienos psjga
QuGoHaUHI YHCI0, OKAHUHBAIOLEeCH YeThipbMA HYAAMH?
410. B pane ®ubonayuu Bpi6paHo 8 nmoapsag uayuiux uncea. Moka-
347Th, UTO HX CYMMA He BXOAHT B 3TOT PAIL.
411. Jlokasatb, 4TO
a) ugtuyd ool =ty — 1L,
6) wytugt ... Fton =t
2 4 2
B) u]-t-uy-&- ... —l—u =upl, |
2 _ n
r) Up1=Uylly .o '+' (=17,
9
) wpttg - tptty o Aty yltyy = Uy,

€) uylly A= tolly . o -ttty g :”§n+1 —1,
W) nu - —Duy4-(n —uy4 ... 4 2uy +up=
=up,y—(n+3),

u —1
3) uyd-tg+ ... +um ___3&22___,
H) Uy, = n»l ”{' n 1

412, {okaxurte, uto a060e HaTypasbHoe wicao N MOXKNO npei-
CTaBHTb B BlAe CYMMBI yiices ®ubouauui, MpiueM KaxIoe WiIC10 BXO-
AWt B cyMMy He $0Jee OZHOTO pasza, H NHKakHe JABA COCEIHHX :HCJIa
11¢ BXOMAT BMecTe.

413. Ilycts p > @ > r —ueanle uncia TakHe, 4to p<{g+r u p+
+4+r=2s. lMeerca p uepuby, 4 Geasix u r Kpacubix wapos. [Toka-
3aTh, 4TO 4IICA0 CHOCOGOB pasie’a 3THX LIAPOB MeXI1y ABYMA J1duaMi,
11PH KOTOPBIX KaXblil MOJyuaeT § Wapos, paBHO

st L (b g2 ).

4114. Ecan g+r<p, To orser B nipeiablaylefl 3ajave ysesuuHBaercs
wa S (p—s)(p—s—1)

415. Hmeerca pg+r pasubix upeaMeros, rae 0<r<p. Onn aeant-
CA MeXKIY p JIOAbME BO3MOMKHO pOBHee (Bce noaydalT aubo g, au6o
q+1 apeaveros). Tlokasath, yTo 4ysCAO CMOCOGOB TAKOro paszena pas-

1o
c (pg +n)! .
Pa+1D"(gh
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416. Beitncants cy:u.wy

i, i i

2
1 3 N
1.
iz:l Inz i= io——l

417. [lokas3aTb TOXKAECTBO

CTwn ZP kl’*“' km, ”_kl ess —km+1),

FAe CYMMHpOBaHHe PaCTPOCTPAaHEHO HA BCe Uedbie HEOTPUUATEIbHLIC pe-
HieHHA ypaBHeHHs Ry+2ks+ ... +mky =m.
418, Haifith obuiee pelueHHe DeKVYPPEHTHHIX coOTHOWIEAKT:

a) an+?'—7an+l+l2an=’_0,
6) anyot3ans1 — 10a,=0,
B) Gn42— 4an 41+ 13a,=0,
r) Gni2+9a,=0,
lr) an+2+4an+1+4an=0,
'e) an+3—9an+2+2ﬁan+x—24an=0,
H() an-§-3+3an+2+3an+1+an=0‘
_3) @npatdan, =0
419. Hafitn  a,, 3nas pekyppeHTHOE COOTHOLICNHE I HayaJblbie
YJlelbl:
a) ant2—5an41+6a,=0, ay=1, aa=—7,
6) ant2—4anq1+4a,=0, a1=2, aa=4,
B) Qyis i~ 8nt)+ an=0, (11=—%' 02=—%’

T) Gni+3—9an40+426a, 4 — 24a, =0, a1=1, as=—3, az;=—29.
420. HaiiTy TaKylo 10C/e10BaTebloCThb, UTO 4==COS ¢, dg=C0S 20l 1

pyg— 20050 &y1,4-ap,=0.

421. Moka3aTb, YTO NOCACIOBATEJILHOCTb € OOWIHM WICHOM dn=nt
YAOBACTBOPSET COOTHOUIEHHIO

@5 —Chlnip1+Crn pot .. —l'(—l) Cia
422. HafliTH noc.e10BaTeqbilocTh TaKkyio, 4To
ap o+ 2ap —8a,=2" _
423. H3 rtoxacctsa (14x)P(14x) 1= (1+4x)P-*-! prseiute, uto

2 (—USCEHC" S—Cp k- ll)'
s=0
424. H3  toxaectsa (1 — x) ™ 1(1 — x)~91=(1 —x)-™-2"2 pu-

BeauTe, UTO -
mn y p—mn
Zf)cp scq s C{H—QH' -
S=

1) 3acch ©ogagee cyMama pacnpocTpaHeHa l1a LeJble HeOTpHUATelb-
Hble 3HAUEHHR §, [ KOTODbIX OnpejeseHa JeBast 4acTh DaBEHCTBA.
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425. M3 rompectsa {I4+x)*=(l —x?) " (1 — x)~" BmBedure, 4T "

Z(_l) Cn+k 2s nH Cft+1’

§=0

426. U3 toxaectBa {l-+x)"(l — x?)~"=(1 —x)~™ BulBeaHTe, YTO

k-25ps
ZOC c n+s— I—Cn+k 1
S=

427. M3 tomamecrsa (|l — x2)-P-i= (14 x)-2~1{1 —x)-P~! Bhipeaure,
qT0 .

21(_1) Cp12k s p+s Cka

s=0

428. U3 toxaects

(l—x)2 [1_(1

ixﬂ_p: (1 — 2x)=7

« —x)2"[1 —(1 X )2],,':(_1 _2;)1'

X
BbIBEAUTE, YTO

2p+2s+1 2m IC

p+s 2p+m m+p-1

SZ.O (1)’ C3C% = 2°C™.

429, Jloxaxkure, UTO
C2p+2s _ om~—1 2p—{—m
Zcp-}? 2p+tm — 2 Crnfp 1

430. M3 toxnaects

1
t —x)“”[l—{-(%)-?] p=(1 - x2)* ¥

sbisedlTe QopMyas

2(_1)vc Fs— 1C3fﬁf§p¢525—0

s=0

SZU(_I)SC R - lc2m+’p+s 12 —(_l)m Cmq m—1

3'1 _1) CSCQnH l —595 — ¢
.s=0 L
v (_1) Cs CZm s2s _ Cm

s-=0
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C 11X NOMOUIBIO A0KaMUTe, UTO

(r+2m—1)!

§C comChim =2 (P—l-m)——m—,
g‘)c;’,‘,;{m“ B emes=2"(2p {—Qm—{—l)%'
\”‘Cns 1Incp”" s 22m-1cg+2m_1,
=
?;ucg com1Cpmas = ’>mcm 2

431. PaccyaTpusas ¢opuyabl
(14 2)7 & (1 — 0)P] = (L 2P + (L — 22 2 (1 — 2P,
(1427 + 1 =) [(1 4 x)P = (1 — x)P] = (1 + %) — (1 — x)?P

fipH NOJTOMNHUTENBHEIX H OTPHUATEJBHbIX 3H&UEHHAX P, NOKaXKHTe, 4TO
252 —25 2m mpm
QZC Ct ¥ =C ()" Cy,
Y Y+ 2m—2541 _ ~2m 32 m oot
2 h c c =Cip - =y e,

\1 (~2¢C_‘m —-2541 C2m 41
*
3= u

A\l / 2p+1 p
2 \ C}HZ.S ;:¢°n1~‘>s—czpr2m+1+cp +m?

_3=-_-

p-1 op 2p-1 P
2 21 C;H scp,‘zm-?s C‘.’p»f?m fl_cp+m'

2y Ch
.s——()

4 "acpf‘m 2541 — C2p+2m+"

432. Paccaatpusas Bhipaxenie
[ 427 * £ =0 1407 2 1 —207]
RPpH BCeX KOMONHAlIAX 3HAKOB, BHBeAUTe GOpMYJIb

9 s‘ C? ~L1C2rn—2s — ngli-l + (_])m cm,

2s 2 —25+1 __ ~2m+1 m
E Cp+lcp - CQ()+1 (_]) C/)'
$=

ZZ‘C s‘\C-}II 2&‘ Zz;ll—i (_l)mc
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9 Z Cis' ‘XC'.;.}m'-’.’.c +1 szzjr(‘Z —L (_])m CZl+l,

1 1 P
2 Cp+2s ICer”rn 25 = Czp+"m‘T’C/7 im*
5-0
—Cw P
2 Z Cp4 25— 1 +-2m—2s+1 - CZ/u'.’mH ‘T’Cp+m'

—C% _CP
2 Z Cp4-2s p+2m-2s — C‘vaq-‘.’m 1 Cp+m’

s=0

Q) . P
2 }_z Cp+2scp+ 2m-2s+1 Ci‘p+2m 427 Cp m.1
s=0

433. M3 coornomenun

m __1\ym
(] _%) @ _x)—n-l :(—x]”%_ (1 _X)m~n—1

-

BpIBCAHTE, UTO

Z (_1) Cm ke VCZ(S - Cfn—u—l'

s=0
434, IoxaxuTte, yto

2 —DTCLCl=

s=0

0, ecay m~n
(—D" ecan m=n,

435. M3 pasenctBa

=0 "= =4 x+ ... J-2"51)
BBIBEANUTE, HTO

2 (_l)scr,r'z——lshcrsx =

{ 0, ecan m>hn—1,
s=0

I, ectu m=hn—1.

436. U3 toxnecTsa
(a1 (| — xyr = (Lbxt . A7)

1—x

BBIBEAITE, UTO MPH M > An

Z (_1)5 C:rr’z—sit fl=hn‘

s=t
437. U3 toxnectra

R R R



BbBIBEANTE, YTO

( m _'1
D (1) CrsCy, —1 (D" 2 . €CH  m— 4eTHoO,
P P
s=0 0, ecal  m — HeueTHo,
ﬂ_ rn
31y ¢ [V , eCli M- YeTlio,
: 0( p+m s p+.s T
0, ecll  m — HeyeTlo.
438. okaxire, 4TO
= m
2
> [Cfn]2= (—1) , €CIH m— YeTHo,
s=0 0, ecau  m — HedeTHo.

439. Obo3HayHM BbipaxeliHe
a@+0)(@+2)...(a}trn—1

yepe3 (a)n. Lokasats, 410

(@+0b),= ZC"’(a—}-m)n ,,,(b-m+1),,,.



PELLUEHMA M OTBETHI

1. [lo npaBuay npousBenedfs noayuaem 5-3=15 nyref.

2. [To ToMy e mpaBuay umeem 100%2=10000 cnocoSos sniGopa.

3. 20.

4. 8.

5. 9,

6. 48.

7. 25; 20.

8. 480; 437. -

9. 1024; 4032.

10. Benplit KBaapat sbiGupacy 32 cnoco8aMu B BbluepDKUBaeM COOT-
BCTCTBYIOLLIME TOPH3OHTA b 1 BepTHKadb, Ha ocTaBmefics yacTH Aocku
ecTb 24 uepHblX KBagpara. Bcero 32+24=768 cnocobos BhiGopa.,

11. TTo npaBuay npounspepenns 12-9.10=1080 cnocoGos.

12, 6+-5=230 cnocobos.

13, 3-7-7=1417,

14, Moxuo xynuTe J60 [0 3K3eMIIAPY KaXjoro povana, J6o
TOM, COAepXKaluuit ABa poMaHa H 3K3eMIsp TpeTbero pomaua. [To mpa-
BHJAM CYMMBbI I mpousBeienns nonysaeM 6-3-4+45-447-6=134 cno-
coba.

15. Moxno KynuTb etne TOM, codepxXKauHuil poMaHb «Pyaun» u
«OTLB ¥ AeTH» W OAMH 3K3eMMAsip «ZBopsiHcKoro rHe3na». JloGasasercst
3+3=9 cnoco6os, a Bcero HMeem 143 cnocoGa.

16, Dosbuiee yucao BLIGOPOB, ecaH B3ATO A6/M0KO, Tak Kak 11-10>
>12.9.

17. 6-8-10=480; ecay nepBele [Ba BOAYKa ynaju Ha CTOPOHY «l»,
TO TPeTH#t BOJUOK MoxeT ymacTb |0 cnocob6aMu; aHaNOrMYHO paccMma-
TPHBAIOTCA cAayuam, Korja Ha TaKylo CTOPOHY HajalT Apyrue ABa BOJY-
Ka; Bcero moaydaeM 6-+8+10 cnocoboB, HO npu 3TOM 0/Hi cnocod (Ko-
r1a Ha CTOpoHy «l» manalT Bce TpM BOJUKa) culiTaeTcs TPHXKIBIL, fO-
31OoMy ocraercs 22 crnocofa.

18. Tak Kak nOpSAOK KpAcOK lie Hrpaer poJH, TO C?=10 cro-
co6oB.

19. 3aech NOPAIOK KPAacoOK YiKe BaKeil; NMOITOMY HMeeM A§=60

K
citoco60B, Ecau oana nosoca Kpacuas, to uMeM 3+ Ai= 36 cnocoGos.

20. Ag =20 cnoBapeil.
2 2
2L Afy— A; =170,
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22. Toayuaewm pasmelllerusi ¢ noBTopeHnsMu u3 13 kapT no 4. Bee.
ro 13*=28561 cnocod. Ecan cpeanr KapT He #0/DKNHO OhiThb Dnap, To
MeeM pasaeuleniis 6e3 noBTopeduil; X uncao Af3 =17 160.

23. Tax kax nocratouno BHIGpath 01Uy UepHYI H O1hYy Kpachylo
Kapty, To noaydaeam 132=169 cuocodos Buifopa.

24, Pebeliox MOMKCT 110AY4HTh A60 0H0, J1b0 IRa, JAul0 TPH He-
Hi, ApHuYeM Bce uMeHa pas.uuhbpl, Beero 3004300 - 2994300299 . 298=
=26 820600 pa3auuibIX HMEH,

25. OTHolllelre COCeACTBA coXpausgeTcs Npu UHKAHUECKIN fepecTa-
HOBKax H 1pii CHMMeTpHunoM oTpakeHusr. B ciaydae 4 del1oseK Mbt
umMeem 2-4=8 npeobpa3osauuil, COXpANALUUIX OTHOLIENHle COCEACTBA.
Tak kak ofuee ilcao nepecTanoBok 4 uenOBeK Pasiio 41= 24, To nmeem
#/g=3 pasanuunix cnocoda paccaiku. Ecam 3a credoM cuasr 7 ueno-
BeK, To uMeeM 7!/14=360 cnocodos, BooGle, B cJydae 1 ues 0BeK
(n— 131/2 cnocoGoB. Hucao ¢nocoH0B, 1P KOTOPLIX 2 AaUULIX YeT0oBexa
CHAAT PALOM, BIBoc 0o0.blle 'Hcsa chocobos uocaanth 6 yeoBeK (B
CHAY BO3MOXKHOCTI HOMEHATb 3TUX JAojed mecTaMu). 3HAuUT, OHO PaB-
o 5!'=120. TouHo TaK e uHcaAo crnoco0oB, NPH KOTOPHIX MAHHLIR ue-
JIOBEK HMeeT LaHHbiX ABYX coceleil, paBlio 4!=24,

26. B oaHOfi KoMaHae wrpact oM IOlolia, a B ApYyroit — ABoe.
IOnomeft Moxito pa3éuTb Ha Komauab 3 cnocobamu. [Tocae storo Hazo
BHI6paTh B nepByl0 Komauly 3 AeBywek u3 5, DTo MoOXHO cileaaTh
C3 == 10 cnocoGamn Bcero mo npaenay upousseietins noayuaem 3.10=
=50 crioco60B pa3dHBKH Ha KOMaH bl

27. Yncao crocobop pa3duTh A pasiuHbIX NpeaMeroB fia k rpynn
pasHo £”, B nauenm ciyvae umeeMm 35=729 cnocobos.

28. Tlo mpasuay npoussedenus 7-9=63 cnocoba.

29, Ilepsbifi MoXeT BbIOPATh KHHIH 114 oOMena C% = 21 cnocobom,

a propoit C§=36 crnoco6axmu. Beero 21-36=756 cnocoGoe oGmena.

30. Pa3zoGbem Bce crocoObi ynopsjaouTh OpaToOpPOB 1la MHaphbl, CO-
CTOSIIUIC " M3 CNIOCOGOB, KOTOPBIE NOJYYAIOTCS APYT H3 APYra MHepecta-
noexoit A n b, B kax1oit mape cctb auIb oann cnoco®, yAOBJeTBQ-
paiouii  nocraBaennoMy yciosuwo. IlosTomy Hameew 5'/2 60 cno-
€0o6osB. :

31. Ecan A sbicTynmaer HenocpeacTBentio ftepef D, Mbi -MoXeM cuii-
TaTL HX 3a ojgHoro oparopa. IToatomy umeem 4!=24 cnocoba.

32. BoiGop MecT AJs1 MyX4uH H 148 XeHJUnIl MOXHO cleaTb ABY-
Ma criocoGaMit. [Tocae 3Toro MyzKUHMH MOXHO NOCaauTb Ha BbhiOpaHubie
mecta 5! cnocobamu. CTOIbKO Ke cnocooB paccaanTb xmebuiin. Beero
noayuaeM 2(5!)2=28 800 cnocobos.

33. IMonyuacm B 10 pas menbllle crnoco6oB, HeM B npeabliylieil 3as
Raue, To ecTb 2880 crnocobos.

34, Oduee uncno crocobos Beinyth 10 Kapt paslo Cég Yueno

¢noco0oB, MpH KOTOPbIX It¢ BHIGHpalOT HH OJIOr0 Ty3a, paBHo C43 ITo-
5ToMy x0Ts Obl ORMH TY3 Oyner B C52—-C48 cnyllam PoBuo onun

9
1ys 5 CiClig cayuanx, nle Mesee ABYX TY30B B C52—C —4CY, c.1y-
Yasix § POBHO ABA Ty3a B C4C48 cayuasix (BbGupaeM ABYX TY30B Lo

cnocoGzMu M eute 8 KapT u3 48 C48 cnocoGanmu),
35. 3™ crnoco6os (cM. 3azauy 27),
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36. 3amndpyem Kaxabii Habop 3y60B 1OCJICAOBATENbHOCTBIO HY-
Jelt 1 eduHul (HYJb CTaBHTCS, eCJM Ha AaHlioM MecTe HeT 3yGa, W efn-
Hylla, ecau ecTb). HUucio Takmx focqenosaredbHocTell pasHo 2%2, Tak
KaK KaX/J0MY JKMTEJIO COOTBETCTBYeT CBOS NOC/E10BATENbIOCTD, TO HHC-

- J10 XKuTedell He GoJsblie deM 232,

4

37. CHauana BbibepeM, KTO H3 Tpex naccamupos KOTOpHIM Ge3pas-
JMYHO KaK CHAeTb, Csi1eT JHLOM K NapoBosy. JTOT BbIGOpP MOXIIO cle-
naTh 3 croco6aMn. Ha Kamiofi cKaMbe MONHO HepecaXHsaTb nacca-
xupoB 5! cnocoGamu. Bcero moayuaem 3(5!)2=43200 cnocobos.

38. A3 =3024.

39, C52— 2598 960 _
40. HomepoB, coaepxamux oaHy Oyksy 32-10% nBe Oyksbl
322-10* u Tpu OykBet 32%.10% Bcero mo mpasuay cymmbr 33 820-10*

HOMEpOB.
41. I/Ia nATH AHeR Hajo BHIGPaTh ABa, B KOTOpble RalTCA AGJOKH.

Bcero Cr——lO Cnoco6oB.
4. .c7

m+n
43. P(2, 3, 4)=1260.
44, Tak Kak anenbCHHbl Pa3JHUHLL, TO HMeeM A3—6720 cnoco6os.

45, Kaxabiii anenbcuH MoeT moniacth Jwobomy u3 8 coiHosed. [To-
sToMy uMeeM 85=32 768 cnocobos.
46. P(4,3,3,2,1,1); P3, L, L, L, 1,1); P(2,2.2,1,1,1).

47. Chy= 27 405; A%, =657720.

48. P(2,2,2,1,1)=5040.

49. CHauana BuiGupaeM 6 abonertos C, crocobamu. Pacnoaaraeu
3THX a6oHeHTOB B /060M NOpPSIKe M pasGupaeM Ha napol (NepBHif, BTO-
po#i, moTOM TpeTHil, ueTBEPTHIl M, HaKoHell, NATHIA, lecToll)., JTo MOXK-
Ho choenatb 6! cnoco6amu Tak Kak aGoHelTOB MOXHO NepecTaB/sATb
BHYTpu KaX10#l mapml, a TaK:Ke HecyllecTBeH MOPfA0K uap, To obilee
yucao  crnocofos  Hamo pasieauTb Ha 23.31=48. Bcero mnonyuaem

nl
48 (n — 6)’

50. Ci3=Ci%: C3y=C¥; C¥

10= Cor Lip= L7 Lo

51. MoxHo Bbi6paTh OBYX, TPEX WM ueTbipex XeHuni. [Byx XeH-

mmMi  MoXHoO BuGpaTh Cj cnocoSamu. IMocae storo nago BuGpath

cr10co60B.

4 MYXYHH, YTO MOXKHO clenaTb C‘; cnocob6amu. [To mpaBusiy npousse-
2,4 '
penus nonysaem C4C7 cnoco6oB. Ecam BHOMpAOT Tpex MeHuiml, To

5 :
nonyuator C3C7 cnoco6os, a ecam uetbipex,— 1o CiCs  cnoco6os.
Bcero

CCH+C3C3 + CIC2 = 371 cnocob.

52. Yucno ponxHO oKaHumBaThesi | u3 5 koMGuHauui: 12, 24, 32,
44, 52; nepsble Xe ABe UMGPH Moryr GbiTh NponasobHbiMH. Bcero ro-
ayyaem 52 - 5=125 uuncen.
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53. Kaxablfi 43 n naccaxXupop MoxeT BbiOpaTh J100yl0 H3 M ocTa-
foBok. [Tostomy uMeem m?” cnoco6oB pacnpefeneHus. Ecau yuuTeBaTh
JIMIUL KOJIMYeCTBO flacCaXHUpoB, BHIIEAIINX Ha KaXAOH M3 OCTaHOBOK,

m-1
10 noayuaem Cp,5 ;1 crocoGos.

54. Eciu a u b crosT paaoM, Mbl MoXcM OCbefHHHTb WX B OJHH
3HaK. YuuTbiBas, 4TO @ W b MOXHO NepecTaBHTb MeCTaMu, NoJyyaeM
2(n — 1)! nepecraHoBoK, B KoTopulx a u b crosar psiiom. ITostomy onu
He crosT psaaoM B n! —2(n— 1)! nepecranoBkax. Touro Tak Xe no.ay-
yaeM, uTo @, b u ¢ He crosAt psifioM B a! —6(n — 2)! nepecraHoBKax.
Hukakue ;1Ba u3 aneMeHTOB @, b, ¢ He cTodAT psjgoM B n!l —6(n—1)!+
+6(n — 2)! nepecranoBKax (no (dopMyne BK/UOYEHHH M HCKJIOYEHHR).

55. Tpu cyzbu Moryr BmOpatb noGeantens 10° cnocobamu.

A3, =720 cayuasx OHH Ha3OBYT TpeX pasTHUHBIX KaHAuzatos, [To-

3TOMY COBMajerHe XoTA Obi y ABYX cy:eil 6yder B 280 ciyuaes. Joas
TaKux cayuaeB pasHa 0,28.
. 56, Tak Kak KaXABIH CTyAeHT MoMeT NOJYYHTb TPH BHAA OLEHOK,
To uMeeM 3*=8l cnoco6 caauu 3K3aMeHOB,

57. Tak Kak oxepesibsi OCTalOTCA HeH3MEHHBIMH TNPH LHKJIHYECKHX
nepectaHoBKax GYCHHOK M HpH NePeBOPAuHBAIlH, TO MOXHO COCTABHTb

4= 360 Bunop oxepesni.

58, Buabl oxepeaufi oTJMuyalOTCs ApYr OT Apyra YHCJAOM MaJeHb-
KHX OYCHIOK, 3aKJIOUeHHBIX MeXAy AByMs1 GOJIBLUIMMH. Hoaromy HMeeM
TPH BHJ1a OXepesui.

58. B pycckoM aadasute 33 GyKBBI, HO MO KpaiiHelt Mepe c4 6ykB
‘b, b, bl, ¥, uvena He Hauuunaiorcs. [Tlostomy ofumee uHcjao pasauu-
HblX HMHHLMAJOB He Oousblic 292=841, uyrto. Menbime 2000.

60. A7, =604 800; C3)=120. Ec/u iBe NeBYWIKH 3aBefioMo GYAYT

2
npurnalllels Ha TaHel, To uMeerca A7 BapnaHTOB BbIGOpa X NapTHe-
poB; ocTaBliHecs. 5 lowowcH BBIOHpAIOT MapTHepWly H3 uHcaa 8 feBy-
UleK, 4TO MoOXeT OwITb cjenraHo Ag cnocoGaMu, a BCero HMecM

AgAg: 282 240 cnoco6os. HakoHel, ec/in AaHHbie ABe AEBYIIKH MNpH-

[JlalicHb! Ha TaWell, TO eule NATh AeBYLIeK MOXKHO BbIOGpaTh Cg cro-
cobavu.
61. O¢guuepa MOXKHO BHIOpaTh Cé crnocobaMu, cepxKaHTOB C§ crmo-

co6aMu H PALOBLIX C§8 croco6amu, Bcero mo mMpaBuay Npou3BedeHHs
noJsyyaem CéC%C%S cioco6os Boibopa Ecam B oTpsa AodKen BOHTH
KOMAHZHp POTHl H CTApLIHA H3 CePXKaHTOB, TN MNOJyyaeM C} C60 crno-
co6os BbIGOpa.

62. Yetnipex neByIleK MOXHO BbIGPaTb C}'g cnoco6amu. Ilocne sto-
ro sei6upaem z‘l‘fj ciocofamMy OHvIIeH (31ecb yXe CyHICCTBEH Mops-

nok!). Beero ClyAis =17 417 400 cnioco6oB.

63. Kaxias Kypuila MoxXer Ju60 BOHTH, JuGo He BOHTH B uucio
BbiGpaunblx, [Tostomy umeem 2% crnocoGos BhiGopa Kyp. Tak kak mo ye-
JIOBHIO XOTsi Obl 01Ha Kypuua 1oaxua OuiTe pbibpana, moayuaem 7 ciio-
coBos Bbibopa Kyp. Tounwo Tak xe ccTpb 2'—1=15 crnoco6oB seidopa
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yTok M 92— 1=3 cnocofa Bnbopa ryceii. Bcero 7.15.3=315 cno-

coGoB. (mn i p)!
_ __{m+n+p!
64. 1o uucao pasHo P (m, n, p) = mTnlpl

65. KHHrn B uepHBIX INepenJieTaXx MOMNHO (epecTaBHTb m! Cnoco-
G6aMH, a B KpacHbX — n! crnocobamu. Bcero no npaBuay NPOH3BeReHHS
mln! crioco6oB, Ecnu KUHTH B YepHBIX Iepemserax cToAT psAAOM, TO Ha-
[0 elie BbIGpaTh AJ18 HHX MECTO MeX1y KHHTaMH B KPacHBIX nepellje-
Tax. JT0 MOXHO caenatbh n+1 crmoco6amu. Bcero mosyuaem

minl(n+1)=ml(n+1)! cnoco6os.

66. Kax/bft u3 15 uesoBeK MOMET WJH BOHTH HWJH He BOHTH B
rpynmny. Tak Kak rpynna me MoxeT OHTb NyCcTOH, TO NoayuaeM
25—1=32 767 cnocoGoB. Ins n uemoBek uMeeM 2" — | cnocoGos.

67. Uncno pr, Moxer BOMTH B AaWHBIA QeJNHTENb 0. C NOKa3aTelaMH
0,1, ..., g —Bcero ax+1 cnocobamu. [To npaBuay npousBeieHHs UHC-
Jo penuteseit paBHo (ai+41)...(an+1). Uto6e HahTH CyMMy HenH-
Tenieil, pacCMOTPHM BHIpaXKeHHe

(l—l-pl—i— —i—-pfl)...(l—l-pn—i— —i—-p‘:ln).

Ecnn pacKkpoiTb B HeM CKOOKH, TO NOJYUYHM CYMMY, B KOTOPYHIO KaXAbH
JenuteNb BXOAHT poBiio oguH pa3. ITo dopmyne an1d cyMMBl reoMeTpH-
YeCKOH INpOrpeccHy NoJyyaeM, YTO 3Ta CyMMa paBHa

p¢111+1_1 PZ”-H—I
n—1 """ pp—1 7

68. CHauana noJoXHUM B KaXKABIi NaKeT MO OLHOMY TOJTHHHHKY.
[Tocne sToro Hazo pacnpejenuTb 7 NOJTHHHHKOB 1o 5 NakeTaM. 3To

MOXKHO cedaTb C;’l =330 cnocobamu (cM. cTp. 217).

69. Jo6asum k 20 KHHraM 4 OAMHAKOBBIX Da3feNAIMHX TPeIMeTa
H PaccMOTPHM Bce TICPECTAHOBKH MOJy4cHHBIX o6beKToB. X uncio pas-
Ho 24!/4!. Kaxknof uepecTaHOBKe COOTBETCTBYeT cBoM crmoco6 paccra-
HOBKH KHHT.

70. Touno Tak e, KaKk B NpeAblAylleld 3ajave, MOJyYyaeM, YTO YHC-
Jo crmoco6oB paBHO 8!/3!=6720.

71. Tak Kak yuuTbiBaeTcs JHLIb YHCJAO TOJMOCOB, MOAAHHLIX 3a Ka-
XKjaoe NpeljoXkeHHe, TO Hano pacnpeaejutb 30 0AHHAKOBBIX <«IpegMe-
TOB» MO 5 «AmuKaM» Jlns storo go6aBuM 4 0JIMHAKOBLIX pasfensiio-
WHX #PeIMeTa M BO3bMeM BCe HepPecTaHOBKH MoJyuellHbiX ofbeKkrop. Mx
uncno pasuo P (30, 4) =46 376. Kaxlo#l mnepecraHoBKe COOTBETCTBYET
CBOC pacnpeleietiie ro10CoB.

72, 12 kuMr MOXHNO TepelviecTd B Nepemethl 3 UBeToB 3!2 cioco-
6amu. K3 nux B 3-2!2 cayuasx kuuru 6yAyr nepemserennl B He Gosee
yeM 1Ba LBeTa, a B 3 cayyasx — B ogux useT. [To dopmyse BRIOueHH
u ycksovennii B 312—3° 2124-3=519 156 cayuasx KHurd OyayT mepenJe-
TEHLI B NepernJieThl BceX TPeX ILBCTOB.

73. lo6aBum K 32 OykBam 5 OIHHAKOBBIX «IIePeropofoK» H pac-
CMOTPHM BCce [epecTaHOBKH IOJIy4eHHBIX OGBEKTOB, NPH KOTOPBIX HH
OlHa NeperopofKka He CTOMT B Hauaje WJIHM KOHIe M HHUKaKHe [Be Nepe-
roOpoi1Kil He cTOAT psAgoM. Dyksel mepecrasasiorcs 32! cmoco6aMu, a a4
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fieperoponok uMeem 31 MecTo M MX MoxHo noctasuTb C3; crocoSaMu.

YuuThBas, uTo MOPAAOK CJOB HecyllecTBeH, MosyuaeM 32! Cgllﬁl Croco-
60B COCTaBHTb CJIOBA.

74. 12 uenoBek MOXHO BwOpaTh Ci3 crocobamu. B Clo cayuasx
B UHCJO BBIOpaHHBIX BXOAAT AaHHble ABa uesoBeKa. Ilostomy ocraercs
Ci? — C19 ponyctumex BEiGOpOB.

75. KamMun MoxHo nepectraBaste P(5, 6, 7) cnoco6amu. Ilpu uuk-
JIHUeCKHX MepPEecTaHOBKaX M MNPH CHMMeTpHAX Opacjer ocTaeTcs HEH3-
meHHEIM. [Toayuaem P (5, 6, 7)/36 = T’;GW

76. Eciu Bce BhIGpaHHEIe KaMHM OJHOTO BHAa, TO 3 croco6a, ey
Bhi6paHb 2 BHAA KaMHef, T02C;13=6 cnoco6oB, H €cJaH BCe TPH KaMHSA
pasanunsl, To 1 cnoco6. Beero 10 cnoco6os.

77. Hawkn MoryT OBITb DaccTaBJeHbl Ai crnocobamu, Gaioalia Ag

crnoco6oB.

M uafiHble JIOKKH Ag crnoco6aMu. Beero nmo npaBuny NpoH3BeAeHHS
Ai . AgAg == 172800 cnoco6os.

78, Eciu MyX TIPHIVIACHT B TOCTH £ JKEHUIHH, TO YMCJO TpPHIJalleH-
HbIX MM MyXuuH paBHO 6 — k. Toraa xeHa npuraacut 6 — & KeHUIHMH
H k myxuuH. [To npaBunaM cyMMbl H NpOH3BelenHs Tako#t BHIGOD MoXK-

. 5 -

HO cneu;[arb YHCJIOM Z (C§)2 (C?"k)2= 267 148 cnoco6os.
k=0

79. Ha neBom Gopty Moryr cuzets 0, 1, 2, 3 nmu 4 ueloBeka u3
uhcsla TeX, KoMy Oe3passnueH Bui6op Goprta. Ecau u3 ux unmena ewiGpa-
HO % uesoBeK, TO Haldo BbIGpath ele 4 — k uenoseK u3 uucaa_l0, npen-
nounramouwux JeBbii Gopt. ITocne storo ocraeres 12+ (9 — k) kanau-
LAaTOB, U3 KOTOpHIX BhiGHpaeM 4 rpebloB Ha npaBoulfl Gopt. Beero uMeem

CgC‘f{,‘kCgl_k cnocoGoB BeiGopa. CyMmipys mo &, noayuaeM OTBET

4

2 Cgc‘lto— kcgl—k =

#=0 10 - 1 )
__gtriot E —R)!

41 - RIO—R)I(4—RI(6FR)!(17T—R)

80, Uncio 9 MoxHO pa3bHTb HA TPH PA3JHUHBIX CJIaraeMbix TpeMs
cnocobamu; 9=142+6=1+3+5=243+4. Cymma, wmeHnbwas, uem 9,
6yner B 4 cayuaax: 1+2+3=6, 1+2+4=7, 1+2+56=1+3+4=8 Tak

KaK 3 KCTOHa MOXHO BBIHYTH C?O cnocobamu, To B C?0—4=116

cayuasx cymMa He MeHblue 9.
81. Cnauana BbifepeM Mo OZHOM KapTe KaxA0H MAacTH. JTo MOXHO
creaath 13* cnoco6amu. IMocsie sToro BeIGepeM elie jBe KapThl. Ecan

. 2 192
OHH pasHBIX MacTelt, To 3To MoxkHo cieaath Cjy: 12°= 864 cnocoGamu.

KoM6HHUPYs 3TH cnoco6H ¢ pa3JIHuHBIMM cnocofaMK BHIGpaTh NepBbie
4 KapThl M YuHTBIBAs BO3MOXHOCTb 1EPECTAHOBKH HOpsiika BbiGopa
ABYX KapT OAHOH MacTH, MoayuaeM 2!6-13* cnoco6os. Ecau Hosbie aBe

: 2
KapThl HMEIOT OAHY H Ty e Macrb, To mnonyiaem 4-Cis =264 cno-
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co6os BuiGopa. o TeM xe cooGpakeHHAM OHHM NMPHBOAAT K 88134 cro-
co6aM BroiGopa Bcex KapT, Bcero moayuyaem 304134 cnoco6os.

82. B nepBuifi AeHb yuacTHHKOB MOXHO BbIGpaTh C(fo=210 cno-
cob6amu, Bo BTOpofi — C(fo—1=209 H B TpeTuft C?0—2=208 cnoco-
G6amn. Bcero 210-209-208=9129 120 cnoco6os.

83. Tak Kak C(33=20 TO KaXAbfi cnoco6 BbiGopa KoMmnaHuu Oy-

JeT HCIOJb30BaH DOBHO ORHH pa3. Uucio mepecTalloBOK 3THX CMOCO-
6oB pasHO 20!

84. Kaxablit IoHoWla MOXKeT BuiGmpaTh H3 5 MecT paboTh, a Ka-
XKpas JeBymlka —u3 4 Mect. Bceero moayuaem 53-42=2000 crnocoGoB
phi6opa.

85. Ha nepBom MecTe MoxHo Hamucath JioGylo u3 33 O6ykBs, a na
KaxioM H3 clefylouux — jdiobyio u3 32 O6ykB (HCKJOyaercs npenlle-
ctBylomas O6ykBa). Bcero umeem 33-32¢=34503 008 c.os.

86. Cnauana poifepemM INpH3epOB, a NMOTOM paclpeleqHM MeiAY HH-

mMu kuurd. [lo npaBuny npousBedeHus mnosyuaeMm C2OP (3, 2, 1) cnoco-
Gop. Bo Bropom ciyuae cHauaia BhiGEpeM, KTO NOJAYYHJ NeEPBYIO KHHLY,
TIOTOM, KTO MOJYYHJ BIOPYIO, H, HAKOHEll, KOMY 0CTanach TPeThs KHHTa.
Beero noayuaes CoyCa,Chy cocoGoB pacmpeneneiss. _

87. ITocraBuM B coOTBeTCTBHE KaXaofl KoctH (p,g) KocTh (n —
—p, n—gq). Ecm p+g=n—r, 10 (n—p)+(n—g)=n+r. 3Hauur,
YHCJIO KOcTeHl ¢ CyMMofl OYKOB 72— r DaBHO UHCIy KocTell ¢ cymMMol
oukoB n+r. Obmiee uicao Beex Kocreit gomuHo pasio Cj g

88. [To ycnoBulo 3agaun Mecra, 3aHATHE IKeHIMHAMH H MYXil-

HaMH, UeperyloTcs. Hosromy umeeM 2(71)2 cnoco6os.
89, BuibepeM mo onHolt sowagd M3 Kaxziod napsl AAY, BB’ ce’

(8 cnoco6oB BbiGopa), Tpex Jjowageil u3 ocradbHux 10 (C?O =120 cmo-
co6oB) W BbiGepeM MOPAAOK 3anpsrands Jjowagell (6! cnocoGos).

Beero 8- 61C3, =691 200 cnoco6os.

80. CornacHble MoXHO BHOGpPaThH c‘; crocobamu, a raacHue C3
cnocob6amu. Buépaﬂﬂue 7 OYKB MOXHO nepecTasjaTb 7! crnoco0am.
Bcero noayuaem C4C7 +7! cnoco6oB. Eciu HHKaKHe 1Be CoOrJacHHe lie
cToaT psAROM, To Nopsanok OykB takoii; CTCI'CI'C, 3pech MBI HMeeM

Juib 314! nepectaHoOBOK H C3C33! 4! chos.

91. ITo QopMysae BKJIOUEHHH # HCKJKOYEHHH uyHea0 paGoTaoIUX
paBHO 6+4647—4—3—2+1=11. TonpKo aurauiickuil s3bK 3HAWOT 6—
—4—2+41=1, TonpKo ¢paHUy3CcKHi 3HalT 7—3—2+41=3

92. [To cdopmyne BKAWOUEHHH H HCK/AOUEHHA NHPOXKKH B3saH 92—
—47—38—42+28+-31 +26—25=25 ue/oBex.

0
93. Myxuun MOXKHO pa36mb Ha napel (T})'sﬂ cnoco6amMu  (yun-

TBIBAasl MepecTaHOBKH BHYTPH NMap M nepecTaloBKH caMux nap). Ken-
uHel pas6usatorca 101/(2!)® cnocoGamu (3mech yxe Hrpaer po.b IO-
pagok nap). Beero (10!)2/2195! cnocoGos.

94. Cuavana BLGepeM OZHOrO MYXKUYMHY W OIHY MeHIUIHHY, KO-
TOpbie OKaxyTes B TOfl e JOIKe, uTO H Bh6panHas paHee napa
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{®* cnoco6oB). Ilocae storo pas6uBaeM oOcTaBIiHXcs Ha 4 rpynmst

2 2
-,}?_'—)ﬂ cnocc6ami. Beero 5(?% crnoco6os.

95. Ecan nawHBe JBOEe MYMUHH NMONAAAalT B OJHY H Ty Xe Ipym-

ny (4 B Hefl e 11aX0AATCA HX MCHBI), TO OCTanbibkie MOIYT PasGHThbCA
812

Ha rpynnu -5(8—-7)1-!— enoco6aMu, Ecau e oun nouajnaror B pasibie rpyn-

2\2 ~
b, TO 3TH TPYyNibl MOXHO JOMOJHHTDH (AS) crnocotaMy, mnocae uero

pasduTb OCTaJbHBEIX 1A TPYNb 553 cnocobamu. Bcero noayuaem

17(8!)2/284! cnioco6os.

96. Tak KaK ukCcAa He MOTYT HAuUHATLCA ¢ HyJd, TO HMeeM 7'—73=
=2068 uncen.

97. Ecau uncno, n3o6paxeHHoe NMepBuIMH TpeMs UH(PaMH, PaBHO X,
TO UHCAO0, H306paxennoe MocaeJNHMHM TPeMsi UHGpaMH, MOMXKET IPHHH-
smartb 3Hauewus 0, 1, ..., 999 —x, a Bcero — 1000 — x 3mauennit. Tak
Kak x Mensietcs ot 100 go 999, tTo Ham Hajgo HaNTH cyMMy HAaTypaJjb-
-HBIx uHcea oT 1 1o 900. Ona pasua 405 450.

2
98. Besnle mamkn MOXHO DaccTaBTb CéQ cnocobamu. [locae BHI-
Gopa 12 noaeft gasa Genwix wamex ocraercss 20 mosedl ajs 4epHBIX, 1a

2,12
KOTOpHIe HX MOXHO mocTaBuTb Cay crmocoGamn. Beero C§2Céo cnoco6oB.

89. Pas6uBaeM Bce mepecTaHoBKH OykB c/oBa «IOmuTep» Ha Kaac-
Cbi TaK, YTO NEPecTanoOBKH OJHOTO H TOTO Xe KJacca OTINYaloTCs Ipyr
OT Ipyra TOJbKO MOpAAKOM rmacuux. Yneno kaaccos paBHo Pg/P3=120.
Jluwb onxa nepecraHoBKAa M3 KaXIOro Kjacca YAOBJETBOPSeT NOCTaB-
JeHHOMY yeaoBuio, [Tostomy ux uncao toxe pasno 120,

100. B nepecraHoBKax, rie 4 OyKBH «e» HAYT MOJPAL, HX MOXIIO
o0beIMHUTD M cuuTath oanofi 6ykeoft. [TosTomy umcno Takux nepecta-
HoBok papHo D! Ocraerea P(4, 1, 1, 1, 1)—5!=1560 nepecranosox.

101. Eciu ¢nm» uper HemocpeICTBEHHO TNOC/e <«0», TO 3TH OGYKBH
MOXKIO 0ObeiHHUTb. [l03TOMY uHCJIO HCKOMEIX Me€pecTaHOBOK DAaBHO
P2, 1,1,1, 1)=360.

102. CHauana paccTaBHM Bce GYKBH €/0Ba «0GOPOHOCIOCOGHOCTHY,
orauuHble OT 6yKBH «0», P(3, 2, 2, 1, 1, 1, 1) cnocob6amu. [Tocne artoro
Bbi6HpaeM 7 u3 12 MecT, Ha KOTOpHIC MOXHO BCTaBHTb OYKBH <O»,

Beero noayuaem P(3, 2,2, 1,1, 1, 1) « Cly cnoco6os.

103. Kak raacnbie, TaKk H CONJAacHbie MOXHO NepecTaBafiTh Ipyr
¢ gpyrom P(2, 1, 1)=12 cnoco6amu. Ecau cornacubie yxe paccTaB-
JeHBl, TO LA rJacnuX ocraercs 5 Mect. [Tosromy MmecTa 1/ HHX MOX-
HO BHIOpATh C; =5 cnocobamn. Beero mmeen 5-122=720 crnocoGos.

104. Bunuwen raacnele B gaHHoM nopsiake, Toraa nas Gykeel «h»
nveeM 5 Mect. ITocne Toro Kak ona BmHcaHa, uMeeM 6 MmecT nasi GyKBbl
«0» H, Hakomeny, 7 Mect oas GykBel «T», Bcero 5-6:7=210 cnocoGos.

105. Kak ¥ B npenmlayiell 3ajaue, noJyyaeM, YTO YHCIO CINOCOGOB

paBHO A171/P3=277 200 (cneayer yuectb, uTo 6yKBa <«/» BXOAHMT B

nawe cJA0BO TPUKIBI).
108. Crauana dukcHpyeM nocaeloBATECAbHOCTh TMacHelx (2 cmo-

co6a), 3aTeM NMOCTAaBHUM MeXAY STHMH JIACHEIMA 4 cOracHble (AZ= 12
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cnocoﬁoa). [MepBy0 M3 OCTABLIMXCH COMIACHBIX MOMKHO NOCTABHTH 10

wi nocie o6enx raacHbix (2 cmoco6a), a Ajs BTOPOH HMeeM yxke TpH
mecTta. Beero moayuaem 2+ 12-2-3=144 cnoco6a.
107. BuGepem 3 6YKBH M3 5 cOrjacHMX M NOCTaBMM HX Ha yKa-

3auHBIE MecTa (Ag’ cnocoéoB). OcraBumecs 5 6yKB NPOH3BOABHEIM 06-
pa3oM paccTaBuM Ha ocraibibie 5 mect (5! cmocoGos). Beero 5! Agz_-
=7200 cnoco6oB.

108. [To npasuiy npoussenenus C§C5=3O ¢noco6os; C}tCé=12
c110co60B.

109. P(3,1,1,1)—4!=96 crnoco6os (cM. 3amauy 100),

110. CHauana paccraBHM coraackbie (3! cmocofos). Hnst 3 Gyka
«0» ocraeTcss 4 MecTa, M MX MOXKHO paccTaBHTb 4 cnoco6aMu. Bcero
24 cnocoba.

111. BykBa «0» MOXeT BXOAHTb B 4uc/J0 Buibpanseix 0, !, 2, 3 nan
4 pasa (5 crnoco6oB), GykBa «K» — 3-Ms cmocobaMu u T, A, Beero no-
JyuaeM 5-3-5:3.3-3=2025 kombunauuil.

112, Yncao KomOitHanKM, B KOTOPbIX Bce TPH GYKBbI Pa3nHYHE, pas-
HO Cg-—:?O, KOMOHuauuil, cogepmxaliux pOBiO 2 pasiuyHite GYKBBL
6 < 5=30, u KoMOuHau Ui, cogepKaulHX TOJIbKO OAHY 6yxBY, pasHO 2, Beero
52 cnocoGa BHGOpa. o

113. Ecii yuHTHBaTh H NOPALOK GYKB, MOJyuaeM Ag—{—3A{5—{—2 =
=212 cnocoGoB.

114, Tak Kak TOPANOK M TJIAacHBIX M COLJACHHX GOYKB ONpeneden,
Hajgo Anlb BHOpaTh K3 7 MecT 3 MecTa AA NIacHBiX. DTO MOMKHO Cie-

aate C3 cnocoGani.

115. Jast caoBa «koteBapka» mepBasi H INOCAeIHAS GYKBH LOAKHB
6uiTh coraacuHbiMu. CorgacHbie MOMHO nepecraBasts P(2, 1, 1, 1}
cnocoBanu, a raacHpte = P(2, 1, 1) cnocobamu. Bcero umeenm
P2, 1,1, 1)-P(2, 1, 1)=720 cnoco6os. [.1s c10Ba «caMOBap» Hye-
ém P,-P(2, 1)=72 nepecTaHOBKH.

116. Hapgo Bui6path n3 6 MectT 3 Mecta 48 GVKBH «a», D10 MO#-
HO CIeddTh C2=20 cnocobamu. Ecai 1o6aBuTb yc.10BiHe, 4TO HHKaKi#e
nBe OyKBBl «a» He HAYT NMOApSH, TO 11 JJA IHX ecTb Juilb 4 Mecra,
u mMer mueen Ci=4 cnocoba.

117. BykBbl €10Ba «THK-TaK» MOXHO HepectaBinTh 180 crnocoGam.
W3 3Tux mepectatoBoK B 60 pAIoM CTOST ABe OYKBH «T» (Mbl He yua-
TeiBaeM Aeduc), B 60 -— n1Be Oyksbi «k» H B 24 — o6e GykBui. [lo dep~
Myne BKMouennfl i HckToyennfi nodyyaem 180—60—60+24=284 aory~
¢éTuMble mepecTaHoBKM. JIaf caoBa «raprap» uMeeMm 90—30—30—30+)
+ 124124 12—6=30 10MyCTHMBIX NCPECTAHOBOK,

118. Ectb 3 KoMGiuauui, cojlepxaline Bce 3 GYKBBI «T», «a», «f»,
U 3 KoMOHHAWlM, colepxauuie To 2 pasaiunbie GyKBe. Beero 6 Kow-
OuHanui, Paszauunbix ueThIpeX3Haunbix uncea u3 nudp uneia 123 123
MoxHo coctaButh 3P(2, 1, 1) +3P(2, 2) =54.

119. [To dopmyae BKIoweHnit H MCKMoueHuil No.JyuaeM, 410 sre
unopper 1, 2, 3, 4 comepxkat 106—4-954+6.8—4.764+6°=23 160 unwes.
To.n'b7xo Zxa wibp 1, 2, 3, 4 cocroar 4-+4*+ 43 L4454 =

= —g— = 5460 uuces.
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120. Kaxgas undpa nosBaiercs B KaxioM paspsage 6 pas
(P4/4). TosToMy, cKaagpisas uHGpPH 1epBOro paspsia, NoayuaeM CyM-
my 6(1+2+43+4) =60, proporo paspsga—600 u 1. 1. Bcero monyyaem
60+ 6006000+ 60 000=66 660.

121. 3nech obliee uUCIO MepecTaHOBOK pasHO 12, mpuueM uudps 1
u 5 nosBAAKTCA B KamAoM paspsaie mo 3 pasa, a uudpa 2—mno 6 pas.
[TostoMy cymma uudp B mepsoM paspsize paBHa 3+143-546:2=30.
O6uas cymma pasHa 30+300+ 3000430 000=33 330.

122, Auanoruudo noayuaem, uto cymma pasua 11 110.

123. Cymma paBha 16 663.

124. Ecnu cHatb orpaHuueHue, uto Iucdpa 0 He sABAseTcs NepBo#,
noJy4uM cyMMy 2 666 640. Cymma uuces, «HauHHalomuxcsa Ha 0», paBHa
66 660. TTosToMy cymMa NATH3HAYHHEIX yMCe], He HauHHalOWHXcA UHPpoOR
«0», pasua 2 599 980. : .

125. Tax Kak ¢ noMowplo UHP «8» u «I» MoKHO Hanmucatbh 2%
k-3daunpix uucen, To O6iEe KOJHYECTBO HCKOMBIX UHCeJ DAaBHO

6
> 2F=12.
k=1

6
126. Anasoruuuo moayuaem 2 3% = 1092,
k=1

127, Tax Kak uepBoft uudpoit He Moxer OmTh 0, TO mosyuaem

5
2y 3% =728 yucea.
E=1

128. Kaxnas uudpa B KaxaoM paspage mnosTopsiercs 42=16 pas,
[TosToMy cymMma uudp nepsoro paspsaia pasua 16(1+2+3+44)=160,
BToporo — 1600 u Tpertbero — 16 000. CymMa pasra 17 760.

129. B nepsom ciayuae cymMma pasna 3999 960. Bo stopom caydae

Kaxaasd uudpa noBTOpseTcA B KaxIOM paspsle Ag pas, ¥ MBH TOJY-

yaeM CcyMMy uHp B TNepBOM paspsaie Ag (1+2+4...4+9)=75600, a
Bes cyMMma paBHa 839 991 600,

130. Ha mnocnengnem Mecte MoxeT croATb JauGo uudpa 3, aubo 9,
a ocraabHble nHGpPB MOXHO nNepectarisAts 3! cmocobamu. Beero noay-
yaeM |2 HeueTHHIX uHces]. TOUHO Tak e IMOJyuYaeM, UTO KOJHYECTBO
ueTHbIX yucesn pasHo 12.

131, Mecra pas HeueTHEIX UHDp MoXKHO BHOpaTh C2=20 Croco-

6amu. Ha KaxigoM MecTe MOXeT cToATb 0AHa H3 5 uudp (aubo uver-
das, Au6o HeuetHas). Bcero moayuaem 20 5% uucen. Ho uz wux 10.5%
HaunnatoTea ¢ Hyas. Ocrtaercs 2055 — 10 55=281 250 uncen.

132. C3.5%=312500 uncen.

133. Ha 1-M wmecte MoXeT cToATh ofHa u3 9 uudp, #Ha 2-M, 3-M,
4-M 1 5-M—oana u3 10 uudp, a Ha nocaeiHeM —oana u3 5 uudp
(ee ueTHocTb ompegneseHa). Bcero noayuaem 9.10%.5=450000 uucen.
Ecan B3ate Bce uwncaa ot 1 zo 999999, nosayunst 499999 wucea.

134. Ecoiu ot6pocuTh HyAM, TO OCTajbHble HHDPH ITAOT OMHY H3
caenyoIx nocaegosateapHoctedt: 3; 2, 1; 1, 2; 1, 1, 1. Ocranocy pac-
NOJIOKHTL HYJH TaK, uTOOb nepBas uudpa Obiia oTaHYHA o1 Hyas. Has 3
3T0O MOXKHO cAe’laTh OJHHM cnocoGoM, aasa 2, 1 u 1, 2— geBaTvio
cnocobami (o uMca1y uyJielt Mexay 3TMMH undpamu), gas 1, 1, 1—
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C} cnocobamu. Beero 14-9+45=55 wncea. Loam BasTh Bee uucaa
oT 1 go 9999999999, To nano BHIOMpaTL Mecta Aas UMPP, 01‘J2mqubxx
ot nyas. Jas 3 sto moxuo caenats Cly, ass 2, 1 u 1, 2—Cjy cro-

cobamu 1 aas 1, 1, l—Cfo cnocoGamu. Beero noayuaem C}O—{—2Cf0—{—

+ C3, =340 uucen.

135. Ha nepBom MecTe Moxer croATh JoGas us 9 umudp 1, 2, ...
..., 9. Bropoe MmecTo Moxer 3aHATh a06as H3 9 ocrasmmxca Uudp,
Tpetbe — 1i06as u3 8 uHGp M T. 1A. Beero noayuaem 9.9! uncen.

136. KonuuectBo uncen ot 0 mo 999, measmuxcs Ha 5, pasno

1000
E(——-—— » rie E(x) —uenas uvactb x, TouHo Tak e Ha 7 Jenutcs

5
E( 1000) qHced u Ha 35— E(%Og—o—) yucen. [To dopmyne BraroueHHi

7
H HCKJIOUeHHH MoJyuaeM, uTo

1000 1000 1000
1000—E(—5——)——E(—7—-)+E (’F) — 686

wHcea lle JeIUTcs nW na 5, Hu Ha 7.
2121;7. Touno Tax e HaXoAHM, YTO KOJHUECTBO MCKOMBIX YHCeN paB-
no 228. '

138. KoauuecTBo uHces, 3anuchiBaeMux 6e3 uudper 9, paBHo 729.
[Tostomy uudpy 9 comepxatr 1000—729=271 wuucno. PosHo 2 pasa
unppa 9 Bxoaut B 27 uucea (099, 909, 990, 199 u 1. a.). Hyab Bxoaut
B | omHo3nauHoe, 9 nBy3HauHmX MU 171 TpexsHauHoe YHCAO, a BCEro
B 181 uucio. JdBaxan nyas Bxogut B 9 yncea. O6e uudpu 0 u 9 Bxo-
aat B 36 uucen (ecan Tperbs uudpa otamuna ot 0 u 9, TO HMeewm
2+2.8 papuaHTOB, a ecau oHa paBHa 0 win 9, To ewe 4 BapuHaHTa).
udper 8 u 9 Bxomar B 54 uucna. KonHuecTso n-3HayHbIX 4HCed, He CO-
JepXalhX IBYX HIYUIHX NOJPAI OLHHAKOBBIX LHOP, paBHO 9™ mpH
n>1 u 10 npu n=1. TToatomy KoauyecTso Takux uyucea ot 0 mo 999 999
paBHO 10+ 9249%4-944-954-95=597 871.

139. Uerbipex3HauHoe YHCJIO MOXET COCTOSATH JHGO H3 ueTHIpex pas-
anuapx uudp (1, 2, 3, 5), Au6Go M3 ABYX ONMHAKOBHIX H JABYX pasJHu-
Hax wndp (1, 1,2, 3,1, 1,2, 5 1, 1,35 1,2 3,3 1,3 85 23
3, 5), mibo, nakoHew, u3 ABYX nap oxuHakoBuix uudp (1, 1, 3, 3). Ilo-
3TOMY oflee KOJIHYECTBO TAKHX UYHCeJ PaBHO

P, L6PQ 1, )-+P @2 2)=2416-12-46=102

140. TakuM e 006pa3oM, Kak B npeiblylledl 3ajgaue, MoJjydaes
oTBeT:

2P (2. 1.1, 1)--3P 3. 1, 1)-+-2P (2. 2. 1)+-3P (4, 1) = 255.

141. B wecTH3naynoe YncJI0 MOryT BOHTH OJHA, ABE WM TPH Naph
onuHakoBbiX wudp. Oany napy Moxuo uGpats Cg conocobamu. Uueio

nepecTaHoOBOK M3 4 pas3qnuHBIX M 2 ONHHaKOBHIX uudp paswo P(2, 1, 1,
I, 1)=6!/2!=360. H3 mux B 5!=120 nepecranoskax [Be OIHHAKOBEIE
UHOPE UAYT MOAPAL. 3HAUMT, B 3TOM cayuae nodyuaeMm 5(360—120) ==
=1200 mecrn3nauHeix uncen. JiBe Napel OIMHAKOBBHIX LHGP MOXKIO
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BrSpats CZ = 10 cnocoGamu, nocae uero C% =3 crocosami MOKIO Bil-
6patp eume e mudph. Obuiee uncI0 MepecTaHOBOK 3THX wudp pasHo

P(2, 2,1, 1)=180, npuuem B 2-2—; =120 u3 Hux ecTb XOTA 6H ONHA

napa cnelywloWHX ApPYr 3a ApyroM OJHHAKOBHIX uudp, a B 4!=24 ne-
pecTaHoBKax — aBe Takue napbl, [To dopMyne BK/IOUEHHA U HCKIIOYe-
KU mogyyaeM, 4To 3TOT cayuaft paer 10-3(180—1204-24) =2520 nyx-
HHX 1naM uHcet. AuaJOrMuyHO HaXOAHM, YTO TPU Napbi OJAHHAKOBLIX
1udp uMeloT

6! 51 41
c3( gy —3: i +3- 3T —3!) =300

HyXUbIX HaM 4uces. Bcero moayusaem 4020 umcen.
142, O6lee KOMHYECTBO MATH3HAUHLIX YHCeJd, KOTOPblE MOMKHO CO-
CTaBHTb M3 JAUHLIX LHOP, paBHo

51 211 1
3. 20+ CiCh (2')2-{—03 g =0

M3 ux uyucaa s 3P3—{—2—2—f—=24 uudpa 3 unetr moApsAx TpH pasa.

[Monyuaev 416 HckoMLIX HHces.

143. Ofiuee uMca0 NMEpPecTaHOBOK HanHbix LHupp pasHo P{2, 2, 2,2).
Hz nux 8 P(2, 2, 2, 1) nepecTaHOBKAX jganHas nudpa CTOMT ABa pasa
rIOleHﬂ, B P(2, 2, 1, 1) nosropstorcs noupsm nam—rbxe 2 nubph, B
P2, )—lIaHHble 3 undper v B P(l1, 1) — nanHble 4 wHd-
pol. I'Io q)opque BK/NOUEHHI H chmoqex-mﬁ no'lyqaeM YTO HHKaKHe
2 nudpel e NOBTOPSAIOTCH B

P22 2—4P@2 22 1)-+6P2 21, I)—

—4p2, 1, 1, ) +P(1, 1, 1, 1) =864
nepecTaHOBKax.

144, Ananoruuio mOJy4aeM, HUTO 4YHCJAQ IePecTalOBOK PaBHO
8! 71 6!
—— — P — . e — ' —4
@) 3 ane —{—:_3 5 51 = 2220,
145. TouHO TaK XKe HMeeM
’ 10!
i | =
EDE 3, +6 88 080,

146. Anasorauwio moayuaeM otser 20 040.
147. Ecnu Bui6pano oZHO 4HCJIO, TO BTOpPOE MOXKHo BuGpaTth 10 crno-
cob6aMH (MOCKOJIBKY €ro YeTHOCTb yiKe H3BEeCTHa). YUMTHIBaf BO3MOX-

=100 croco-

HOCTb MepecTaloBKH 9THX ABYX UHCE], NOJy4aeM ——
608 BBHIOODA.

148. Jlu6o Bce TPH BBHIGpAHHLIX rmcna UeTHb, Au6O OAHO YETHO H
nsa nevetHn. Ilostomy mnosyuaem C10+C13C15—2030 cnocoos Bbl-
6opa.

. 149. B 11 TouKax myTH ecTb BLIOOp MEXAY ABYMSA BO3MOMKHOCTSIMH,
[Mostomy uncio nyTefi paBuo 2!F=2048,
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150. Tak kak BuGOp B lAauaNbuoOfl TOUKE yXKe CHEJaH, TO OCTAeTCs
210=1024 BO3MOXKHOCTEIL.

151. TakuM e 06pa3oM HaxO0JIMM, YTO 4HCJAO €nocoboB paBno 3=
=243.

152. Ecau pw6pano p MoHeT noctounctsom B 10 Kom., 1O 15-K0<
neeyHbIX MOHET Mo:KHO B3ATb 0, !, ..., 20 — p — Bcero 21 — p cmoco-
6aMu. Tak Kak p Mensercsa ot O xo 20, To Bcero umeeM 142434 ...
... +21=23l cnoco6 Bnibopa.

153. Yncio pasinuHbIX KOMOHHAUKHA AMOHET paBlo C§3= 1287. Tlo+
9TOMY HEBepHKX OTBEeTOB MOXeT OuTh 1286.

154. Koanuectso naTHazauHbix yuces pasuzo 90000, u3 nux kaxjaas
nndpa ABJIAETCS YETHLIM YHCAOM B 4+ 54=23500 ciyuasix, HeueTHHIM — B
5°=3125 cayvasix. Lludpw, Menpurge deM. 6, He Bxoaar B 4°=1024 cay-
nasx, a Goabuide uem 3, B 3-44=768 cnyqaﬁx Bce uudput 1, 2, 3, 4, 5
cogepxat 5!=120 uncen, a sce ungppu 0, 2, 4, 6, 8 cozepxar 4- 4!
=96 uncesr,

155. M3 ycaoBua 3azaud BHIIO, YTO- pasvidyHble GDOCKH Ial0T OXH-
IaKOBYIO CYMMY, JHHIb €CH ONY NOJTYvaloTcs ADYr H3 np},ra nepecra-

HOBKOI1 KocTefl, [TosToMy 4HCIO paaniHylbi% ¢yMM paBHO CGJ—G—QI-

156. Touro Tak e noayuaex orser Ca--2C3 -6 = 56.

157. Ogun Bupg owkos Oyxer B 6 ciywaax. JIBa BHAZ MOTyT BH-
nacTb CTENYIOWHMH TpeMs CrocoGaMi: OAHa  KOCTG NepBOro Biia H
5 KOCTell BTOpOro BHAA, JHGO ABe KOCTH NMEPBOTO BHIA H UeThipe KOCTH
BTOPOr0 BHAa, NGO MO TPH KQCTH KaXIoro BHAa. B mepsom cryuae

BHJ KOCTefl MOXHO BhiOpaTh Ae cnocoGamu, npuveM jao6as 3 & ko-
cTefl MoOMeT JaTh OUKM MEPBOTO BHI&. ITO Haer 6A6 180 cayuaes.
Touno rtak me Bapuant 244 naer AgP (2, §) =450 cayyaes, a Ba-

PHAHT 3+3—C§P {3, 3) =300 cayyaes. irak, OBa BMZA OUKOB MOy~

yaworess B 180+4504300=930 cayuasnx. Jas Tpex BHIOB OUKOB MBIl clia-
yaja 1HaxoguM Bce pasbuenus uucia 6 Ha 3 caaraembix: 6=14-1+44=
=1424+3=2+4242. B cOOTBETCTBU} ¢ 5THM QOJyUaeM

—21-‘1-,4213(1, 1, 4) = 1800,
Agp(l 2, 3) = 7200,

3, AP (2, 2, 2) = 1800,

4 Bcero 10800 cnyvaeB, Korja BHNAaialT PoOBIO 3 BHAA OUKOB.
Ha 4 caaraeMbix umcno 6 pasGusaerca Ttak: 6=1-+41+4+14-3=

=1+1+2+2 31 BapHauTH Aator 31, AP(1, 1, 1, 3)=T200 n
(2 ,)2 A4P(1 1, 2, 2) = 16200, a Bcero 23400 cayiaes, Kerja BhiMa-

naet 4 BUAA OUKOB. I )
Jas 5 BMIOB OYKOB MbI IIMCCM —II-ASPU' 1,1, 1, 2)=10800

cayuaes, a aas 6~—6!=720 cayuaes. Ortmerum, uto 6-+930--10800+
423 400+ 10 800-720=68,
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158. Ilpu Gpocke KocTH pa3GHBAIOTCA Ha TPYMbl MO. YHCAY BLIAAB-
wWwHxX oukoB. [losroMy HaM Hago HafiTu uHcI0 CmocoGoB pasbuTh 7 Ko-

cTefi Ha 6 rpynm. DTO YHCJAO PaBHO Ci+5 (cm. cTp. 217).

159. Tak kak 1000000=25.5¢ Tt0 m0Goe pa3snoKeHHe MHJIHOHA
Ha TPH MHOXKHTeNs uMeeT BHJ

1 000 000 = (20 . 581) (2%2 . 582) (2% . 584),

rle o, O2, O3, P1, P2, Ps — HeoTpHLATeNbHble Ledble YHCAA Takie, YTO
o+ ot og=P1+ P+ Ps==6. Tak kax 6 paszbuBaercs Ha 3 HeoTpHLa-

2
TeNbHEIX ueJex ciaraembix Cy=28 cnocobamu, TO, ecan yuMTHIBATL M0-

PALOK MHOXMHTEJNeH, YHCA0 PasfioKeHu#l papHo 28?=784.

160, [Tonyyennble B npelblAymei 3afaye pas3fioXKeHHUs PacnajalTcs
Ha TpH Kjacca: JHGO BCe TPH MHOXMTENA COBMAAAlOT, JHOO ABa COB-
NajfalT, a TPeTHA OTAHYaeTcs OT NHMX, aubo Bce TpH pasmiuHbl. [lep-
BBl KJAacC COCTOMT M3 OJHOro pasaoxenus 1000000=100-100-100.
Hafizem uucao pasnoxeHudl BToporo Kaacca. Ecan coBmajamoniye MHO-

xutenn mmeor Bux 2% 58, 1o noayyaeM, uto 2a+a3=28+4f;=6. Ho
ypaBHeHHe 2x+4y=06 uMeer 4 peileHHS B LeSHX HEOTPHLATENbHHIX YHC-
nax: x=0, y=6, x=1, y=4, x=2, y=2; x=3, y=0. Tak kak Jw06oe &
MOXKHO KOMOHHHpOBaTh ¢ JOOHM P, nosyyaeM 16 BapHaHTOB AJA o%. 5P.
OnuH u3 HHX, a HMeHHO 22.5% HaJo OTGPOCHTH KAaK NMPNBOAANHA K pas-
JoXeHuto nepBoro Kaacca. Ocraercss 15 BapuanToB, Kamefi n3 HHX
MPHBOIHT K TPEM Ppa3JOXKeHHAM B 3aBHCHMOCTH OT MecTa, KOTopoe 3a-
HHMaeT TPeTHl MHOXMHTedb. 3HAUMT, BTOPO# KJIacC COCTOHUT 3 45 pas-
JoxeHui. Ecnu He yuHTHIBaTh NMOpsifKa COMHOXITeNeH, noayyaem 15 pas-
JoxeHufi, HakoHeli, YHCIO pa3joKeHHIt TpeTbero Kiacca paBHO 784-—
—1—45=738. Onu pacnajaioTcA Ha TPYNNH, OTJIHYAKUIHeCH JHIUb IO~
PANKOM COMHOXHTeNeH H cocTosilude M3 6 pasiaoxeHud kaxjas. Ilo-
3TOMY, ec/li He YUHTHBaTb NMOPSAKa COMIOXHTeTed, Mbl umeeM 1415+
+123=139 pasnoxenuii.

161. Kaxxgas MOHeTa MOXeT momactTh B OZHH I3 ABYX KapMaHOB,
ITostoMy nmeem 2° cnocoGos. ‘

162. PaccTaBuM npeaMeThl B HEKOTOpOM MOpsAJKe H OTAAAHM 'mep-
BOMY ue/IOBeKy TNepBble £ NPeIMeTOB, BTOPOMY — BTOpble £ IPeIMeTOB
H TOCneiHeMY — OCTaBIUKECH TMPEeAMEThl. nOCKOJ'ley31’IOS)H[LOK 3JIeMeHTOB
B IPYNNax He HrpaeT pOJH, NOJAydaeM ancg,,=£(7?l))—3 cnocoBoB pas-
nena,

163. CoBeplueHHO TaK X, KlaK B NpeAblAymcH 3anade, moiayuaeM,

N (n)
4TO guCA0 pasbueHHt pasHoO ST
1
164. AnajoruyHo moayyaeM OTBeT TI%%T
301 301

165. one3i’ @nwiorT

41
166. 4 Tysa MOXHO pa3genHTb MONOJAAM -@T)T=3 cnocobamu, @

321
ocTalbHble 32 KapTH e cmoco6aMu, Tak Kak 3TH pasOueHus

268



MOXHO ABYMA cnoco6amMH KOMOHHHpOBaTb APYr ¢ APYrOM, mo.gyyaem
21

3

— crocoBoB pasbuelus.

(161)2 101
167. HUncao cnoco6oB pasio IE] = 945.
168. 945,

169. 91/(31)4=280.

170. 6 260K Tpoe MOTYT pasjelNuTb C§ cnocobaMH, a Kaxabli u3
oCTaJbHBIX (PPYKTOB MOMET AOCTaTbCsl JIOGOMY H3 TPeX ueloBeK, H HX
MOXHO pasjenutb 3% cmoco6amu. Bcero moayuaem 36C§=20 412 cno-
¢o6oB pasjiena.

171. Cravana pacnpeneium a0JOKH. Tak Kak KaxIBA moaydaer
ne Gonce 4 56/0K, TO C TOYHOCTbIO [0 NMepecTaHOBOK 3TO pacnpeienenue
MOXHO cfleflaTh OJHHM H3 CJAeYIMHX cnocoGoB: 6=44-24-0=44141=
=3+4+3+0=3+4241=2+4+2+42. Ecau a6noku pacnpeilesieHbH MO cxeMe
44240, To Hago eme BHOpath 2 ppyKTa M3 6 Aas BTOpOTrO, a OCTaMb-

HBle OTAaTh TpeTbeMy. JT0 MoxHO cienath Cg cmocoGamu. YunrbiBas
BO3MOXIIOCTb MEPECTaHOBOK JIIOfel, MoJyyaeM 3!C§ cnocoBoB pasjena.

6
IIpu cxeme 44141 Hago BoIGpaTh aas BTOporo 3 ¢pykra H3 6 (C3

cnocoﬁon'). Tak kak [gBa yeloBCKA HMEIOT MOPOBHY AGJ0K, TO UHCJO ne-
pecranonok Jawoaei paBHo P(2, 1)=3. Ilpu cxeme 343+0 Hato 'BBI-
6paTh ONMH (GPYKT H3 6 AJs mepBOro M OOMH (GPYKT H3 ocTaBiiuxca 5
sl BTOPOTO. 3hech TaKxKe 3 mepecTaHoBKH Jwjaeil. Touro Tax Xe pac-
CMaTpUBAIOTCS OCTaJblble CXeMbl. Beero mosyuaem

" 6C24-3C24-3CLCE 4-6CHCE - C3CE =690

cnocoGoB pacnpecaeHus,
172, Tak kak 9=6+340=642+41=5+440=5+42+42=4+3+2=
=34 343, To, KaK U B NpeAblAyllelt 3aaue, nmoayiaeM

6 [C8+C3+4-CoCR+-CoCi+ CoC3] +
+3(CiCi4-C3CY) + C3C =19 068
cnoco6oB pacnpeleseHHs,

521 :
173. Konoay moxHo cmath 13 urpoxam AN crocobaMu (cM. 3a-

nauy 162). Ecan KaXAHf JOMXKeH HMeTb MO OJHOA KapTe Kaxiol Ma-
CTH, TO AJS Ka)J0ofi MacTH [oJyyaeM [epecTaHOBKY 3 13 KapT; mo-
CKOJIbKY TepecTaHOBKH MacTefi He 3aBHCAT ApPYr oT JApyra, TO no mpa-
BHJY NpOM3BedeHHs moJydaeM (131)* crocoGoB. B TpeTbeM ci1yuae OXMH
MIPOK MOXeT BHIGpaTb Mo KapTe Kampofl MacTn 13 cmoco6amu. ITocne
9TOro ocraBuIHecss 12 KapT Kaxaoli MacTH MOXHO paaneizgif? Ha 3 rpyn-
!
I m cmocobamu, a BCE OCTaBILHeCS KapThl W Ccroco-
G6aMu. DTH rpynnbi MOXKHO pasjgatbh 12 urpokam 12! cmocoGamil, Yun-

TLIBAsl, YTO HTPOK, HMEIOUIMH BCE MacCTH, MOXeT 61?31'{;,5 ppiGpan 13 cmo-
cobaMy, noayuaeMm A4S TpeTbero ciayuas OTBET W
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174. 4 xapThl 13 NonHefl KOJOALI MOXHO BHIHYTb ng cnocobamu,
Posro 3 MacTu 6yayT B A3 (C}3)2 C?, =518 184 cayyasx — bl BWGH-
paeM OTCYTCTBYIOLLYIO H TOBTOPSIOH(YIOCS MacTu A?, croco6aMH, moc/ae
uero BolGMpaeM ABe KapThl IOBTOPSIOLIEHCH MacTH C%s crnocobaMn u Mo
0JHOIl KapTe ellle ABYX MacTefl (C}3)2 cnocob6amu. PoBHO ABe MacTi
6yayr B C3 (C%3)2+A3C?3C%3=81 120 cayvasx. B camoM gnene, 31O
BO3MOXHO JM60 eciH HMeeM 10 ABe KapThl ABYX MacTef, Ja60 omHa
KapTa OAHOH MacTH H TpH ApYro#. B mepBoM ciyuae Hago BHOpaTb ABe
MacTH M MO ABe KapThl KaXKAOH M3 3THX MacTell, a BO BTOPOM BHIOpAThb
NepBYI0 M BTOPYIO MacTH (34eCh yXe HIpaeT poab NMopaLoK MacTefl), a

MOTOM B3ATb TPH KapThl NepBOH H OJHY KapTy BTOPOH MacTH,
175. Pago6beM 13 kapr xkaxpgoit Macti no cxeme 3+3+43+4. d7o
' .

MOXHO CHAeNaThb m cnocobamit. I'pynmbl 13 4 KapT MOXHo pas-

natb HrpokaMm 4l cmoco6amu, a rpynnel H3 3 KapT Kaxjzofl mMactH — 3l
cnoco6aMu, Bcero mosyuaeMm (3!)%4! cmoco6oB pacnpegeseiins Trpymi,
KapTbl e MOXHO pa3naTth

131 \4 (1311
(arem) #ov' =~ ayem

crocoBamit.

176. PacnonaraeM yyacTHHKOB pasfeila B HekoTopoM mopsiake. ITo-
Clle 3TOrO pacmojaraeM BCeMH crnocoGaMu 18 mpeiMeTOB MO MOPAAKY H
JXesuM Ha 4 rpynnbl no 4 npeamera u 1 rpymny B 2 npeamera. [pynmy
B 2 mpeaMeTa OTJaeM OJHOMY H3 D Yy4acTHHKOB pasjena, a OCTaJjbHbIE
TPyNnbl faeM OCTaJbHBIM (NEpBYW TPYNOY — MEPBOMY, BTOPYIO — BTO-
poMy H T. 1.). Tak Kax nmopamoK 3JeMeHTOB B TPyMmax He HrpaeT poJH,

noJsyuaeM i4—l)r2—_' cnoco6oB pasjaeJsa. Bo BTOpPOM cJyuyac TOYHO TaK Ke

181C3
NG crnoco6oB.

177. Insa Raxaofi napbl MpeoMeToB e€cTb TPU BO3MOMHOCTH — B Bhis
60pKY MOTyT BOHATH [Ba, OAMH WJM HH OJHOrO NMpeAMeTa W3 3TOMl maphi
[Toatomy yucao BeIGOpOK paBHO 314=4 782 969,

178. 4 uepubix mWapa MOXHO pasioxuth B .6 mnakeros Cj cnoco-
G6amu, Ins Genbix 1 CHHHX IIapoB HMeeM CTOdbKO e crocoGos. Ilo
NpaBHJy TPOH3BEJECHHA MONyyaeM (Cg)3=2000376 cnoco6oB.

noJIyuaem

179. Taxum e oBpasoM moyuaen otBer CaCoy = 5720,

180. M306pasuM kaxkaoe pasbieHHe yHCaAa N HA cJaraeMbie B BHIe
ToyeyHoit guarpammbl. Ecau po6aBuTb K 3TOH AHarpamme CTonGHK M3
n TOueK,. MOJYUMM JMarpaMMy Ijsi pa3GueHHsi yucia 27 1a n c¢aa-
TaeMblX,

181. BoiGepeM .06ble TpM HaTypajbliblXx uuciaa oT 1 go n—2 n
npu6aBHM K OoJblleMy M3 HHX 2, a Ko BTopoMy no Beiauunse 1. Ilo-
JYYHM TPH yMCJa, HHKAKHe [Ba M3 KOTOPLIX He cAeiyOT APYr 3a Apy-
rom, OHH M JaOT HOMepa BHIOHpaeMbIX TpeAMeToB, TAKUM 00pa3oM,

BEIGOp MOXHO caenats Cy_g CHOCOGAMH.
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182, P(2.2,2,2.2, 2 1, 1,1, 1) _T cnoco6adu,

183. Mbl MoeM 3aHATb CBOGOAHblE IOJSA OAMHAKOBBIMH ILAIIKAMH
M TMOJNYYHTH TNIEpPeCcTAHOBKY M3 48 Mlalllek M yKasaHHBIX B 3au.aqe cpm-yp
‘—!PICJIé)4 lTa}mx nepecTaHoBoK paBuo P(48, 2, 2, 2, 2, 2, 2, |, , )=

= oost

184, Takum xe rIyTeVI noayyaem oteer P(32, 8, 8, 2, 2, 2, 2, 2, 2,
1, 1, 1, 1).

185. [Iycte 3anato p nogedt GedbIMH M ¢ TOJed _UEPHbIMH IUALIKA-
MH. ‘15 Genblx Imalexk MOX\HO MOCTAaBUTb Ha p TOJeH Tak, yToObl Bce

MoJA OKa3aluch 3aHATHI, C cnocoﬁaMH, a 15 uepHblX IUAlleK Ha ¢

noneft C14 crnocoGaMH, Bb16pa1'b p nofef aas OesbX IIameKk H ¢ MO-

Jefl a8 yepHbIX MOXHO P(p, g, 24 — p — g) cnocoGamu, ITostomy noJ-
I[I0€ YHCJI0 CNoCoB0B paBHO

S P(pg24 —p—q) CE?
D q

rae CyMMHpoOBaIlue pacnpOC'rpaueHO 11a BC€ p H g TakKue, 4uTo
1<p<I5 1915, p4-9<24

186. O6veauHHM B OAHY TPyNny KJAETKH, Nepexoasuiue Apyr B APY-
ra npu BpameHuax gocku na 90° Ilo ycaoBuio mamiKku 3anonﬂmo'r 5Ta-

KUX rpynm, a obuice ynceao rpynm pasio 16.[TostoMy nmeem C16—4368
Croco6oB paccTalloBKH,

187. Pemaercss anamoruuHo mnpeibiaymell 3agaue. Mmeem C32 cro-
co6oB,

188. Iloseft cTaso BABoe MeHbllle, HMeeM C%g cnoco6oB,

189. Hano Ha onHO# MONOBHieE MOCKH MOCTAaBHTL 6 Gembix u 6 q'ep-

IBIX WIalleK ta 16 yepHbIX mojei. 7o sosmoxuo P (6, 6, 4) = ETETaT

cnocobamu.

190. Hago nHa oanoft nojoBHHe nockH BuiGpaTh 12 moseit us 16 u
MOCTABHTb HAa HHX /oOble IAINKH, a lia BTOPOH MOJNOBHHE 3aHATbH CHM-
MeTpHYHbIe IIOJIS[ IAIIKaMHK NMPOTHUBOIOJOXKHOrO LBeTa. BriGop moJed Mo-

KUHO cAenaTthb ClG cnocobaMu, a uUBeT lIalleK, 3aHUMAKLUX 3TH 12 mno-

Jefl, Buibupaetes 22 cnocobanu. Beero nomyuaen 2 2Cl = 7454 720 cro-

co6oB.
191. TMonoxenne wallek onpeiensieTcsl TeM, Kakue 5 moJest us 7 1o-
neu nepBofl TOPH3OITAJAH 3aHATH OenpiMu MmamkaMmi, IlosToMy HMeeM

C7 =21 cnoco6.

192, ITosoxenus pasbusaloTcd I1a ABa Kjaacca B 3aBHCHMOCTH OT
TOTO, 3aHATO WJAH HeT yraoBoe moJe. Ecau yrioBble mosast 3aHATH, TO
Ha MepBbIX BEPTHKAJU M TOPH3OHTAJH CTOSAT elle 8 IIallek Ha 12 Heyr-

JoBHX noasx, Mx Moxuo paccraBHThb C§2=495 cnoco6amu. Ecan xe
yraoBele moas cBOGOAIBI, TO Ha 12 HeyrJoOBLIX MOJAX [epBbIX
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B%)Tnxanu u ropusoHTanu crodat 10 mamek. Mx MoiKio paccTaBHTH
Ci3=2066 cnoco6amu. Bcero umeeM 561 cmoco6 paccTaiosKil.

193, 7 Gennix 1WapoOB MOXHO pasMeCTHTb B 9 Jysax C?5

cnocobaMu, a 2 depublx Iuapa— Cfo cnocobamu. Bcero umeeM
3 - €8, = 289575 cnocoGos.

194. Aranoruuiio moayyaem C?s (CS)"’=521 235 cnoco6oB.
195. Cravana BbiGepeM 9 kHur s Jauua C. DTO MOXKHO cAenath
637 cnoco6amu. OcTaBlHeca 18 KHHr MOXHO pasgenutb Mexay A u B

28 cnocoGamu. Beero uMeem 218Cg7 crnoco6oe pasiena.

196. 8 nmaccaxHpOB MOTYT pacnpefenuThCs MeXAY 3TaxaMmu 48 cro-
cobamu. M3 nux B 3% cayvasx Ha pgaiom 3TaXe, B 28 — Ha JaHHHIX
ABYX 3TaXaxXx M B | —Ha JaHIbIX TpexX 3TaXaX He BbIHAET WK OAMIH
naccaxup. Ilo ¢opMyse BKAOUEHHA M HCKJAIOUEHHA MojayYaeM OTBET
45—4.354-6-28—4=40824.

197. BosMoxubl crefymoomye claydan: ua 3 AeJuTcs BCe TPH caarae-
MbIX, OLHO C/laraeMoe M HH OJHO H3 claraeMblx. B nepBoM cayuae cha-

raemble MOXHO BbIOpaThb ng, cmocobamMu. Bo BTopoM clyyae ofHO caa-

raeMoe jgaer B ocrtatke 1, a gpyroe —2. Tex kak uucen ot | jmo 100,
naomux B octatke |, nmeercst 34, a uMces, measumuxcd Ha 3, a TaKkke
JAOUIUX B OCTaTKe 2, HMeeM mo 33, TO BO BTOPOM CJlydyae HMeeM

Ch (Cés)g crioco6oB. Ecin Bce TpH caraeMbix He feisiTcs Ha 3, TO OHH
AawT aubo octatkd 1, 1 u 1, mmbo ocratku 2, 2 n 2. CoOTBETCTBEHHO
nonyuaem C3, uin C§3 cayuaes. Bcero umeem 2Cg3 +Cg4—}—C},4 (Czlss)? =
== 53 922 cnoco6a BEIGOpa.

198. 3anaua pewraerTcs aHaJoTHYHO npenbiiymeir. OTtser

3C5 4 (Ch) = 5 (3n° —3n +-2),

199. Ecan nojoxxeHo p GelbIX WAapoB, TO 3aHATble JY3bl MOXHO Bbl-
-6paTtp Cﬁ_H cnoco6aMu. [locie 3Toro Aad uepHOoro Iiapa ocraercs
n—p-+1 ays, a XxpoMe TOro, ero MOXHO COBCeM He KjacTb. [loayuaem

i
n— p+2 posmoxuocteit. [TosTomy oTBeT HMeeT Bup 3 (n —r+ 2) X
. ' -

q q-1 q g-1
XCh = s21 sCZ—}—pZ(F{}. Tak Kak Zl sCo= 92" n ZOC{;;—Q"-I
- - = -

= P
(cM. 3agauy 40la), To moayyaeM orBer (g-+2)2¢-1—1.

200. OGo3HayuM HeMyCTYI0 COBOKYMHOCTh Genbix Iuapos OykBofi B,
a yepHblX wapoB Oyksoit Y. M3 ycnoBuA 3ajaud cJeAyeT, YTO LIAPbl
pacnojaraioTes no opHoit u3 cxem UbYB.. UB wiu BYBY.. BY, npu-
YeM B KaXayw cxeMmy Bxoasar r map. Ho pacnpeneautn m Geabix Ia-

21
POB MEXJy 7 HeNmyCTHIMH COBOKyMunoctTaM# Moxno Cr._;crnocobamu. [Lis
ueprbix wapos uveem C1,”Y cmoco6os, a Beero 2CT -1~ Y cnoco6os.

Touno Tak e BLBOAMM, uTo 2 r KomraktoB OyayT B Ch_,Chol -
. -1 , .
-+ Cr G enyvasx, -
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201, OGo3uauuM uepes A(m, n) uucio cnocoGoB HaGpaTb m GajioB
B XOAe N 3K3aMeHOB (He NOJYYHMB MpH 3TOM HI OAUOA ABoiiku). Torma
acHo, uto A(30,8)=A(25,7)+A(26,7)+A(27,7) u 1. A Ilpogomxan
yMeHblIeHHe m, uYepe3 HecKOJbKO LIAroB IOMYUHM oTBeT 784.

202, Crayana BoiGepeM 7 NpeIMeTOB, OCTAIOUMXCA HAa MecTe, DTO

MoxHO chenats Ch cnoco6amu, OcTasbHble m NpeIMeTOB NepecTa-
. m+n

BifeM TaK, uToGbl HH OJHMH He OCTAJiCsl I1a MecTe. DTO MOXHO CAeaaTh
(m+-n)!
mln!t

203. 7 Bemefi MOXHO paCNpefefHTb MeXAy n-p A0IbMH (n+p)*
crnocob6aMu; mpH 3ToM B (n+p—1)" cayyasx AaHHBIA yeJOBEK HE MOJY-
YUT HHM OJHOTO TpeaMeTa; B (n+4p—2)" — JaHHBle [Ba YenOBeKa HH-
yero He MoJyyawT H T. A. IlpuMensas ¢opMyay BK/AUeHHII U HCKIIOUe-
HHH, TPHXOJHM K /10Ka3biBaeMOMY pe3yJbTaty,

204. IlepBoii cTonGel pa3GueHuss 2r+4X Ha 7-+X OTAHYHBIX OT HY-
JIl CNATaeMbIX COAePXHUT 7-+x 3neMeHToB. OT6paceiBasg ero, nojydaeM
nuarpaMMy pasGHeHHs 7 Ha HeOTPHUATeJbHHE c/araeMble,

205. Tak Kak KaXabli MOXeT rojocoBaThb 3a JOGOr0 M3 A Uemo-
BeK, TO HMeeM An" cnocoGoB ro/socoBaHus. Bo BTOpoM cayuae Hajo
PasfeNnTb £ TOJOCOB MeXAY n KaHAMAATAMH. DTO MOXHO CAeNaTh
C3-1, cnocobamu.

206, ITycTb uncno 2n pa3GuTO Ha TPH YacTH TpeByeMBIM 06pa3oM:
2n=a-+b+c, npuueM a<{b<c Torga a==1—B NpPOTHBHOM caydae
Mbl HUMean Obl b4c=2n—1, u notoMy b<c, yero He MOXKeT GbITb, MO-
cxoabky b+1>c¢. KpoMe Toro, a+b>¢, npuueM uucna a+b u ¢ uMeioT
OXHHAKOBYIO YeTHOCTb. 3HauuT, a+b>c+2. Ho 7rorna uwucna a—1l,
b—1, c—1 o6pasyor pasbuenue maa 2n—3, npuuem (a—I1)+ (b—1)>
>c—1. TeM caMBIM YcTaHaBAMBAaeTC B3aHMMHO OAHO3HAYHOE COOTBET-
¢TBUe MeXAYy pa3bueHHsAMHU uucen 2n 4 2n—3,

207. BuiTekaer u3 paBeHCTBa

CL4Co4Cof o =20

208. IlyeTh mepBbifi MOAYYHa X TMpeAMeTOB MePBOTO COPTa, y Mpel-
MeTOB BTOPOTO COPTa M 2 TpeAMETOB TpeTbero copTa. Torga x+4y-+z=
=3n, npuueM 0<x, ¥, 2<2n. Takum oBGpasoM, HaM HAZO HAATH UHCHO
pelleHufi ypaBHeHHs X4 y--2=3n B UejblX HeOTpHLATeNbHBIX YHCAAXK,
He npeBOCXOAAMHX 2n. Ecau OTGPOCHTbL YCaOBHA X <21, y<2n, 2K
< 2n, TO 4uCAO pelleHHit paBHO uMCay CnOcoGOB pasfena 37 ORH«
IIaKOBLIX TPeIMETOB MeXAY TpeMsd JuLAaMi, TO ecTh an+2’ Hatfigem

Tellepb YHUCAO pellleHHRA, B KOTOpbIX x>2n. OHO paBHO o6LieMy 4HCTY
pellleHHii B LeAblX HEOTPHUATENbHHIX YHCJAX 1ypaBHe1mﬁ y+z==£k 0
n(n
<k<n, 10 ectb 1424 ... 4n= (n+1)
leHuAx y>2n u z>2n. Ot6pacwiBas ux, noayyaem 3n?-4-3n+41 pe-

IeHue,
209, 3agaya pellaeTcd aHaJOTMYHBIM ofpazoM. Mb mnosyuaeMm

D, cnocoBamu (cMm. crp. 73). Bceero umeem D, cnoco6os,

. B croapkux e pe-

2n-1
: 1
Clirs—4 ¥ Chyo=Clrys—4Ch 0 =5 @0 1) (822 + 82 +3)
k=0
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210. Tax xak 4YacTH HepasJHUHMBI, TO pelleHusa X, Yy, 2z U 2n—x,
2n—y, 2n—z ypasuenssa x+y+2=23n oToxAecTBasiorcd. Ofno pelie-
HHE, a HMEHHO X=n, Y=Hn, Z=n, OTOXKAECTBIfAETCSA NPH 3TOM C CAMHM
coﬁoﬁ, a OCTajbHble — ¢ OTJMYHBIMHU OT HUX pelleHHAMH. [loatoMy OT-
BeT HMeeT BHL

3n2+3n Snitdn 4y,

Ananoruuno paceMarpuBaeTcs cayyalfi, Koraa uMeeM Bemn 4 COPTOB.
211. 3mecs mago HafiTh umACAO LeJBIX pelieHnit ypamte}mx x1+
Axo+ ... Fxm=mn, yrosaeTBopsoOmHuX ycaoBuaM 0 xp << 2n, 1K

<k<m Ecmu oT6pocutb orpannuedne 0<x;<{2n, T0 noayyaem

1
'r:n+m 1 pemenuit. Hafimem uucno pewenuii, aas KOTOPLIX X >2n:

OHo paBio 06IIEMY YHCAY pelieHHH BceX ypaBHelHil
KptXat- oo xn =4k,

rie 0 << & << mn—2n—1, 10 ecTo

mn-2n-1
|
kzg) Ck+m 2= Cmn 2n+m=-2°

CTonbKo xe pemetmu, AJst KOTOPHIX X2>2n M T. A. 3Ha4uT, Hajo OT-

6pocuTh cmc;',;;+,,,_ on—o Pemrennit, Ilpu 3T0M HekoTOphle pellieHus (a

VMEHIIO, Te, MU KOTODHIX, CKaXeM, U X, >2n, U x2>2n) oTOpacHIBalOTCS
aBaxpabl. [lpumensas dopmyay BKJIOUEIHH H HCKJIOUEHIH, NPUXOAUM
K JOKa3bIBaeMOMY pe3y.bTaTy.

212. 231 cnoco6GoM. OTHOCHTENBHO peILICHHA CM. CJeAYIOHlyI 3a-
nauy. ’

213. O6o3uaguM uepes Xx;, Xs, X3 KOJHUECTBO NpPeAMETOB NEPBOro
€OpTa, a uepes Yj, Yy, Y3 — BTOPOTO COPTa, MO.IyyaeMblX COOTBETCTBEHHO -
auuaMu A u B. Torna umeem ypaBHeHHs x1+,\2+x3—n U Y1+y:tys=
=1, TpHYEM NOJKHHW BHNGJHATbCA YCJAOBHUA Xptyn <, 1KA
Ecnu OTOPOCHTL  OTPAHMuUEHHA Xi +yk<(n, 1<k<m TO MOJYYHM

Ci” pellie§Hii MepBOTO YPABHElHS H Cf, +2 peueuns BTOporo ypa-

BHEHHS, a BCEro (C 2 2) pewenuf. [Ipu sToM uncao pewenuft, gas Ko-
TOPLIX HapyllaeTcsi ycioBie Xi+y;<Ir, paBlio OOLIeMY UHCIY LEJbIX
IIEOTPHLLATEMLHBIX  pellleHHil cucTeM YpaBHCHUE Xp+X3=r, y2+ys=s,
rie 0Kr<n, 0<Cs<n u r4s<n CucteMa Xp+x3=r, yat+ys=Ss
umeer (74+1) (s+1) ueabix HeoTpHuaTeabHBIX pemweinifi. [TosToMy 06-
nlee YHCAO pellleHHH HaHIMX CHCTEM PaBHO

n-1 p-s-1 n-1
¥ ¥ ctnetn=1 Y etne—9e—s+n=
§=0 r=0 §=0

—EC +1Cn Sll=c‘t‘l+3

sm0
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{cM. cTp. 57). CroapKo Ke pellleHHfi He YHOBJETBOPAIOT YCJAOBUAM
Xet+y2<in U x3+ys<<n. Ot6pacbiBas 3TH pelleHHs, NOJyyacM

(Cha)— 3C\fz+a

pewenuit. Ipu n=>5 umeem 23! pemenne.

214. 9 uyenoBeK MOXKHO nepecaxuBath 9! croco6amn. Hafaem, BO
CKOMBKHX NepecraHOBKax 3 aHIIHYaHKHA CHAAT psAfoM. Bce Takue ne-
PecTaHOBKH NOJYYalTCA H3 OJHON NepecakMBaHHeM MexXay coGof aH-
rauyad (3! cmocoGoB) u nepecaxuBaHueM 6 Opamiy3oB U TYPOK H
koMnauuu 3 aurauyad (7! cmoco6oB). Bcero nonyuaem 3! 7! mepecra-
HOBOK. BO CTOJBKHX Ke NepecTaHOBKax psaoM cuaiaT 3 ¢dpaHuysa HBO
cTonbKHX *Ke —3 Typka. Hanee, B (3!)25! mepecTanoBkax psjfoM cH-
OAT W aHrnuyade, W ¢paHuyssl, a B (3!)* mepecTaHOBKax M aHIJHYaHe,
H ¢pauuysel, u Typkd. [lo dopmyne BKAOUeHHA H HCKAIOUEHHH MOJY-
yaeM OTBeET

91—3.31714-3 (312 5! — (31)* = 283 824,

215. O6umee uuciao nepecranoBok pasio 9!. HafimeMm uwucao mepe-
€TaHOBOK, B KOTODBIX NaHHBEIE Ba aHIJIHYalHHA CHAAT psAgoM. Ecau Mbl
OGBEAMIHM WX, TO MONYYMM MepecTaHOBKH 8 o6bekToB. Ho, KpoMme TOrO,
HX MOXHO NepecaxknsaTb ApYr c¢ apyroM. [lostomy Bcero umeem 2!8!

e2peCTauoBox. [lpu 3TOM fHaHHLIX ABYX AaHIJHYaH MOXHO BbHIGHPATb

n
C; cnoco6aMn, a BCEro Mbl HMeeM TDH DasjHYHbLIX HAUHOHAJBLHOCTH.
[TosToMy cooTBeTcTBYlOWHA useH B (opMyse BKAOYeHHA H HCKIIOUEs
HUfi paBeH 30%2!8!. Tenepb HafizeM, BO CKOJIBKHX NepecTaHOBKAax ps<

JOM CHAST JaHHble [Ba aHIJHYaHHHA M, KPOMe TOro, [JaHHble JBa
({panuysa. Ecau o6befAHHHTb B mapy psgoM CHASAUHX COOTEYECTBEHHH«
KOB, TO NOJAYYHM 7 NepecTaBjfieMblXx 0GbekToB. KpoMe TOro, MoXHO
nepecaxXuBaTb JAPYT ¢ JPYroM CHAAUIMX PSAOM COOTeYeCTBEHHHKOB,
Bcero umeem (2!)27! nmepecraHoBok. Kpome TOro, aBe mapsl cOOTeue<
CTBEHIIHKOB MOXKHO BHIGpAaTh C3) cnocoGamu. Ilostomy cOOTBeTCTBYIO+
mee csaaraeMoe B (GopMysne BKAWOYeHuNl U HCKJAIOYelW# paBHO
(C§)3(2 !)271. Janee paccmaTpusaoTcs CJaeAylOUlHe CAydYaH: pAAOM
CHAAT

a) TpH COOTeYeCTBEHHHKA,
6; Mo JBa npeiAcTaBHUTe sl KaXAOH HaUHOHAJBIOCTH,
B) TPH MNpeACTaBHTeNs OO HANHOHAJLHOCTH U [IBA =~ ADYIOM,

T) TpDH NpeACTaBHTeNs OJIHOA HAUMOHANLHOCTM W TPH JPYroH,

L) TPH NpeACTaBHTeNs OO HALHUOHANBHOCTH, ABa APYrofl W ABa
TpeThef,

e) _TPH NpeJCTaBHTeas OAHOM HALHOHAMLHOCTH, TPH APYrofi u ABa
TpeTbeil,

¥K) MO TPH npelCTaBuTe/d KaXKIOH HAUHOHAJABHOCTH.

[Mpunensas ¢opMyny BK/IOUEHHH M HCKJAIOYEHHH, MOJYyyaeM OTBeT

91—9.2181427 (22 71+43.3171—(21)361 —18.312161 4
+3(31)251427.31(21)251 —9 (31221414 BN+

216. dta sajgava pellaeTcsi AHANOTHYIO IIPEABIAYILeH, HO HHBIM
06pa3oM NOACYHTHIBAETCS YHCJAO MEPECTAHOBOK, B KOTOPHIX JRaHIbIE
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COOTeUeCTBEHHUKH CHAAT PARoM. Byx anrauuaH MoxKil0 AOCafHTb Ds-
aom 2!9 crnocofamH, mocae Yero BCeX OCTANLHLIX MOXHO Tepecax -
BaTh 7! cnocoGamn. Ecau B3ATb ABYX aHrauyad W ABYX (paHIy30B, TO
YHCIO CMOCOG0B MOCAJKH, IIPH KOTOPBIX STH COOTEYECTBEHHHKH CHAAT
panoM, pasHo (2!)29.06!. Mmenno, Mbl 9 cnoco6aMu moKeM BBIGpaTh Me-
CTa AAS aHIjHYaH, Nocjae 4ero OGBEAMHHTb B mapy ABYX ¢paHUysos
H B3fTb BCEBO3MOXIIble NMepecTaHOBKH 3TOH Mapel H OCTaBIIHXCA 5 ye-
JIOBeK. YUHTHIBAsi BOSMOXKHOCTb NOMEHSATb MeCTaMH KaK CHASAUHX pH-
JIOM aHraHyad, TaKk H CHAAULHX DALOM ¢panuysos, mojyyaeM YkasaH-
HOe YHCJIO0 NepecTaHOBOK. AHAaJOrHMIIO pacCMaTPHBAIOTCA OCTaJbHble
BO3MOXHOCTH. Bcero nonyuaem

91—9.219.714-27(21)29.6! -3.319.61—
—(29%9.5!—18-3!29.5143(31)29-4!+
+27-31(21)29.41—9(31)22!9-314- (3% 92!
Ccnoco6oB.
217. O603HayuM YHCJO CNOCOGOB HAK/IEHTb MapKd ua cymmy N kom.

yepe3 F(N). Pa3o6beM 3TH CMOCOGBEI HA KJACCH B COOTBETCTBHU € JOCTO-
HHCTBOM NOC/]eAHedl MapkH. Mbl NMONyuHM peKKyppeHTHOe COOTHOIIEHHe

F(N)=F(N—5)+F(N—10)+f(N—15)+F(N—20).

Hcnonbsyss 3To cooTdollense u paBeHcTBO F(5)=1, nonyyaem, urto
F(40) =108

218. O6osnauum uepes F(ny, ..., nm; N) uHCAO cll0COGOB oOnaa-
THTb CyMMY N KON, MOHeTaMH B Ny, ..., Mm. TOrga HMeeT MecTO pe-
KYPDEHTHOE COOTHOLICHHE
F(uy, ..., ny Ny=F(ny, ..., 8y )“"F(nb veny By N—ny)

(cm. ctp. 107). Mcnonp3yst 370 H aHA/NOTHYHbBIE COOTHOLIEHHSI, HAXOLHM,
yto F(10, 15, 20, 50; 100) =20.

219. C noMoubl0 PeKYPPEHTHOTO COOTHOLIEHHS NoJyuyaeM, YTO 3a-
Jlaya uMeeT 4 pelueHHS.

220. Pag moxer cogepxath 3, 2 uau | vepHuwit wap. Ecan on co-
HepXKHT 3 4YepHLIX Ilapa, TO YeTBEPTHIii WIAp MOXKHO BhIGpaTb TpeMsi
¢noco6aMH, NOcJe 4Yero nepecTaBHTh 3 YepHBIX Wapa W | Wwap HHOro
usera P(3, 1)=4 cnocoGamu. Bcero 12 cnoco6oB. AHanOrH4HO, eciH
B3fITb 2 YepHLIX ILlapa, MojyyaeMm C%P (2, 1, 1) =236 Bosmoxnocreir, a
ecm; I, To 4! Bo3moxHOcTedl. Bcero MOXHO cocTaBuTh 12+436+424=
=72 papa.

221. Yucno Takux npejacTaBJeHHH paBHO ukcny pasfueHuil n 0au-
HAaKOBHIX IIApOB HA 3 HemycThble rPymmsl, To ecTb Cp_y.

222, HafineM cHayana, CKOJbKO NOHAA0GHTCA HYJefl, YTo6H 3ani-
caTb Bce uucaa ot | go 999999, Ha nocnenHeM MecTe Hyab B
99999 wuucmax (10, 20, ..., 999990), ma BTopoM — B 99990, na
TpethéM —B 99900 u T. A. Bcero umeem 99 999--99 99099 900 --
499 00090 000= 488 889. O6uiee e uucao uudp pasuo 9-+2.90-+
+3 - 900--4 - 9000+ 5 - 90 0006 - 900 000=5 888 889. Tak Kaxk Bce Iud-
pbl, KpoMe HyJsl, BXOAAT OAHMHAKOBOE YHCJAO pas, TO KaKAasd U3 HHX
BXOJHT

5 888 889 — 4 888 889
9
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223. Cvauyana BbiOepeM MecTa, Ha KOTOPHIX CTOMT uHdpa 3 (3TO
MOXKHO CAelaThb Cm cinoco6amu). Ilocse sTOro cTaBUM Ha OCTaBUIIXCH
8 MecTax umbpbr HAM 2, uTO MOXHO caenaTh 2% cmocoGamu. Beero
ponyuaem 2°C3 = 11520 cnoco6os.

Cysmva wuchp n060ro H3 HaMHCAHHBIX 4HCes JEXHT MexAy 8- 1+
+2:3=14 4 8.24-2.3=22. [To3TOMY, eciH UHCAO AeaHTcA Ha 9, cyM-
ma ero uupp pasna 18. CnegoBarenbHo, eJHHHUBI H JBOHKH HUMEIOT
cyMMy 12, DTa cymMma nmoayuaeTcs, ecJH B3fTb 4 eIHHHIbI U 4 JBOMKH.
Hrak, Halle 4uca0 coldepkKUT 4 efuuuusl, 4 nBOfikH u 2 Tpohku. M3
3THX NIH(PD MOMKHO COCTABHUTH

10!
P# 4 2)=—-——=3150
¢4 =79
Pa3/HYHBIX YHCeJ.

224, Iycerp uuena @ | b 06pa3yloT B HAHHOH NepecTalOBKe Hi-
BepcHio. Ecaum uX noMenar, MecTaMu, MOJYYHM HOBYIO NepecTaHOBKY,
B KOTODOH OHH YyXe He 06pasywor uﬂaegcuu. Mbl uMeeM n! nepecTaHo-
BOK, B KaXIOW H3 KOTopnix Moxno C’ cnocoGaMu BhIGpaTb YHcaa @

u b. B mosoBHHe ciy4aeB 3TH uMcja 06pasylOT HHBepCHIO. 3HAUMT,

nl .
YHCJO HIBEPCHl PaBHO ‘Q‘Cfr

2
225, Yuciro n Moxuwo C_;= cnoco6amu  mpexcra-

__n?—3n4-2
2
BHTb B BHAE CYMMHl TPeX LEJABIX MNOJOXKUTENbHLIX caaraeMbelx (cuuTas
Pa3NMUHBIMH  TPEACTaBAeHHs, OTJHYAIOUIHECH MOPHNKOM C/laraeMex).
n—2

n—
M3 nux nopH UYECTHOM 7 B Ty a NpH HEeYeTHOM 77 B 9 npen-

CTaBJIeHHX 7ABa c.iaraeMblx paBHH. KpoMe Toro, ecau n jfenurcs Ha
3, TO UMeeTcsi MpeICTaBJEHHE, B KOTODOM paBiibl BCe TPH CaraeMelx.
I'Ipumenm (hopMyay BKAIOWeHHMA M HCK/IOYeHHH, Ge3 Tpyaa noayuaeM,
YTO YHCJ0 MNpeIcTaBAeHHil ¢ MONapHO DPa3JHYHBIMM CJaraeMbIMi BbIPa-
KaeTcd CIeAYIOUHMU (popmynaMH:

n2—32n+2 __,(n_2)+2 2;62”'{__1_2, ecan  n =06k,
n?—gn—f-?__g(n_l):_’f:_gi‘_*'f’_, ecan  n=06k--1,
nz_gn+2_%(n_2)=ﬁ:_gi4:ﬁ, ecin  n=6k-+2

n2—3n—i—2 _%(n_lH_?:@ﬁ, ecan  n=6k-43,
n2—gﬂ+2_%(n_1)=ﬁ_f_gn_“ti, ecan  n =06k -}5.

Ecau He YunTbiBaTh TOPSIJOK caaraeMblx, To moaywim B 6 pas
MeHbllle TpeacTaBacHui. IHeTpynHo npoBepHTh, H4TO  BbIpaeHHs,
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nojyuyaeMbie TIDH 3TOM, SIBJSIIOTCS He 4yeM HHBIM, KaK UeJofi HacTbio
n? —6n 412

12-

226. Yucio 12045 moxuo C?2n+4 crnoco6aMH MpeAcTaBHTb B BH-
e deTbipex cnaraeMblx (CUHTas pas/HUHBIMH IpeiCTaBJeHHs, OTJH-
yalolldecsl MOPAAKOM caaraeMbix). Yucao npegcraBieHiil, B KOTOPHIX
X=y, DaBHO YHCAY pellleHufi ypaBHeHufi 2x-+42-+f=12n-+5 B UennIx no-
JOXKHTENbHBIX udcnax. Tak Kak ypaBHeHHe z-f=12n—2kR--5 umeer
12n—2k -4 pemlenufi B uenblX MOJOXKHTENbHLIX YHC/IAX, TO OGUlee YHC-
JI0 TaKHX pellleHHII pPaBHO

6n+1
S (120 — 2k - 4) = (6n 1) (61 4-2) = 2C2, 5
k=1

NIpH COOTBETCTBYMIMHX 3HAaYeHAAX 7.

Yucno pelleHHdi, B KOTOPHIX X=4f=z2, DaBHO HHCAY pellieHudl ypapue-
Hufi 3x4-f=12n-5, To ecTb 4n+1.

HafineM, BO CKOJLKHX DellleHHdX eCTb cJaraeMbie, GOJbIUHE YeM
6n-4-2. Ilyctb x=k2>6n-+3. Torna y+z-+t=12n45—~k. Ho uucao
12n4-5 — k& Moxuo Ciyp 4_p CMOCOGAMH IPENCTABHTbL B BHAE CYMMBI
Tpex LeJbiX MOJOMHTeNbHHX ciaraeMslx. [1o3ToMy pellleHufl, TpH KOTO-
pbiIX x> 6n-+3, umeercs

12142 s
2
2 Cl2n+4—k=cﬁn+2'
k=6n+3

T%K KaK BMeCTO X MOXKHO GbLio B3ATb Ji060€ H3 caaraeMbix, Mbl HMeeM
Cm,,+4—406,,+2 pelenuii, B KOTOPEIX BCe CAaraeMsié He MPeBOCXOASAT

6n-2.
Hanee, uucno pemwenunit ypabuenus 2x+2--f=121+5, B KOTOPHIX

2> 6n+3, pasuo 3n(3n--1) Qan“. TMosToMy 4ucaO pellleHufl, B KO-
TOPbIX X=4 W BCE C/araeMule He MPEBOCXOAAT 6n--2, paBHO 2 [CE;,H 9—

—QanH]. [TockonbKy BMeCTO X H § MOXKHO B3ATb JIOGYI0 APYIYIO

napy 6yKs, ofulee YHCJO pellleldfi, B KOTODHIX DaBHBH ABa CJaraeMbix
H BCe cJaraeMble He NMPeBOCXORAT 6n--2, paBHO

203 [an+2 - 2C§n + 1]'

Haxonen, uncao pewenufi ypaBHenust 3x-+f=12n-+45, nasa KoTophix
t> 6n+3, pasro 2n. [TostomMy ofuiee YMC/IO pellleHHi, B KOTODHX DaB-
Hbl TPH CJaraeMblX H BCe cjaraeMble He INpeBocxoasiT 6n--2, pasHO
4(2n+4-1). .

Ecnu oT6poCHTh H3 BCeX NpeNCTaBAeHHH Te, AAS KOTOPbIX ABa C/aa-
raeMblXx COBMAfalOT, TO NpEACTABJEHHS, B KOTOPHIX COBHNAJAKT TPH
cllaraeMblX, OKaxyrcsa OTGpomenst Tpuxkis. Ilostomy B dopMyane
BKJIOYEHHH H HCKJKOYeHHA HX 4YHCJIO HAJO0 YMHOXKHTb Ha ABa. Bcero
nosnyuyaem

[Chnia—4CE, 1] —2€3 [Corsa—2C3, 1] +8 @+ 1) =
: - =12 (1222431 —1)
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npencmmemlﬁ, B KOTOPBIX pasjiMtHbl BCe cjaraemble,
2CE [Chrya—2Cha 1] — 12 @4 1) =120 (9n 4-4)

NpeACTaBJeHHH, COJepKaUliX pDOBHO TPH pAasJHYHBIX CcJaraeMbiX, #
4(2n--1) npencrabienuii, B KOTODbIX eCTb jBa PAa3jHulbIX CJaraeMbix.

Bce npeiacraBnenHs pazofbeM Ha KJaccsl TakKHe, 4TO JABa Ipefs
CTaBJeHHA OJHOTO Kjacca OTJNHYAlOTCA APYr OT JApyra TOJbKO MOpsii«
KoM cjaraembix, Torga npeacraBieninst IepBOro THIA pasGHBAIOTCA HA
KJ1aCChl, COCTOsILIHE H3 24 51eMeHTOB, BTOPOro THNa — H3 12 3jeMenTOB
W TpeTbero Tuma — H3 4 32nementoB, Ilosromy unc10 pasGHeHHI Tpes
6yeMoro THMa pasHO

%(12n2+3n—1)+n(9n+4)+2n+1=%——1- (1272 491+ 2).

227. Ilo xony pellleHns mpeabAyulefi 3ajaudl MLl HAlIH, YTO YHC-
JIO TNpeiacTaBfeHuH, B KOTOPbIX Bce cJaraeMble pa3sHulibi, PaBHO
12n(12n2+3n—1). TlocKOMBKY MBI HE YYWTHIBAeM Telepb MOPSiAKA cJaa-

n .
TaeMLIX, To NOAYuaeM - (12n2 4~ 3n — 1) pasGueHuii.

228, Kaxpas reomeTpHueckass IpOrpeccHsl onpejeisiercss MNepRuiM
uneHoOM M 3HaMeHateneM ¢. Ecam mporpeccus Bo3pacTaer, TO JO/XKHO

1
BHIOJHATBCH HepaBeHCTBO a¢?<{100, oTkyma crlexyer, uTo a<-—q—;;.
3HauuT, uHCIO BO3DACTAIOUIHX TPEXWIEHHbIX TNPOrpeccHi €O 3HaMeHa-

00
TeseM ¢ paBHO E( lq ) O6ulee 4HCAO MPOTPECCHH DPaBHO

2[5 () + £ () +5(75) + e+ ()] =102

(MHOXHTEAb 2 CBAA3aH ¢ TeM, YTO OJHY H TY K€ TDPOAKY YHCET MOGXK+
30 paccMaTpHBaTh M Kak BO3DacCTaioulyld, H KaK yObiBAIOULYID TNpO+
TPECCHUIO).

229, O6o3Hauum GykBoli ¢ MHOXKECTBO H3 HECKOJDLKHX CTOSUHX
noapsaa ¢pannyson, a 6ykBofi T — MIIOXKeCTBO H3 I1eCKOJBKHX CTOSULHX
noapsia TypokK. BykBa «a» osnauaer amraumuanuHa. Ms ycaoBus samauu
ClefyeT, YTO BO3MOXKEH OJHH H3 CaelYIOUIHX THIOB DacloJoXKeHH:
PaTadaTadaTad uau TadaTadaTadaT. Ilpu nmepBoM THIe Mbl J0O7-
JKHBI pa36mb 7 ¢paHuy30B Ha 4 HeMycTble TPYNNBI (3TO MOXKHO Ccle-

Jarb Cb crocoGamir), 10 Typox Ha 3 HemycThle TIPYIILI (Cg cnoco-
603) noc/le Yero NOCTaBHTb TH PYMNNbi IO MOPSAKY HA COOTBETCTBYIO-
ulHe MecTa M NepecTaBUThb BCEMH BO3MOKHBIMH cnoco6aMH cooteve-
CTBEHHHKOB apyr ¢ jpyroMm. [lonyyaem 6171101 C3 Cg cnocoGoB
paccraosKil, BTOpofi THN pacnosodeHus [JaeT TaKMM ke IyTeM
6!7110! CZC3 cnocoGon paccranosku. Beero noayuaen

6171101 [C3CT 4 CFCH] =61 711011980
pelileHni.

230. Touno TaK Xe, KaK B NpeAbAyllell 3axave, moayvaem 5!7!10!X
X 1080 perrennii.
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231 Hckombie ﬂBa yHcna OTJHYAIOTCA APYr OT APYTa MHOMKUTe-
aavu a®, B8, ¢¥, d®— xawnmfl us sTHx YCTBIPEX MIOXKHTejell BXONT
B OJHO M3 yHcea H He BXOAMT B apyroe. Tax Kak 4 MHOIKHTenast MOIKHO
pacnpeenuTb MeXAy ABYMSA HHCIAMH 2¢=16 cnocofami, TOo 3ajaua
umeer 16 pewennii. Ec/H He YUHTHBaTb NMOPAAOK uHcea, To inieeM § pe-
eHud.

232. Uckomble uncna uMmeroT Bug GA u GB, rae A u B— nenn-

Temu uncna a®Be¥a®. 1o wucno umeer N=(a+1) (B+1) (y+1) (5+1)
Aenuteneit. (cM. sapauy 67). ITostomy A u B moxuo seSpate Ciy g
crnoco6amu, ecay He pasaudath naps (GA, GB) u (GB, GA), u N?
criocoGaMH, ecau pasnuqarb TaKie Mapbi.

233. CyutecTByer 020 COouYeTaHHil, B KOTOPHIX DaslHuHbI Bce GyK-

BbI, 020019 coueTaHufi, B KOTOPHX COBMajaioT jaBe GYKBH, H T. I.
Bcero noayuaeMm

Co+ ChoCly + C5,Cls + C3p = 146 400

coyeTaHufl.

234. UckoMble TepeCTaHOBKH HAYHHAIOTCS ¢ HECKOJBKHX GYKB O,
nocje KOTOPHIX HjaeT 6ykBa P, a jgastee GYKBH MOTYT HATH B JIOGOM
nopsiake. Ecau BHavane croAT k GykB o u oaHa Gyksa P, To ocTas-
[MiHecs GYKBEl MOKHO NepecraBastb P(p—k, g—1,r) crnoco6amu. Cym-
MHDYd mO k oT | 4O p, MoayyaeM, YTO YHCJAC HCKOMBIX TepecTaHOBOK
pPaBHO

14
Ptgtr—k—D! -2
G=BTG=nirT = Catr- lzcg—kﬂw—l'

=

M

p-k
f Cp k+q+r- I‘Cp+q+r—

|
-

[MosToMy uMeeM C;+,__1CZ;;+,_1 NepecTaHoBOK.

235. Yucna, BblpaKkaloUlMe [JMHBI MOJOC Ka)KJ0ro LBeTa, o6pa-
3YIOT mpexcTaBjeHue uyucaa 10 B Buje CYMMH cjaraeMblX, NPHHHMAO-
UIHX HATypasbHble 3HaueHus oT 2 go 10, mpuueM urpaeT poJb nops-
IOK cjaraeMbix. Hucjno Takux pasGueHuft Ha k cnaraeMblx paBHO KO3«
GHUHenTY NPH X0 B Pa3/OKEHHH BhIPAXKEHUs

ot = (S (=) (- F =

= 2k (l—kxg———-————-k(k_;l) x18 — ...)(1+kx+—————————k(fl_*2—l) x2 -
k (k1) (k+2) Bh41) ... (k9 ., .
e WU PS: Rt s o i x4 ).

OTcloga cpady HaxoXuM, 4to Npu k=1 uckombifi KoddduuueliT paBeH
1, npu k=2 on pasen 7, npu k=3 paseH 15, npu k=4 paseu 10 u npu
k=5 paser |. Tak KaK KOJHYECTBO NMOJO¢ KAMXAOro 1BETa NPH LaHHOM
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cnocofe OKpAcKH OJHHAKOBO, a [MJHUY TOJOC Dasju4HBIX LBETOB MOX-
110 KOMGHIHpPOBAaTb MPOH3BOaABHO, mojyuaem [3-+73+4 153+ 108+ 13=4720
¢noc0o00B OKPAaCKH. .

CHHMeM Temepb YCJOBHE, 4YTO INOCAEAHHM SABJSETCH CHHHMEA LBeT.
EcaH OKpacka 3aKallYMBaeTCst KPAacCHbIM ILBCTOB, To OH BCTpeyaeTcsl ia
o/HIl pa3 yaule, YeM Geablfi U cullWii. B 3TOM cayyae 4dca0 cnoco6oB
paBuo 1+47-12415-72+4-10- 15241 102=3093. Touto Tak Ke ecju TO-
caelHuR UBeT Gembifl, TO WHCJIO CHOCOGOB OKpackd paBHO 1247214
+152-7410%- 154 12- 10=3135. Bcero umeem 10948 crnocoGos.

Ecnmi HM ofHa mosoca He MeHblle 3 ¢M, TO 3ajaya CBOAMTCR K
nojcueTy uyucna npefcTasienuii 10 B Buae cyMMbl 2 HATypaJbHBIX cja-
raeMbix, npuuuMatroutux 3uaueis ot 3 no 10. Ilpu k=1 umeeM oxuo
npeAcTaBlieHHe, T@pu k=2 — nAThb NpeACTaBjeHHA, npu R=3 — Tpu
npeacrasacHus. ITosToMy Okpacka 3aKaHuuBaeTcsl cHHMM LBeToB 13+
+5%+3%=153 pasa, KpacHbiM uBeToM 1-+45:12-43.52=81 pas u Ge-
abiM 11BeToM [2-+4-52.1+432.5=71 pas.

236. Tak Kak cO BCeMH MLIecTbl0 APY3bsIMH s1 ofefan OAMH pas3, a
C KaXJbIMH TATbI0o — JBa pasa, T0 M0 OZHOMY pasy a o6efaJ ¢ Kax/Ioi
NATEPKOit Ipyselt B OTcyTcTBHe Ilectoro. Ho Ttorma ¢ KaXAabiMd Ye-
THpPbMsl s 0o6egan 3 pasa (aBa oGefa BNATEDOM M OJHH BIIECTEPOM),
€ KaJbIMH TpeMfl— 4 pa3a W C KaXabIMH ABYMs —5 pas. C KaxXIbiM
H3 gpysell na 3TuX ofegax s BCTpeTWJcst 7 pas. 3HAYHT, NO OJHOMY
pasy s ofexa; BABOEM C KaXjibiM ApyroM. Kaxnueti apyr OTCyTCTBC-
Ba1 Ha 6 ofenax (5 ofegax BaBoem H | oGeme BnsTepoM). Tak Kax
0e3 Kaxzaoro u3 Apyscit s o6enan 8 pas, To 2 pasa s ofefas OJHH.

237. 12 yyeHHKOB MOTYT YCTaHOBHTb Ouepelb K KaKJIOMy 3K3aMe-
natopy 12! crnoco6amu, a XK ABYM 3K3aMenaTopaM — (12!)2 cmeco6aMu.

Mpu stom B Cly-111 cayvasx xoTss 6Bl OMHMI YYeHHK O/MKeH GYXeT

2
O/HOBDEMEHHO OTBeuaTh 060uM SK3aMenaTopaM, B Cpp- 101 cayuasx

TaKas y4acTb NMOCTHrHeT JBOHX YueHHKOB H T. A, IlpumenuB ¢opMymny
BKJIOYEHHI M HCKJIIOUEHHMHl, MOJAYYHM, 4TO HUHCJAO pa3yMHBIX CIOCO60 3
paciipejcaetus paBLo

111 1.
Hell — —— o1 =191!. .
(121) [1 It or—grtgr— -+ 12!] 121 176 214 841
238. AHA.JOrHYHO TOJYUaeM OTBETh
1 1 1
(6!)2[1—1—{— 5T — 3T 4 ... _}_H]—;IQOSOO

H
(A8 — Ry (A3 -+ Coal (A1) — CRA (43 + |
-+ CEA3 (A — Ci a5 (A + Co Al

239, 3 ycaoBus chaeayeT, uTO OJMHAKOBLie GYKBLI BbipaXeHHsd
a’P?y? BXOASIT B NepPeCT4HOBKM momapHo. ITosToMy mnosyyaeM mepecTa-
HOBKH H3 3 3jemeHToB a=a?, b=p2 c=y?% a ux uuciao paeuo 6. To
e caMoe HMeeT MeCTO [Js NePecTaHOBOK G6YkB Bhipaxenns alflys.
B nepectaHoBKax GyKB BbipaxeHus off*y* onunakoBbie OYKBbI TOXKe
BcTpevaloTess  nomapuo, IlonoxkuMm BpeMenHo a?=a,, al=ay; PB2=b,
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B2=b> u yl=ci, y?®=cqe!). Torma Mbi HMeeM mNepecTAHOBKH H3 6 3je-
MEHTOB @i, dp, by, bs, €1, c3, uHcao xoTophix paBHo 720. Ho 3tu mepe-
CTAHOBKH DAacrmajfailoTcsi Ha TPYNNH NeDecTAHOBOK, OTJIHYAIOLIKMXCA APYT
OT jJpyra NepecTaHOBKaMH 3JIeMeHTOB 4} U dg, by u by, ¢ U ca. B kKa-
MAYI0 TPYNNy BXOAMT 8 MNepecTaHOBOK, W BCe 3TH IePecTaHOBKH cO-
OTBCTCTBYIOT OJHOH H TOH Ke NepecTaHOBKe GYKB BHIpaeHHs ciféyt.

31auuT, YUCJAO MCPecTaHOBOK GYKB 3TOrO BHIDAXKEHHS PaBHO ——8—=90.

Hakouen,, paccMOTPHM MepecTaHOBKH GYKB BbipaeHus obpsys,
Ecan mosoxkuth BpeMeHHO al=ai, al=ay, Pi=b;, PP=bsy, y2=ci, Y?=cy,
TO KajJas [ONycTHMasi NepecTaHOBKa GOYKB Bhpamenus oSPsy® sB-
JSleTCsl TlepecTaHOBKOH G6yKB a;, Qq, b1, b2, ¢i, ¢ Ho mekortopele mepe-
CTanoBKH OVKB ai, @, by, bp, Ci, C; NAIOT OOHY H TY Xe IepecTaHOBKY
6yks o, B, y. Hanpuvep, aiazbicobacy u apaibicabec; matot adpy?piy2
DTO HMeeT MeCTO, eCTH KakKas-HHGYIb mapa 6yks (gi, @), (b, b2) HaH
(c1, ¢2) cTouT psioM. BykBel a; M @p cTOAT psgoM B 25! mepecTaHOB-
Kax, paBHO Kak H GykBut (by, b2) 1 {cy, ¢2). BykBm o6eux map (ai, az)
u (b1, by) crosit psiaom B (2')%4! nepectaHoBKax (paBHO KakK MU Mnap
(a1, as), (ci, ¢2) nau (b, ba}, (c1, c2)). Harouen, Bce Tpu mapnl cToAT
psaoM B (2!)%3!=48 mnepecranoBkax. Ilo ¢opmyse BKJAIOYeHHE H HC-
KJlou4eHH#i nmosnyuaeM, uto B 6!—6-5!+43(21)2- 41— (21)331=240 nepecra-
HOBKax HH OfHAa mapa GYKB He CTOHT psAOM, B

3[2-51—2(21)24!+(21)*3!] =288

nepecTaloBKax PAZOM CTOHT B TOUHOCTH OfHa u3 map Oyks (a), @),
(by, b2), (€1, c2), a B .
3[21)24!— (21)33!] =144

NEpPecTaHOBKAX DPsAOM CTOAT B TOYHOCTH GYKBH ABYx Takux map. Or-
clofa clefyeT, uToO HCKOMOe YHCJO NepecTaHOBOK GYKB @, B, y paBilo

288 . 144 - 48
240+ 5+ e + s =426

(ecn GYKBBI @i H @p CTOAT PAAOM, TO HX lepecTaHOBKa He MeHseT Io-

pagka Gyks o, B, v).
240. Paso6beM cHayala HIPOKOB KaXAOM CTPaHH Ha YIOPSAJOueH-

upie napel. Jlna KaMaoft cTpaHel 3TO MOXHO cAe’naThb T=12 crno-

cobamu (MOPsAOK caMHX Tmap HecyillecTseH). Bcero moayunm 127 cno-
co6oB pasbuenus. Ilapbl MOXKiO NepecTaBAaTb APYr ¢ Apyrom (2n)!
cnoco6amu. ITosTomy ofImee udcnO AOMYCTHMBIX [IEPECTAHOBOK PAaBHO
12» (2n)! g

241. IlepBylo TOpH3OHTaNb MOKHO DpacKpacHTb 8! cmocobamu. Ka-
KAYI0 CNedYIOUIYI0O TOPH30HTA/b HAA0 PAacKpalluBaTh TakK, YTOGHl OK-
packa KaXAo# KJIETKH OTJHYaJach OT OKPACKU Jexaile# moj Heit Ki1cT-
Kd. TO MOXKHO cAenaTh

11 1
8![1—1—(—7!——§l—+ —[—m—]=14833

) BpeMmeHHO Mbl He YYHTHLIBAeM, YTo, Ha CaMOM fene, d;=das, b;=by
H C1=Ca.
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cnocoGamu. ITo mpaBuny npouseefenusi moJyuaeM, 4yTo ofllee ‘IHCIQ
croco6oB packpacku paBHo 8! (14 833)7.

242. 3 n pasauuublx Bellleft MOXHO 2% crnocoGaMH cielaTb Bbl-
Gopky (B KoTopyio moryT Boitu 0, 1, ..., n Beweft). [Tocae Toro kax
cpenana sTa BbI6OpPKa, f0GaBHM HeJOCTalOUIMe BEHIH H3 YHCJIA 7 OfH-
nakoBeix. [ToaToMy HMmeeM 2% cnoco6oB Bbifopa. Hucno nepecTaHOBOXK

. n
Bcex 2n Bellelt paBHO (nl .

243. B kaxpofi HONycTHMOM NepecTaHOBKe KaK aHIVIMYaHe, TaK H
¢paHLly3bl CTOST TPYNNaMH, COCTOSLIHMH He MeHee 4eM H3 JABYX Yeso4
Bek. [Ipn atom wuucao rpynn ¢(paHImy30B OT/IHYaeTCH OT YHCAA Ipynn
aurauuay He Gosee yeM Ha 1. IToacunTaeM, CKOJBKHMH CMOCOGAMH MO«
KHO PasGHTb # aHTrJAHYaH Ha p YNOPAAOYEHHBIX TPYNN Tak, YTOOBl Kae
XK7Jas TPynna cojepxaja He MeHee ABYx uenoBek. [lng sToro Hanxo
pacmlosOXHTb HX B HEKOTOPOM TNopsAke (n! crnocoGoB), nocje Yero
B34Tb BTODOM, TpeTHd, .,, H T. A. BILIOTb A0 NPOMEXYTKa N—2 H MOe
CTaBHTb B HUX p—I1 <«Neperopojok» Tak, YTOGHI HHKaKHe JABe Neperos
POIKH He OblIH CMeXHBIMH ApYyr ¢ JApyroM. CorjacHo pesyabTaTaM

cTp. 95 3TO MOXKIIO CJeJaTh Cﬁ:p_l crocofamMu. Bcero nMeeM
nlCn Zp-1 cmocoGos. TouHo TaK Xe m (pPaHIY30B MOXHO Da3biTh

Ha § TIpynNn YKa3saHHOro BHAa mlen':_ls_l cnoco6aMu. ITH ¢nocoGhl
MOXKHO KOMOHHHPOBATb APYr ¢ APYroM CJEAVIOLIHMH MeTOJaMH:

a) p rpynn aHrauyad H p— 1 rpynn ¢pannysos,

6) p rpynm aHMIHYaH ¥ p TPynn ¢QpaHIy30B, NpHYeM BIepPeaH
CTOAT aHIVIHYaHe,

B) p IDYNN aHMH9aH W p rpynn (QpaHIly3oB, NpHYEM BhepeilH
CTOAT (paHILy3Hl,

T) p rpynn aHrIHYaH H p+1 rpynn ¢paHuysoB. 3HauuT, obutee
uMCI0 CrIocoBoB BEIpaXkaeTcss hOpMY/IOH

mtnt[2(CY_oCS g4 ChysChs-Co_iCo 4+ o)+
+(C(r)n—201n—-3+cm—acn—4+ '--)+
+(C}n—30(r)1—2+cgn—4clg_3+ o'.)].

PackpbiBas CKO6KM B (opMyse Ha CTP. 234, moJyuyaeM TOT Xe CaMbil
pesyJbTar.

244. Cuavana HafileM KOMHYECTBO YHceJd, B KOTOpPhle He BXOAHT
undpa Hyap. Tpu LHQPL, BXOAALLHE B UHCHO, MOXKHO BhGpath Cy= 84
crmocoGamil. M3 Tpex mubp MOXKHO cOcTaBUThb 3% IeCTH3HAYHBIX YHCEJ,
H3 aByx — 2% u u3 oxgunoit 1% ITo cdopmyse BK.IlOueHHH H HCKAOYeHHH
CYIECTBYET ’

Bt Cib =540

IIeCTH3HAUIBIX YHCEJ, B KOTODble BXOAAT Bce TPH BhIGpaIlible HaMH
unopsr. IToaToMy ofillee KOMHUECTBO IMeCTH3HAUHBLIX YHCEN, B KOTOpLIE
BXOAST DOBHO TpH OTJIHYHBIE OT HYAsi LHbph, pasuo 84 -540=45 360.

Eciu B 4YHCIO BXOAMT HYJb, TO HAM Hajo BHIGpaThb ellle ABE BXO-

Adulie B Hero LHGPBl. 3TO MOXKHO cAenaTh C§=36 cnoco6amH,
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ITyctb, ckaxeM, BoiGpannl 0, 1 u 2. Torga nepsoft uudpoft uucna gosa-
®HO Obithb 1 wau 2. Ecan, Hanpumep, nepBoit uudpoi ssasercs 1, to
OCTaJIbHble NATb UH(pP MOrYyT ObTb JMIOGbIMH M3 yHcna 0, 1 uau 2 mpu
YCAOBHH, uTO cpefH HHX BeTpevaiotrcs 0 u 2. ITo dopmyse BrioYeHHH
1t MCKJAIOYEHHH MOJYYaeM, YTO 3TH NATb LHDp MOXKIO BuEPAThH

F—ClPF+15=180

cnoco6amu. Ho Toraa ofilee YHCIO IEeCTH3HAYHBIX YHCEJN, COCTaB/EH-
HbiXx u3 mudp 0, 1, 2 u comepkamux Bce 3TH uwudpel, pasio 2-180=
=360, a BCcero IUECTH3HAYHLIX YHCEJ, COCTABJEIHBIX H3 TpeXx UHDp,
CPellH KOTODPBIX BCTpeuyaeTcsi Hyab, paBHo 36-360=12960. Bcero noay-
yaem 45 3604 12 960=>58 320 uncen.

245. TouHo Tak Ke, Kak B 3agaue 244, noJjyuyaeM OTBeT

CE[E™—CL k=) CL (k—2)" — ... (=D T CE 11| +
+ k=) FM T —Ch k=) O (k=" — L
B ) I i B

: . k

246. O6o3HauWM YHCIO pa3MelllgHHfI Takoro BHAA uepe3 I‘(n ). Jru
pasMelllenHss pas6uBaioTcs Ha aBa Kaacca. K mepsomy otTiocaTca Ha-
YHHaloLHecs Ha 1, a Ko BTOPOMy — Bce ocTanbHble. Ecs pasmellleHHe
HayHHaeTcs Ha 1, TO BEIYTEM M3 BCeX BXOAfIUHMX B Hero yHcen 1 H OT-
6pocuM crosulufl BrepeaH Hyab (Hanpumep, 14589 mepefiner npH 3TOM
cHavana B 03 478, a notom B 3478). [lomyuurcs (& — 1)-pasmeitente
TOTO Ke THMA, HO cocTosiillee M3 uHcen 1, % «.., n—1. Tlostomy
YHCAO pasMellleHHH [1ePBOrO KJjacca paBHO I‘f,k:l ), Kaxnoe pasMelleHHe
BTOPOro KJjacca HauyHHaeTcsi ¢ 4Yucna, Gosbllero 1. BoluTem u3 Beex
YHces, BXOAMIHX B TaKoe pasMellleHHe, uyHcro 2. Mbl moayuum k-pas-
MellleHHe TOTO Ke THNA, B KOTOpoe BXOAAT 4Yucaa 1, 2, e (B—2).
[ToaTomy umciio pasMellleHHit BTOpOro KJacca DaBHO I‘ )2 Takum 06-

pasoM, crpaBejJIHBa DeKyppeHTHas QopMyaa

k k-1 k
T =T 1,

Tonowxnm Fﬁ,k) =Ck, rie N= E( L —g k). Mol nMeem
FRAD+ Fi2y = CRTy + Coy = Cy = FiP.

Takum o6pasomM, uHcaa Fﬁ,k) YAOBJIETBOPSIOT TOMY K& DeKYPPEHTHOMY
COOTHOWIEHHIO, 4TO H uncaa I'tO).

[TokaxeM Temepb, uTo F(")—I‘(") H F(") —-I‘,H_l. Has sToro sa-
MeTHM, uTO 4Hcaa 1, 2, ..., B MOXHO e}IHHCTBeHHbIM 06pa3oM pacro-
NOXHTh B TopsiAKe Bo3pacTahus, a motomy I{M =1=C"=F". Us

qucea 1, 2, ..., n+1 ToOXe eAHHCTBEHHBIM 06pa30M MOXKHO Bbxépa'rb n
YHceJa B COOTBETCTBHH ¢ TNOCTaBJIeHHBIMH YycnoBuaMmu., [TosaTomy u
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r (”, 1=1=Cl= F(n",)rl. I3 joxasannoro BLITEKAeET, YTO ANA Beex 3Ha-
yeHn#l n ¥ k UMeeT MECTO PaBEHCTBO

k R
r(n ) . F( ) CN'

rjie, HanomuuM, N = E(—'ﬁi) .

2
247. 3anaHHble 3JEMEHTHl MOXKHO MepecTaB/aTh
Pe.2...9=%)

cnocoGamn. Hafizem, BO CKOJBKHX IlepecTaHOBKAX SJEMEHTH JaHHBIX

k nmap croar psagoM. B TaKHX NepecTaHOBKaX MOXKHO OGBEIHHHTbL Df-

JIOM CTOsIlHe 3JeMeHThl OAHOM M TOR e mapsl. Mbl NMOAyYHM TOrAa

nepecTaHOBKY M3 R Pas/HYHBIX 3JEMEHTOB H 3JEMEHTOB, NPHHAZAJeXa-
(2n—Fk)!

. Tak

2n—k

wHx n — k napam. Yuclo Takux mepecTaHOBOK paBHO
Kak k map MOxXHO BbIGpaTh Cﬁ crnocoGamii, To Mo ¢opMy/e BKIIOUEHHH
H HCKJIOUeHHH NOJTyyaeM, uTo B
(2n)! 1 2n—1! 2 2n—2)! nen
on C on-1 +C on-2 T s +(_1) Cﬂn.'
nepecTaHOBKaX HHKaKHe JABa OAMHAKOBBIX 3JE€MEHTa He CTOAT PAAOM.
248. CosepmieHHO TaK e, KakK H B Npeiplayillefi 3afaye, MOJyuyaeMm

OTBET
(gm!t 1(qn—q+1)l ctlan—291+2!
(ghH" Cn (gt SNCT b

249. aHuble 3MeMelTbl MOXHO MNepecTaBJATb

crnocofami,

(gm)!
(99"

[MoacuuTaem, BO CKOJBKMX TNEPECTAHOBKAX 3/MEMEHTH JaHHBIX £ ‘¢-Ha-
60poB cTOAT mnoapsiA. BoiGepeM OZMH W3 3THX ¢-HaGopoB. Ero 3Je-
MEHTbl MOXKHO TOMECTHTb MNOAPAJ Ha OKPYXHOCTH ¢n CcrnocoGamy,
[Tocne Toro kak o moMelleH, oObeJHHHM 3JEMEHTH KaXIOrO H3 OCTaB-
mxess £ — 1 HaGopos H pacCMOTPHM BCEBO3MOXHEIE NEPECTAHOBKM MO-
JNyuyeHHBIX £ — 1 HOBBIX 3J€MEHTOB H OCTAJbHHIX (7 — R)q 3JMeMeRTOB,

(gn—gk+k—11

) ] (gn"*
KIOH TaKOH MepecTaHOBKE COOTBETCTBYET CBOE pACMOJIOKEHHE 3.e-
MEHTOB Ha OKpYxHocTH. [To3ToMy YHC/IO mepecTaHOBOK, B KOTOPBIX dJie-
an(gn—q e —1)1
%
(¢Y
Tak Kak caMu HaGophl MOXHO 6bL10 BbiGupaTh C, crmocofamu, To 1O

q>opmyne BKJIIOUEHHH U HCKAIOYEUHi nojy4daeM, UTO HMHCJAO HCKOMbBIX Ie«
pecTailoBOK paBHO

(gn— 11 1 (gn—gq)!
—_C +
[ (an” CT
—_ !
Lt (qn(qjgj-z_” _l_(—l)"cZ(n_l)!].

Hx uueno paBHO » NPpHYEM JIETKO BHAETH, YTO Ka-

MEHTB! JaHHLIX B HAaBOpOB CTOAT MOAPSAA, PaBHO
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250. [Tpucoennnun K Kax7ofi BLIGpPaHHON KHIre cJexnyiolllye 3a
Hell s kuur, Torma uaMm nago 6yaeT BuIGpaThb p NpesMeTOB H3 11— ps,

370 MoxHo crenats Ch_ ¢ cnocoGamit,
251. Eciu pasHocTh MNpOrpeccHd paBHa d, a MHCJIO YYacCTHHKOB
OJHMIHAAB 43 5 KjAacca paBlo «, TO NPEMHH MOXINO pacrpefesiTb
d d d <
AZAa+dAa+2d"'Aa+5d cnocoSami. Ecnu ke Bce npemuu oTAaTh
yuenukam 10 knacca, TO HX MOXIIO
D C pacnpeneants Ag‘i_w cnocobamu. Pa-
BEHCTBO

d zd d d __. A6d
AaAa+dAa+2d v Aa+5d - Aa+5d

BblTEl’;eaL‘T M3 OUEBHIIOr0 TOXKAECTBA
AI:Ana-k = A?:lf-

252. Ilas pewleHus 3ajayd Hajo
£ paccMOTPETh OTPE3KH H TNepeKPecTKH
PasAMuHOTO TMOJOMKEHHA M MOJCYHTATDH
<UHCI0 TNpPOXOARLIMX 4Yepes HHX IIy-
tefi. Hanpumep, uepes orpesok EF

A s (puc. 36) mpoxomut 18  myTeh
(C113=3 nyTH BeAyT u3 Touku A B E
Puc. 36. u C2=6 nyre# seayr us F 5 C). He-

pes Toury E mnpoxoasT 30 myTeit — u3
A B E Bepyr 3 nytu u us E B CC§=10 nytel, AHanoOruYHo pac-
CMaTpUBAIOTCA APYTHe OTPE3KH 1 TOUKH,
253, C3=20. _
254, Mbl uMeeM coueTamus ¢ NMOBTOPEHHAMU H3 3jJeMeHTOB 4 cop-
TOB IO TPl 9JeMeilTa B coueTaHHH. Hx uneno pasno

Ci=C3=20.

256. 4 TpeyroJbHHKa.
257. Ecnu Gbl HMKakHe 3 M3 1 TOUYEK He JeXand Ha OAHOH nps-

Mo#t, To OblL10 OBl Ci TPEYroIbHHKOB ¢ BeplIHHAMH B 3THX TOYKax,
Ho p Touek sexaT Ha OZHOH NPAMOH, H NO3ITOMY Ci‘, TPEYToJIbIIHKOB

Hafo oTépocuTh. OcTaercs C?‘—Ci TPEYroJbHHKOB,
258, MOXHO B3ATh JBE BepIIHIB Ha OJHOH NDAMOH, a TPETbIO —

Ha apyrofi. [TosToMy noayuaem C;C}] + ClpCz = % P+9—2) 1pe-

YrOJbHHKOB. .
259. Io6asaseTcs

ci(Chtch+cl(c+ e+ ciclcl =5 o+ (p+9+r—2)
TPEYroJbilHKOB,

260. TpeyroJbHHKH MOryT OBITb ABYX BHAOB: JAH0O Bce TPH Bep-
WHHB JIeXXaT Ha PAa3HbiXx CTOPOHAX KBajpaTa, JHGO [Be BEPUIHHBI Jic-
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AT Ha OJHOM CTOpOHe KBajpaTa, a TPeTbd — Ha Kakof-HHOyAb ApY-
rofi. B nepBoM cayuyae Hajo BuiGpaTh TPH CTOPOHBI KBajparta H3 ve-

TBIpEX (C3=4 CmocoGoB BLIGOpA), a MOTOM Ha KaXAOH M3 Tpex

CTOPOH 1O OAHOH TOuKe H3 n— 1. Bcero umeeM 4(C},_1)3 €nocosoB
BeIGopa, Bo BTOpOM cayuae Hajo BLIGPaThb CTOPOHY, TAe JeXaT aBe
BeplIHHEl (4 cmocofa BbIGOpa) M ABe TOUYKH H3 7 — 1 (Cn—-l €1oco-
G6oB), mocje uYero BHIGPATb OAHY M3 OCTABIUMXCH TpPeX CTOPOH (TpH
cnoco6a) K TOUKY Ha Relt (C},_I crnocoGoB). Bcero BO BTOPOM cayuae

HMeeM IQC},_ICi_l crocofos BuiGopa. HMToro moayuanau

a(ch_ )P 412¢;,_,Co_ =2(n—1)*(5n—8)

CIIOCOGOB.

261, Ci TOYEK NepeceyeHHs.

262, n npAMLIX B OOINEM IOJOXEHHH HMEIOT C?, TOUEK nepeceve-
nusg. Ho p npaMbx, npoxoisillux uepes Touky A, Aal0T OAHY TOUKY
nepeceuenus BMecTo Cj, a ¢ NpAMbIX, MPOXOASIIMX yepes TOuKy B, —

OZHy TOYKY BMECTO C;. IMostomy ocraercs Cf,—Ci—Cg-}—Q TO-
YeK INepeceyeHHs.

263. ITycTb na mnaocKoCTH TNpoBefeHn k— 1 mnpambix. ITposexem
eile oAHy npsaMylo. Oxa pasGHBaeTcss TOUYKaMi IlepeceyelHss ¢ pakee
NPOBeleHHEIMH MPSAMBLIMH Ha £ uYacTefl, KaxjJafi H3 KOTODBIX COOT-
BETCTBYET OJHOMY HOBOMY KycKy mnockoctH. [Tostomy n  npsmblx

pasbuBaior mnockocTs na 141424 ... —[—n=—;— (n2-n-+42)

nacrei. N
264. ITycts yxe npoBefensl £ — | muockocTelt. [TpoBenem eile oaHy
nJaockocTh. OHA MepecekaeTcsi ¢ paliee NPOBeJelHBIMH IJIOCKOCTAMH IO

k — 1 npsMof, KOTOpsle AENAT ee Ha 5 (k% — k 4 2) yacrefi. Kaxpas

M3 3THX vacTeil COOTBETCTBYET HOBON wuacTH mnpoctpaHcTsa. [losTomy n
TJIOCKOCTEl JeNSIT NPOCTPAHCTBO Ha

n

1 1
45 N @@=kt =5 (1) (12 —n+6)
k=1
yacTeil. ) -

265. IlpoBeseno Cj =10 npsambix. Uepes Kax1yi0o TOUKY, HampH-
mep C, npoxonsaT 4 npsuble. Cjef0BaTeJqbHO, H3 3TOH TOYKH BBIXOAST
6 TepneHAHKYAAPOB. PaccMOTpUM Kakue-iuGo ABe TOUKH, HanpuMmep B
u C. [lepnenaukynsipul, omyilleHHble U3 TOMKH B Ha mpsMble, MPOXOAs-
wue yepes Touky C, NMepecekaioT Bce NMepNeniHKYJAPH, ONYLeHHble H3
toukd C. M3 Toukn C BLIXOAST 3 NpsIMBIX, He NpPOXOAAIUMX uepe3 B.
3HayuT, U3 B Ha HHUX MOXKIIO ONYCTHTb 3 mepneHaukyaspa. Onu nepe-
CEeKaloTCs ¢ MNepHNeHAHKYJISApaMH, OnyienssIMH u3 Touku C, B 3.6=
=18 Toukax. Kaxablfi H3 NePHEHAHKYJAPOB, ONYIEHHBIX H3 TOYKU B
Ha Apyrue 3 TNpAMble, NpoxoAsiuue uveped C, nepecekaeT Jumb B
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NepIeH AUKYJISPOB, ONYIUEHHBIX U3 TOukH C, Tak Kak ou napajjeled oi-
HOMY M3 ITHX NepPNeHAHKYJAPOB, HGO ONMYIlleH Ha OAHY NpPAMYIO C HHM.
[Monyuaerca ewe 15 Touek. CJiefoBaTe/bHO, NMepleHAHKYJAPL, OMyLleH-
Hble H3 JBYX ToueK, nepecekaioTca B 18-+ 15=33 Toukax. Ho u3 5 ro-
YeK MOXHO cocTaButh 10 map. 1o nano 6um 33-10=330 Touek nepe-
ceueHHsi, HO HEKOTODEIE M3 ITHX Touek coBnagaior. Hmenno, mobuie 3
M3 5 [aHHBIX TOYeK OGPa3yIOT TPEYrOJNbHHK. BEICOTBI 3TOrO TPEYroJib-
HHKa (sBIsIOLIHECS HEKOTOPBIMH M3 HallMX INepleHANKYJfApoB) mepece-
KaloTc B OLHOM TO‘lKe a Mbl 3Ty TOYKY ywiu 3 pasa. Tak Kak Takux
TPEYroNbHHKOB C5 10, 10 mazo oT6pocuTh 20 TOUeK, M OCTaeTcf

310 BO3MOXKHEIX TOUEK MepeceyeHts.
266. JlioGble Tpu LeJbiX uYuchaa X, Y, 2, ynoanemopmoume Hepa-
BeHCTBaM n-+1 << x, y, 2<C 2n, Moryr 6Bt CTOpOHAMu TPeyroJbHHKA.

[T03TOMY uHC/IO TPEYroMbHAKOB ¢ TaKMMH CTODOHAMH PABHO C?,_=C?,+2-
Urofbl #afiTu 4YHCAO DPABIOGEAPEHHBIX TPEYTONLHHKOB, 3aMeTHM, UTO
NPH JAHHOM OCHOBaHHH Mbl HMe€eM /1  PaBHOGEIPEHHbIX TPEYTOJbHHKOR.
3uauuT, HX ofllee UHCAO paBHO n?. UHCAO PABHOCTOPOHHHX TPEYroJb-
HHKOB PaBHO n.

267. HaMm Hao HAaiTH KOJHYECTBO TpOeK HATypaJbHBIX ducen X, ¥,
2 TaKHxX, 4To XL y<K2< 21 u x +y>=z Ilycrs 3agano x=p. Toraa y
NpHHUMAaeT 3HayeHus OT p no 2n. Korja y npoGeraeT 3HayeHHs OT p
00 21— p+1, KaxOOMY 3HAYEHHIO Y COOTBETCTBYeT p S3HAueHHlt 2,
YAOBJETBOPAIOIMX HepaBeHCTBaM y<L2<y+p, 2 2n Ecmu xe ympu.
HUMAaeT 3HaueHHd OT 2n—p+2 10 2n, TO YHC/IO COOTBETCTBYIOILHX
3HayeHHR 2 paBHO 2n — y-+1. Bcero npu 3agaHHOM X=p MoJydaeM

2n
3 3
2p(n—p+1+ E @n—y+)=2pn—35p’+5p
y=2n-p+2

nap (yY,2) TaKHX, YTO X, Y, 2 YLOBJETBOPSAIOT MOCTABJEHHBIM YC/JO-
BusAM. OTcloja BhITEKaeT, 4TO OOLee UHCAO TPEYLOJBHHKOB, AJS KO-
Topuix 1< aCn u 1 Ky, 2 < 2n, paBuo

i (2pn——g— pﬂ—l—%p) =%(n+1)2-
p=1 '

B cuay sagaun 266 cyiuecTByeT C?, +2 TPeyroJibHHKOB, AJSI KOTODHIX
x> n+1. [losToMy Bcero nMeem

_'21_(,1_}_1)2_!_ n(n—[—lﬁ)(n—{—Q)= /z(n—[—1)6(4n+5)

TPEYrONbHHKOB. .

KoniyecTBO paBHOGEADEHHLIX TPEYrOAbHHKOB ¢ OCHOBAaHHeM x=2k
paBHo 2n—k, a ¢ ocHoBaHueM 2k-+1 Toxe 2n — k. Tlostomy ofiuee
YHEJI0 paBHOGE IPEHHBIX Tpeyro:lsHm\'os paBiio

n

2 (Cn — k) {—Z(Zn—k)—Srﬂ

k=1
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Hcekmioyas HX, noJayvyaem

n(n+1)(4n+5)_3n2_ n(1—1)4n—5)
6 = 6

TPEyroJbHUKOB.
268, drta sajaya pellaeTcs momo6HO 3agaue 267. Hucao Tpeyrosb-

HUKOB ¢ 3aJaHHBIM 3HaueHHeM x=p< n— 1 paBHo 2np — 5 4+ g )

a BCEX TPEYroJibHHKOB, AJifl KOTOpOLIX X <n _ 1, HMeeM
n-1

E (an_%p2+%)=fﬁ_1%_(f_:_ll_'

pw=l

Hucno ke TPeyroibHHKOB, AJSl KOTOPBIX X == 11, PABHO C:,’H_z. a moToMy
BCETO HMeEeM

Al (n—1) | a(+1) (42 _ n(at1)@n—1)
5 + § = 5 -

TPeyronbHuKOB. Uneao papHOGeJpeHHBIX TPEYTOJABHHKOB DaBHO

n-1 n-1
D@n—k—1)4 Y @rn—k—1)=3n2—3n+1,
k=l . k=0

a Pa3HOCTOPOHHHX —

n(n—{—lé(l&n—l) —3n?4-3n—1 =%(n—1) (n—2) (4n —3).

269. [Mockoabky MBI GepeM 1 TOUEK MepeceyeHdst W HHKaKue TpH 113
ldx He JeXaT Ha OJZHOM NpAMOH, TO lia KaXKAOH NpaMOfl JexaT nBe
H TONBKO ABe TOuUKH H3 BuIGpaHuoit rpynnsl. [losToMy, uTo6m 3apgaTh
TaKylo rpynmny, saHyMepyeM JAaHHble NpsMble H BbifepeM Ha NepBOf 3
HHX TOYKY MNepeceyeHHss CO BTOPOH MnpsMOfi, HA BTOpPO{l — TOUKY mepe-
CeYeHHs ¢ TpeTbel, ..., Ha N-H — TOUKY mnepeceuelHs ¢ MNepBOf mnps-
Mofi. TTonyuaeM HCKOMYIO rDYMMy TOueK, MPHYeM BCe TAKHE TPYMIbI M-
TYT ObITh NOJYYEHB OMHCAHHBIM METOJIO0M. YUHTLIBAfl, HTO LHKIHYeCKas
flepecTaHOBKa TOYEK M H3MeHeHHe mopfAjka lix o6xojfa Ile MeHsIoT

rpynny Touek, MOJYuaeM, YTO UHCJO FPYMNN PaBHO -27" = %—(n— 1)

7270, Mbl MoxeM BHIGPAThL r BepUIHH, HAYIIMX B JAHHOM TOpS/Ke
Al cnocobamn. Tak Kak LHK/IHYECKAs NepeCcTALOBKA BEpIiMl H H3Me.

1
HellHe nopAajka o6x01a He MeHSIOT MHOrOYro.bHIiKa, NoJy4aem 7’.— A;

M1OroYro1bHHKOB.

271. BuoifepeM ABe TOYKH Ha oOiHOft NpsMOR H JABe TOUKH Ha APY-
rofi. M CcOOTBETCTBYIOT ABe TOUKH IepeceYeHHs] NMPAMbBIX, NMPOXOAAILHX
yepes 3TH TOYKH (TOUKA TNepeceueHHs AHAroHalefl TpamelHH K TOuKa
nepeceyeHuss GOKOBHIX ¢TOpoH). Tak Kak Ha mepBoit NMPsAMON MOXKHO BBHI-

Gpathb C%‘ map Touek, a Ha BTopoit C,, TO YHCJIO TOYEK NepeceyeHHs
pasro 2C%C2

n~-m
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272. n Touexk onpeieasor Cj okpyxuocTel. M3 ux uwncna C3_y
NPOXOAAT uYepes mamuylo Touky n Ch_o— Yepes AaHHBE ABE TOUKH.
[Tostomy npsmas, npoxojsillas yepes ABe AaHHble TOYKH, HMeeT He 60«
nee 2C?,_2+(2C3,_1—C}1_2)+2 TO4YeK mnepeceueHHst € OKPYKHO-
ctaMu. Tak Kak uepes 7 Touek npoxomut C> TpSAMBIX, To WMeeM He
Gonee ueM

Ch 265 s +2C%_ —Cl_s+2]

TOUEK MepeceueHHs.

273. Kaxpas npsMas NepeceueHHss ONpeleasieTcss ABYMsA IIOCKO-
CTSIMH, a KaXjas II0CKOCTb — TpeMsi 3aJlaHHBIMH TOuKaMH. [Ipsmmse
pPacnajapTcs Ha KJAacchl B COOTBETCTBHH C TeM, CKOJbKO TOYEK H3 3a-
Ja0IHX NMepBYI0 MJIOCKOCTb BXOAMT B 4HCJIO TOYEK, 3aJalOliHX BTOPYIO

nnockocTs. Bce TOWRH pasamumbl B §CiCi_3 cryuasx  (BbIGHpaeM

TPH TOYKH H3 1 H ellle TPH TOUKH 3 OCTaBWIHXCA 7 — 3, NMpHYEM MO~
panox BbGOpa He urpaet poai). Ecam oi1u1a Touka BXOAHT B ofe TPoit<

2
RH, TO NO.JyuaeM TjCiC n—3 CMOCOGOB BHIGOPA, a €CJH JBE TOYKH BXO4

. - 3
EAT B oGe TPOIikH, TO é—CiC},_;; crnoco6os BhGopa. Bcero HMeeM

3 CH (s 3C) o0} ) - L= O=D 0= @D

npambix. M3 1x uucaa

Leses _ne—1)(r—20—3 (n—4 (@5
9 “n’n-3 79 .
Be NPOXOANT 11l Yepe3 04Ny 3aJaHHYIO TOUKY. N 3

274. OGo3nauuz CcTOPOIHBl YeTHIPEXYTOJIbHHKA Yepe3 4, b, ¢, d. Hé
Tepss OGLIMOCTH, MOKHO CUHTaTh, YTO @ — HaHMeHblag H3 cTOpOfi,
€ — UpOTHBONOJOKHAS efi cTopoua H wro b<d. Toraa a<b<
a<c. Kpoixe TOro, TaK Kak WeTHIPEXYTO.IbIHKU OMHCAHH BOKPYF oOKe
pyxiiocTy, To a-+c¢=b-+d. Otcioma ciepyeT, uto a-+c>2b. ITodrdmd
BpH 3aJaliblX 3MAYCHHAX @ H b AAMHA ¢ MOXeT HPHHUMATH Shay
wennst ot 20 —a+1l jO0 n W HOAKNO BHOOSINTbCS fepaBéntrsd
B —a<n—1.
~n

a —1 '
Hrak, ae fokasaas, yto b < 5 uouro 26 —ati<LeLn,

a-t+n—1
2

O6oznauum £ (

BMeeM

) yepe3 §. Torga NpH 3aJaHHOM 3HaueHHE &

b=23+l(n+a——2b)=(s—a)(n—s—-l)

FCTLIPEXY TOJLIIUKOB,
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IlycTb n == geTHOe uHCAO, N=2m. Torna npH HedeTHHIX 3HAYEHHAX
n-t+a—
a, a=2k—1, uveem s§=2E —+2—)=m—|—_k—l H, CJae/0Ba-

n a—

Teabio, (m— k)2 qerblpe)ironbﬂuxos, 4 NpH YeTHHX 3HAuYeHUsX 4,
a=2k, wuveem S§=E (——————2——) =m-+4k—1 u, cjaenoBaTelbHO,

(m—Fk—1)(m—=Fk) uernipexyronbuukos. CyMMHPYfl MO @, NOJyuaeM,
4To Oflllee YHCAO YeTHIPeXYrOJbHHKOB PaBHO

m m
Ym—tpt Y n—k) (n— k=
k=1 k=1

_m(m—l)(4m—5) n(n—?)(?n—S)
- 6 24

Cnyuafi, Korza n HeueTHO, paccMaTpHBaeTcs aHAJOTHYIO.
Ecam pomyckatb, yTo6ul y YeTHIPEXYTOJbHHKOB GbLIH OIHHAKOBbIE
CTOPOHHI, TO @, b, ¢, d NOMXHHK YIOBAETBOPATb COOTHOLIEHHAM a<S b <

b<a—é—n

<d<gn, a<c u atc=bdd, ortkyma cacayer, uto

atn

2 —a<c<n Ecmu nonoxuts E ( 5 )= S, TO UHCAO qe‘rupex -

YTOJIbHHKOB € 3aJaliHblM 3HaYeHHeM 4 PaBHO n—s+l)4_

nn+2(n

HPH YeTHOM SHA4YCHHH N1 noJjgydaeMm UYETBIPEX«

(n41) @n 4701

YrOJLHUKOB, 4 NMPH HEUYETHOM =~ 54

275. Uucao mpoBeeHHHIX OKPYKHOCTell paBHO C:,”,, npUueM uepes
JlaHHYIO TOUKY MpPOXOAST Cf,_l OKpyXKHOCTefl, a Uepe3 HaHHble IBe TOY-
KH C},_Q OKpyxHOcTefi. Bo3bMeM OAHY M3 3THX OKPYMHOCTeft, mpoBe-

ZeHHylo depes Toukn A, B, C. Mu nmeeM C‘:’,—SCi_l—i-SC},_Q—
OKPYKHOCTeH, He MPOXOASAINUX HH uepes ONUY H3 STHX TOUEK. Bri6pan-
Has OKPYKHOCTb IepeceKaeTes ¢ KaX[ofi M3 HHX B HBYX TOYKax.
Ilanee, umeeM 3(Cn 1—20 2—}-1) OKDYXKHOCTefl, MPOXOUAIIUX Ue~

pe3 oIHy H3 TOYeK A, B, C u He mpoXOAALIMX 4epes IBe M3 ITHX TOYEK.
OHHR paloT Mo OZHOH TOuYKe mepeceyelds, OTAHYHOH or A, B, C. Ocrannb-
Hble OKDYKHOCTH TlepeceKaloTcsi ¢ BHGpaHHON B ABYX W3 Touek A, B,
C. Takum 06pasoM, JarHas OKPYXKNOCTb AaeTr

Q(Ci_ 303—-1 +30n—2 - 1)+3 (C;z—l - 20n—2+ 1) ==

_ (r—=3)(n—H@n—1)
= 6

TOYeK MNepecedeHHs, oTanunwx or A, B, C. Bcero noayuaem

1l 3 (n—3P(n—HC@n—1) 5@2n—1) 5
2 Ca 5 =—3 G
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T0YeK MNepeceyeHHs, OTJHYHBIX OT 3ajanmbix. Jlo6aBasia 3Tu N TOueK,
noayuaeM, UTO HaHGoMbllee YHCAO TOUEK NepeceyeRHs paBHO

5@n—1
_(3—)0‘:’1_}_’1.

276. Tlpu noGaBjeHHH TJAOCKOCTH k41 K paHee NPOBeleHHHIM
k (k=1, 2, ...) naockocTAM moayuaercsi 2k HOBHIX uacTed, a 242+
+446+ ... +2(n— 1)=n?—n+2.

277. O6wee unca0 cnmoco6oB pacKpacutb 6 rpaneft B 6 pasanyHbIX
1BeToB paBHO 6!=720. Pa3o6beM 3TH cmoco6nl Ha KJaccH, cOCToslilHe
H3 DacKpacoK, KOTOphle MOXHO COBMeCTHTb JABHKeHHAMH. KyG MoxHO
COBMecTHTBb ¢ coboft 24 cmocobamu (6 cmoco6aMu BHOGHpaeTcs Tpakb,
B KOTOpYIO MepeXOAHT (PUKCHPOBAaHHAsl rpaHb Ky6a, mocjie Yero OCTaoT-
csl 4 BpallleHHss Ky6a, NIpH KOTOPHIX JaHHas rpaHbh NEepPexXOAHT cama B
‘cebs1). IToatoMy kamupifi Kaacc coCTOHT M3 24 cmocoGOB pacKpack, a
UHCAO TeOMEeTPHYECKH DPa3JHuHBIX CMOCOOOB PACKpackH PaBHO 720/py=30.

278. Pemaercs TOWHO TaK e, KaK H 3azaya 277. Uucao cmocoGos
packpacku pasHo 41/12=2.

279. UmeeM 8!/24=1680 cnoco6oB packp acku.

280. Oas nomekasnpa 121/60, a nas mkocasgpa 20!/60 crocoGor pac-
KPacKH.

282. Ham Hazo HaliTH KOJHYecTBO TpPOeK HATypaibHLIX uHCed X,
Y, 2 TaKmx, yTo Yy <Ly<z x+y+z=40m x+y>z U3 3THX Hepa-
BEHCTB BHITEKAeT, UTO Z MOXKeT NPHHAMATb 3HAYeHH#, YIOBAETBOPSIO-
wue HepaBeHcerBaM 14<C2<C19, Ecanm 2=19, To x4+y=21, npuueM 1<
<Ly <19, Tostomy 11<<y<T19, 1 ME HMeeM 9 TpPeyroMbHMKOB ¢ 2= 19.
Touno Tak jKe YCTaHABAMBAaeM, YTO YHCAO TPeYTOJbHHKOB, AJs KOTO-
prix z=18, 17, 16, 15, 14, paBHo cooTBercTBeHHO 8, 6, 5, 3, 2, a Bcero
HMeeM 33 TpeyrospHHKa, TOUHO TaKKe NOJy4YaeM, UTO UHCJO TPEYroJb-
HHKOB ¢ mepUMeTpoM 43 paBHo 44.

283. Bo3sbMeM TpeyroAabHHK ¢ mepuMerpoM 4n. ITycTh ero cropombt
paBebl x, y, z. [IpnGaBasa K pAMHAM 3THX CTOPOH MO |, MONyYHM uHC-
aa x+1, y+1, z41, sBasowHKecs LJIHHAMH CTODOH TPEYroJbHHKA C Ile-
puMerpoM 43. Ho, kpome TOro, HMeeM TpPeYroJbHHKH CO CTOPOHaMH
(1.2n+1.2n+1), (220, 2n+-1), ..., (n+1, n+1, 2n41), KoTOpHEe ne
MOTYT OHITb NOJYYeHH OMHCAHHLIM 0Gpa3oM.

284. Tlycte N=12n, HaM nazmo HafiTH KOJHYeCTBO TPOeK HarypaJh-
HBIX 4HCcea X, Y, 2 TaKHWX, yTo ¥<{y<z, x+y+z=12n u x+y>z. Hs
3THX HepaBeHCTB clelyeT, uTo 4n< 2< 6n— 1. IIpu 3toM ecau z=2k,
TO x+y=12n— 2k, a 4YHCAO LEJOYHCJEHHBIX DpellleHHH 3TOro YypaBHe-
HASl TaKHX, uTo ¥ <Ly z=2k, paBHo 3k—6n+1. Ecan xe z=2k41,
TO HMeeM 3k — 6n+42 pemenuft. [T03TOMY 4HCIO TPeyrOJbHHKOB DAaBHO

3n-1 3n—1
S @k—6n41)+4 > BGk—6n+2)=3n
k=2n k=2n

OcranbHble cayyaw pas6upaloTcss TOuHO TakK ke, IIpH nepexome or N
K N+43 MOXHO HCHONb30BAaTh pAacCy’KHeHHs, aHAJOTHYHBle NpPOBeleH-
HBIM TIPH pellleHHH 3ajgaud 282,

285. JlokaxeM, uTO 4Yepe3 KaxIYI OCTAaHOBKY - NIPOXOJHT DOBHO
n mapmpyros. Ilyets [ — opun u3 MapumpyToB, H B — ocraHoBKa, pac-
noJioXKeHHasi BHe 3Toro Mapmpyra (puc. 37). B cuay yeaoeus 1 H3
OCTaHOBKH B MOHO mOnacTb OIHHM H3 MaplIpyTOB Ha KaXXAyl0 H3 n
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octaHoBok Aj, ..., An mapupyra [ [lpu sTOM B cHaAY YcnoBHA 2 Ka-
JKIBIA M3 MaplIpyTOB, MPOXOASILHX uepe3 B, MpOXOAHT Yepe3 KaKyloo-TO
u3 OCTaHOBOK A;, ..., A, (WHaue ¢ 3TOro MapuIpyTa Hefbss ObLIO GHI
nepecccTb Ha MapIIPYT /) W TMPHTOM TOBKO yepe3 OZHY H3 HHX (MHaue
¢ 3ITOT0 MaplipyTa MOXHO Obiio G INepececTh Ha MapuipyT ! Ha
n8yx ocranoskax). Ilpw 9TOM 1HuKaKHe JBa H3 TPOXONSIUHX de-

pes B mMapmpyta He NpPOXONST uepes OAHY H Ty XKe OCTAHOBKY
mapuipyta [ (WHase ¢ OXHOTO
U3 STHX MAapIIPYTOB  MOXKHO B

6wij0 Obl TepececTb Ha Hpyro
pa IBYX OCTaHOBKax — Ha OCTa-
noBKke B H Ha TOH OCTaHOBKe
MapuipyTta [, uepes Koropyio o06a
onn npoxoxsar). Ortcoaa cie-
IyeT, YTO uYepes OCTaHOBKy B

IPOXOAHT CTOJbKO XKe Mapluipy- : y !
TOB, CKONIbKO HMEeTCs OCTaHOBOK /4, /42 / / l \”
Ha MapuipyTe [, TO eCTb PaBHO I

MaplIpyTOB. Puc. 37.

Ham ocramoch 10Ka3aTh, 4To ‘

yepe3 Kaxiylo H3 OCTaHOBOK

& ..., An, paclojOKeHHHX ha MaplipyTe /, TaKxe NPOXOIHT POBHO
n mapuipyroB. Jlas 3TOr0 10CTaTOYHO MNOKa3aTh, 4TO A% Jaw060f H3
STHX OCTAHOBOK ecTb He MPOXOASILME depe3 nee MapmpyT ! (cH mo
YCJIOBHIO HMeeT 7 OCTaHOBOK, ,
a Toraga, KaKk MHl 3HaeM, ue- 4
pes 3Ty OCTaHOBKY IMPOXO-
AuT 1 MapupyToB). Tak Kak
ofulee uuca0 MaplIpyTOB He
Menee IBYX, TO, NOMHMO I,
ecThb ellle xO0Td Ob OIMH
mapwpyT !’ (puc. 38), mepe-
cexaiolmficas ¢ MapupyTom [

B eJHHCTBEHHOH TOUKe, CKa- [
xem A, Torma OCFaHOBKH /’; 4, 4,

s, ... Ap pacrnoyoxeHH BHE

mapmpyra [!’, H norcMmy ue-

pe3 NHX TpPOXOAHT MO n

MapupyToB. [lycrs B — emwe

o1HA OCTAaHOBKA Ha Maplupy-

te /. MapupyT, npoxons- Puc. 38

utuit yepes B u Ap, He mpo- ’

xoauT uepes Ay, 1 notomy ue-

pe3 A; TakxKe NPOXOIMT POBHO A MapHIpyTOB. TaKuM 06pasoM, uepes
A106y10 OCTAHOBKY IIPOXOIHMT DOBIO 1 MapLIPYTOB.

Tak Kax a5 Kaxao#l OCTanoBKM MOXKIO HafiTH He NPOXO UM
yepes Hee MapUIPYT, a Ha KaXk/OM MaplIpyTe ecTb 7 OCTaHOBOK, TO
Yepes Ka)AYyH OCTAHOBKY IIPOXOAMT 7 MaplipyToB. Bo3bMeM oaun us
3THX MaplupyToB { UYepe3 Kaxknyio OCTAHOBKY 3TOr0 MaplIpyTa MPOXO-
AMT A — | \apmpyTOB, OTJHYHLIX OT [, MpHYeM B CHAY YCJAOBHS 2 HH-
KaKue /Ba M3 3THX MaplpyTOB He COBfaJaloT APYT C APYroM (HHaue OHH
uMean Obl ABe OOMMe OCTAHOBKH), M JIOGOH MapuIpyYT BXOAMT B YHCNO
10/ 1y4aeMbIX TaKHM nyTeM. MTak, uncjao oTnuuubix Or ! MapuipyToB paB-
uo n(n—1), a Bcero Mul umeem n(n— 1)}41 mapmpyTos.
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286. Tlycth 1a 0AHOM u3 MapupyToB [ uMeem 7 OCTaHOBOK. Hs
pellleninag 3ajaun 285 BHAHO, u4TO uepe3 JI0OGYI0 OCTaHOBKY B, jexa-
yio BHe Mapumpyra !, mpOXOIWT poBHO n MapmpyToB. [Tokaxem, uTo
Ha TIPOH3BOJIBHOM Mapiipyrte //, OTNMUHOM OT [, HMeeM DOBHO n OCTa-
HOBOK. B cuay ycnoBus 3 na !’ pacmoJiokeHO He MeHee Tpex OCTaHO-
BOK, NpuYeM B CHJY YCJOBHs 2 JIMIIL OZHA H3 3THX OCTAHOBOK fBJASETCHA
B TO JKe BpPeMd OCTaHOBKOH Mapmpyra [. Bue mapmpyra !’ pacnoso-
XKello n— 1 ocranoBok mapmpyra [. [lokaxkeM, uTO, NOMHMO 3TOrO,
BHe !’ pacriosioXKeHa ellle XOTsi 6B OjHa OCTAaHOBKAa, He JjciKallas Ha
{. JeiicTBHTeqLHO, MycTh A, ecThb 0AHA M3 71— | OCTaHOBOK MapIIpyTa
l, pacnonoxennnix Bue I/, a C; eCcTb O@HA M3 OCTAaHOBOK Mapuuipyra [/,
pacnonoenHulX BHe [ (TaKHXx OCTaHOBOK HMeeTcCsi ie Mehnee ueM 2).
B cuay ycaoBus 1 cyllecTByeT MapumipyT [”, NMpOXOASIUHN uepe3 ocTa-
noeku Ay u C;, mpHueM B CHJY YCIOBHS 3 Ha 3TOM MaplIpyre, MOMHMO
Ay u Cy, umeercs eule mo kpalikeii mepe ofHa Ocrauoska B, Koropas
6yner pacrno.1okeHa sHe !’ u BHe [. Uepes 3Ty ocrauosky Bj, Kak Mbl
3HaeM M3 pellleHHs 3agaud 284, npoxoaur n MapumpyroB. Kaxnwf u3
9THX A MapUIPyTOB TNepeceKaercst ¢ MapupyroM [/ B oaliofi-eqHHCTBeH-
Holt Touke. Ilpn sToM uepe3 Kaxaylo ocTaHOBKy Mapupyra [’ mpoxo-
IUT XOTA OBl OQMH MAaplpyT, coejHHsAOUWHUE ee ¢ ocTaHoBKOH B. [lo-
9TOMY 4YHCJIO OCTAHOBOK Ha MapmipyTe [/ paBHO YHCAy MaplIpyTOB,
TIPOXOASAIUKX Yepe3 OCTAHOBKY B, To ecTh paBHO A.

Kaxk mbi BHAesau TNpH pellleHlR 3anauu 285, B 3TOM ciydae 4HCIO
MapupyToB Bbipaxaerca ¢opmyqaolt n(n— 1)41. Tak kax Mo ycaoBHiO
3TO YMCJO paBHO 37, TO HaJ0 PemiiTb ypaBheHune n?— n41=57. Pe-
masi ero, HaxojuM, yto n=_§8,

287. Boamoxiio; paccMOTpuM, Hampumep, 10 npsiMBIX TNOCKOCTH
TaKHMX, YTO HIKaKHe /iBe M3 HHX He NapajjeibHbl U HHKak#He TPH He
MepeceKaloTcsl B OLHOM TOuke, M OYZeM CYHMTaTh, 4TO NpsIMBIE — 3TO
aBTOGYcHbie MapIIPYThl, @ TOYKH HX IepecedyeHHs — OCTaHOBKH. [Ipu
3TOM ¢ KaX/0fl OCTaHOBKH MOXHO INpoexaTb Ha Jio6ylo apyryio Ges
mepecajikH, eclli OHH JieXXaT Ha OJHOH NpsMoMH, M ¢ OXHOH NepecaiKom,
eCJIH OHH JieXaT Ha PasJiMuHBIX NpsMHX. EcaM gaxe oTGpocHTL B 3TOR
cxeme OJiHY TNpPAMYIO, TO Bce e OCTaHeTCsl BO3MOXIIOCTh IpoexaThb ¢
KaX1o0f OCTaHOBKH Ha J00Yyio ADYrylo, cAejaB B NMYTH hHe 6ojiee ONHOH
nepecagkd. Ho ecnu oTGpocHTb gBe NpsiIMBIE, TO ONHA OCTailOBKA —
TOUKA TMepecedeHust THX ABYX NpPSMEX, He OYieT coBceM o06cayKH-
BaTbCsl OCTABUIMMHCS MapUIDyTaMH, M C 3TOH OCTAHOBKH GyHeT Heso3-
MOXHO TPOCXaThb IiM Ha KaKYi0 APYTYIO OCTaHOBKY.

288. Illap moxeT KacaTbcsl JMI060M M3 MJIOCKOCTEH ¢ OLHOH M3 ABYX
CTOPOH, a [aH!Oro llapa — H3HYTPH HaM H3BHe. [109TOMY MOXHO moO-
CTPOUTH 16 pa3/HyHBIX IApOB.

289. Kaxnan H3 m TNpAMBIX, TPOBe/IEHHBIX Uepe3 TOUKY A, nepece-
Kaetcs ¢ 2m npaMeiMu. [Tostromy mnpsMble, HPOXOAfIUHe Uepe3 TOUKY A,
nawt 2m? Touek NepeceyeHus. OOllee UMCAO TOUYEGK INEPECEYEHHS, OT-
JUYHBIX OT J@HHBIX Tpex, paBHo 3m2.

290. OGo3HayuM TOUKH, Jexalllke B OAHOH IUIOCKOCTH, uepe3

Ay, ..., An, a ocTanvHpe — uepes By, ..., Bp_m. KaXnias miockocTs
onpejensiercsi BHIGOPOM Tpex TOUeK. B uMc/o 3THX Touek MOTYT BOHTH
TpH, [ABe, OZHA WK DM ofHON ToukM M3 uyucaa Ay, ..., An. B coor-

BCTCTBHH C 3THM IOJyyYaeM, UTO KOJHYECTBO ILOCKOCTeH paBHO

14+ChCh L+ ChC L+ Co

-m
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291. Yucsio TOueK TepeceyeHHs, JexaulHX HA KaXKDOH H3 NPAMBIX,
npoxonsAnx uepes A, paBiuo n+p, vepes B—m+p u uepes C—m+
+n. Tak Kak uepes A mpoxomsT m NPsAMBIX, Yepe3 B —n npsaMbix ¥
yepes C — p mpaAMBIX, TO O6lilee UHCJIO TOYeK NepecedyeHHst PaBHO

5 (7 (kP b (k) 4 p (n - ) = mn - mp .

3 o
Hs 3HHX MOKF;O Cm,,_,,m?f,“,p cnocobaMu BhIGpPaTh TPOHKY TOUYEK, HO B
mCy,pt+nCh. ,+pChy, cnyuanx MBl TMOJYYHM TOUKH, JeXKalllHe
Ha onHoO# npsamoit [losroMy uHC/IO TPEYrOAbHHKOB PaBHO

c3 —mC3, _nC3 3

mn--mp+np n+p m+p_pcm+n'

292, Bui6epeM NPOU3BOJNBHO TMepBYI0 BepLIMHY TpeyroJbHHKa, DTO
MOXHO crenaTb n cmoco6amu. [locie sToro HaM Hago BHIGpaTh ellle
IBe BCPIIMHHI CpefH 7 — 3 TOueK, He CMeXHBX ¢ HaHHOH, TaK, 4YTOOHI

ONH GLIIH He CMeXHB APYr ¢ ApYroM. DTo MoxHo caeaats Cy_, cro-
co6amu (cM. ctp. 95). TlockonbKy moGywo H3 'zpex Begmm{ MOXIIO
nin—4)(n—

)

n ~2
CYHTaTb INEepBOH, TO HMeeM 3 Ch_1= R — cnoco6oB
BLIGOpa. )

293. Paszo6beM Bce TpPeYroJibHHKM I1a JIBa KJjacca — Te, Y KOTOPHIX
Bce BeDIIHHBI J€XKaT Ha PasJHUHHX NPAMBIX, U Te, Y KOTOPHIX ABe Bep-
IIHHB JIeXXaT Ha ogHofi mpAMod. Uucao TpeyroJbHHKOB NMEPBOro KJaacca
paBHo p?’C:,”2 (MbI BHIGHpaeM C:;’, croco6aMi TPH NpsAMDLIE, HAa KOTOPBIX

JexkaT BepIIMHB, TIOCJAe 4Yero Ha KaXjao#f M3 9THX NPAMBIX BhIGHpaeM
no oxHofi Touke u3 p). Uucao TpeyroAblUKOB BTOPOro KJjacca paBHO

2—p2 (p—1Dn(n—1) (mbpl BLIGMpPaeM NPAMYIO, Ha KOTOpPOR Jexart

JiB¢c BeplIMHBI, 3aTeM [1Be TOYKH Ha 3TOH mnpsMol, Mocje uero GepeM
NpsAMYIO, Te JIeXHT OJHa BeplIMHA, H TOYKY Ha 3Toll mpsMoit). OGluee
4HCJIO TPEYroJbHHKOB PaBHO

p30i+%p’(p—l)n(n— 1)=n(n_l)p2épn+p_3)-

294, Kaxnass BHYTPeHHSIi TOYKa IlepecedeHHA [HaroHajed OJHO-

3nauyo ONpefenseTcsl 3ajaHHeM 4 BeplUHI A-YrOJbHHKA — KOHLOB Ie-
o 4 .

pecekatowuxcs anaroHaneit. [Tostomy ux umcno pasuo C,. Hafizem Te-
nepb 0OIllee 4HCJIO TOYeK TepeceueHHss aMaroHanefi. M3 kaxno#t Bep-
KB A-YrOJAbHUKA BBIXOAAT 7 — 3 [HaroHasell, a BCero Mbl HMeeM
n(n—3)

2
IHaronansiMi, COeIMHAIOUMMH BeplIHib, OTAHYHHE 0T A u B. Ilo-
3TOMY Mbi HMeeM

—3 —3)(n—14
L1 SEPYARPIN EL TLET

anaroHadell. Kaxnas auaronate AB TepecexaeTcs cO BceMH

+1
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Touek fepeceueHus Auaronann AB ¢ OCTaABHEMI JHAroHa1aMH. Tak
KaK ofllee 4MCAO AHaroHaiel pasuo ' (7 —38)

» a Kaxpasa TOykKa Iie-

DeCeueHUsl CUHMTAeTCd NPH 3TOM [BaXIbl, TO BCero HMeeM

n(n—3) [(n—3) (1—4)+2
8

TOYEK INlepeceyeHHs QHaronanefl. BbluMTas H3 3TOro uucja KOJHYECTBO
BHYTDEHHHX TOYeK IMepeceueHHs, MONYUAeM, YTO UYHCIN BHEILIHHX TO4YeK
nin—3)(n—4)(n—25)

nepeceueHuss paBHO P .

295. Kaxablil r-yroabHHK ONpejessieTcss BHGOPOM ¢ TOueK M3 1,
B3ATbIX B ONpeleJeHHOM IOpsjiKe, NPHYeM UNKJHYECKAas NepecTaHOBKa
TOYEK Ie MeEHseT ./-YrOJbilHKa, PaBHO KaK W H3MeHeHHe OpHeHTalluH,

nOSTOM YHUCJAO0 r-YroJIbHHKOB aBHO —Ar, a BOOGIlle YHCJAO MHOro-
2r 1

1
.
YTOAbHHKOB ZWA”' Uucno  BBITYKJABIX MHOTOYTOJBHHKOB DPaBHO
r=3
n
r
S ¢
r=3
296. m napaagenbnbIXx TPAMBIX [eJAT IJIOCKOCTb Ha m+41 mosoc.
Kaxnas HoBas npaMas Jo6aBJsieT CTOJIbKO KyCKOB, Ha CKOJbKO yacTel

OHa [eJHTCs YXKe TNpOBeJeHHBIMH [pPAMBIMH. Tak Kak MBI IPOBOAUM
ellle 7 NPSAMEIX, TO NOJYy4aeM

n@2m-+t+n-41)
mt+1+m+2)+ ... +(m—{—n)=——-2———
qacred.

297. Pazo6beM OKDYXHOCTH Ha Kjacchl N0 YHCAY 3a4aHHDLIX TOUeK,
nexalllux Ha JaHHOH Opr)KHOCTPI Ozma OKDYXKHOCTb (2 HMEHHO, naH-

nasg) COAEPXKUT BCe 3T TOUKH, C? CG—COJJ.ep)KaT 1Be Toukn, C} Cs
onny Touky u Co--He COJCPKHT HH ONHOM TOUKH. Bcero moayuaem

14 C2CL+ CLCE + C2= 156 oxpyxmocrei.
298, KaxjblM TpeM NpaMbIM coo‘rBe‘rc‘rBylor 4 xacaroilHecsl HX OK-

pysuoctu. [lostomy Beero meem 4Ci,=480 okpysHuocref.

299. BoiGepem s mAyWHMX TNOApPSAX BeplUUH A-yrodsluka Ai, ... A,
M pasobbeM Bce k-yroJbHHKH, YIOBNETBODSAIOLIHE MOCTABJIEHHIOMY B 3a-
Aaye yCcJOBHIO, Ha IBa kaacca. K mepBoMy KJaccy OTHeceM Bce R-yrosb-
HHKY, OjlHa H3 BepIUIHH KOTOPbIX COBMNalael ¢ OJHON H3 BHIGPAHHBIX
BepIIHH, a KO BTOPOMY K1acCy — BCe OCTajbHbLie K-YTOJbHHKM. R-yroJib-
HHKH TIepBOTo KJacca pas3obbeM Ha § MOLKNACCOB B COOTBETCTBHH C TeM,
Kakas 43 BePWHH Am, | < Mm<s, NPUNAANERKUT k-YrOJIbHHKY (OYeBHA-
110, YTO 3TH TOAKJACCHl 1€ HMEI0T OGIUHX 3JIEMEHTOB).

Hafiiem 4HCnO k-yroJbliHKOB, [/ KOTOPHX OLHOA H3 BepUIHN
apasieTcss Anm. s atoro or6pocum Bepuiuny A, W HAylle 3a Hell 1o
YacoBOf CTpesike § BePUIHH (HH O/Ala H3 HHX lie SIBJISETCH BepIUHHOI
k-yronsunka). Ham Hamo Bbi6paTh M3 OcTaBIIMXCS n— $ — | BepIIHALI
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k#— | DepliMH Tak, 4TOOH TOCJe KaXIOH Hu3 anl 6b10 He MeHee ueM

§ BBIGPAHHBIX BepIIMH. DTO MOXHO CleNaTh C,,_'_‘ks_l cnoco6amu (cM.

3anai4y 250). TlosTomy uucaO A-YrOMbHHKOB ¢ BepliHOA A, paBHO
f,"ks 1+ a ofllee 4YHCAO K-yroJbHHKOB IIepBOro Kjaacca paBHO
k- -

C ks 1 -

HafizeM Tenepb uHcaO R-yronbHHMKOB BTOPOrO Kaacca. Jas 3TOro
«paspekeM» OKDYKHOCTb Mexny BepwinHamu A, u Ay, Ham mano
BLIOPaTh k BeplIMH TaK, 4TOGul NOCJAE KaXKIOW BLIODAHHON BepUIMHbI
WM No KpafiHedi Mepe § OCTaBIIMXCA (NPH 2TOM HM OfHA H3 BepIIUH
Ai, ..., A, me Gymer Bu6pana), dto MoxHo ciesath Cj_p. croco-
Gamu. TaKHM o6pasom, oblee qucno lkyro.nbm;axoa YI0BJETBOPSIOLIUX
NI0CTAB/EHHOMY YCJOBHIO, DABHO an_kS 1+HC e

300. Kaxnpii nmapajnenorpaMM ONpecpensieTcss HByMS NapaMu Ina-
pannenbHux npAMbiX. [losTomMy umeem (C, +2)2 napaanesorpaMmos.

301. ByneM npoOBOAMTHL [HaroHanu MOCAENOBATENbHO W3 BEDIIHH
Ay, As, ..., An. Kaxpas HOBas gHAaroHajb JaeT CTOJBKO HOBBIX 4a-
cTelf, 1a CKOJbKO KYCKOB OHa pa30uBaeTcsi paHee NpPOBeleHHLIMH JHa-
TOHANSIMH, TO €CTh Ha OIHY 4YacTh GoJbllle, YeM YHCJIO TOYEK ee Iepe-
CeYeHHs1 ¢ paHee NpOBeJeHHLIMH xuarouanaMu. ITockonbky Kaxkznas
TOYKa MepeceyeHHss TPH 5TOM MOJYYaeTcA ORMH Pa3, 1O ofliee HHCAO
HOBBIX HacTell PABHO CYMMe YHCJa TOYEK INepeceyeHHss M uHCAa IHaro-
‘HaneHt. Tak Kak BHayaje Mbl HMeJH OJHY 4acTh, TO BCEro HMeeM

1+ 3)+ n(n—l)(n2:2)(n—3) _

n(n—

_ n{n—3)(n*—3n+414)
- o +1

uacTefi (cM. 3agayy 294).
302. TTycts n uerHo, n=2k. Torna n cAeYIOUIUMH crocoGaMu Mo-
HeT ObTh NMPENCTABAEHO B BHIE CYMMH JBYX CJAraeMbix:
n=14+@k—-1)=24+Ck—2)= ,.. =k-}4
Ho kapry c uyucjioM | MOXKHO BHIHYTh €JHHCTBEHHHIM O00pasoM, ¢ HHc-
JIOM 2—m3y1vm cnoco6aMu H T. . A jBe KapTl ¢ 4HCAOM R>1 MOXK-
HO BHIGPATH Ck crocoGam, ITosToMy Bcero HmeeM :

1(2k—1)-|—2(2k—2)-|— +(k—1)(k+1)+ﬂ’.2—i_—_

_Zs(gk S)+k(k—1) 2k(k;—l)=n(nig—4)

s=1

CHOCOGOB NOJNYYHTL cyMMY n=2k, Ecan xe n neuetHo, n=2k— 1, T0
n=14+@—2)=24+Qk—3)= ... =(k—1)+}¢&

H YHCJO ¢TNOCOOVUB PaBHO
k-1

.Es(Qk—s = k(k_l)@"_l) =5 (2 —1).

§=1
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303. PasoGbeM BHIGODKH Ha KJacChl NO 9HCAY BOWEAWHX B NHX
ONIMHAKOBLIX TpeAMeToB KO@M4YecTBO BLIGOPOK, COMEPIKALIHX & ONHHA-

KOBHIX TIpeAMETOB, paBHO C2n~fl' TToaToMy o6iuee uucnO BHIGOPOK

aBHO
P 2n+1

02”+1+02”+1+ o +C2n+l_ 2‘ CZn+1=22n-

k=0

_ 804. Ecin nepBuifi uned NPOTPeCCHH paBeH @, a ee pasnocrb d, To
Tpethii uien paBeH a+2d Tlo ycnoeuio a+2d<C2n. ro HepaBencrso
uMeer npu sagzanHoM d 2n — 2d pemenufi, Bcero momyuaem

en—D+Cn—dH+ ... +2=n(n—1)

pemlennii. Tak Kak KaXiaylo H3 MOJYYeHHHX Mporpeccufi MOXKHO pac-
CMAaTpUBaTh H Kak BO3PacTalOIlylo, H KakK YGBLIBAIOLLYIO, MOIydYaeMm
2n(n—1) nporpeccuir. Hdas nocnenoaaTeanocm gpcen 1, 2, 3, ...
«evy 2n41 uMeeM 2n? nporpeccHi.

305. HoxkaxeM yTBepxKIeHWe C TOMOILbI0 HHAYKLHH 10 HHCAY §
KpHBEIXx. Ecin s=1, TO OHO OYEBHIHO, TaK KAK TOUEK MepeceyeHHsr HeT
K uncno obaacreft paero 1. Tlycrb yTBepiklleHHe yKe [OKasaHO JJs
§ KpHBBHIX. BosbMen CHCTEMY M3 § KPHBBIX, HMCIOU(HX 7, TOUEK nepece-
YeHHA KPATHOCTH r, r=2, 3, ... (TOUKA — KPaTHOCTH 7, €CIH B Hel Ie-
pecekalorca 1 Kpuamx). Torpa onm orpawununBaoT 14754 ...

. +rir+ ... 3aMkHYTHIX oGaacrefl. TIpoBenem kpusywo s+ 1,umycrb
ona HMeeT R, TOUeK MepeceyeHHss KPATHOCTH 7 ¢ DaHee NPOBEIEHIBIMH
KpHUBbIMH, r=2, 3, ..., a Bcero ko+Fkz+...+Ek.1; TOuek nepeceyenus.
OTH TOYKH TmepecedenHs pa36uaaror ee Ha kotkst ...+ k- uvacTedn,
Kaxknas uyactb npoBefleHHOR Kp4BO@ COOTBCTCTBYCT OAHOH HOBOM oGna-
CTH, a NIOTOMY TeNeph YHCAO0 obaacTell OKaxKeTcs PaBUBIM

A4-not oidrap 4 )G R 4 o R ) (8)

Ho ecnn HoBas kpuBas mpolmia Yepe3 TOYKY INepecedyeHHsi KPAaTHOCTH
r paHee NPOBeJleHNHIX KPHBHIX, TO TelePb 2Ta TOUKA CTala TOYKOH Ie-
peceueHHs KpaTHOCTH r+ 1.
O6o3naunM uepes 7, KOJHYECTBO TOYEK JepeceyeHHS KPATHOCTH f
o 4
B HOBOM cHCTeMe KpHBBIX. Slcwo, uT0 N, =n,, 11—k, 14k, (or

pance HMEBIIHXCS TOYeK IlepecedeHHs KpParHOCTH r+1 Hago OTHATDH
kri1 TOYCK, HMEBNIHX KPATHOCTb 7+ 1, YBeAMYMBIIHX ee, M NPHGABHTL
k, TOuek, MMeBLIHX KpaTHOCTb r M yBeauuunmux ee). Ho torxa

l—}—n;—}—?né—}— +mr'+1=
=14 (ny—ky-+£&,)+2(n,— k&, +k3)+ ces
R AT PFRE. o L I
=4n42n+ ... 4rip 4.0 4 (Bt +...+k,+,+ )
Mur foxasam, TakiM o6pasoM, uto 1 -+ng42n5- ... —|-rn,+1 + ...
paBHO uncay o6macTelr A5 HOBOM CHCTeMbl KPHBHIX (cM. Gopmyay

(*)). B cuny npunumna MaTeMaTHYeCKOH HMHAYKUHH YTBCDXKIEHHE
BEPHO IJs JI0GOr0 4HCAa KPHBBLIX,
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306. IIpsvele mepBoro myuka pasGMBAIOT ILIOCKOCTb la 2m uwacted.
[lepBas npfiMass BTOoporo Hyuka MepeceKaeTcsi CO BCEMH M NPAMEYR
nepBOro mMyuyka u gaeT m+1 HOBbIX uwacTeil, Bce ocraabliple npsamee
EIOpOro NMyykKa HMeloT m+1 TOYeK nepeceyeHHS C panee MPOBEIEHIL MM
npaMbiMi. [ToaToMy Ml HMeeM Bcero

m4+-m4+-14+m—0m+2)=nm-42n4-2m—1
yacTeil. :
307. Heas3sl, Tak Kaxk B npOTllrlSBHOM clyuae 4NC10 COCAHHeNRi faB~
7.

sa0ch 6bf ApoGioMy uHcay 5

308. Cymma k03pduuHenTOB paBua 3HAUCHHIO BLIPAKENHA ITH
x=y=z=1. llogcTtaBasa 3T 3HAUeHHd, TNOTyuaeM, UTO CyMMa [&B-
Ha —1.

309. MakcuMaabHOe 4YHC/A0 LIADHKOB, cpeldll KOTOPLIX HeT 15 ¢
1aKoBeX, paBHo 74 (10 Geabix, 10 uyepsblx, 12 KeaTblx H Mo 14 Kpaz-
IBIX, 3enensx M cuuMx). Ecai ke B3aTh 75 [IApHKOB, TO cpeinr ¥¥X
naiigerca 15 WapHKOB 0IHOro LBETA.

340. PacknaccuduuupyeM crnoco6el PacKpackH MO 4HCTY GeablX Fia~
nefi. CylluecTByeT eAMHCTBEHHBIH CHOCOG PACKPACKH, HE COAepKaliui nM
OfHOH Gesoft rpaHM, M OIHMH CHOCOG, colepKallui OIHY 6Geayio rp
B cnyuae aByx Geabix rpaHeft ecTb JBa cmocofa packpacki — Gecie
rpany JAu6o HMeloT ofllee pe6po, nHGO NpOTHBOMOJOXHEL Ilpnm Tiex
6e1biX rpaHfiXx CHOBa HMMeeM fABa cmocoba: Ju00 ecTb JBe HPOTHBONO-
JIOXKHBIe Gesbie TpanH, JAHGO Bce Gesble rPaHH MPHMLIKAOT K OJNOMY #
ToMy xe yray. Caydan 4, 5 u 6 Geablx rpaHell CBOAATCA K paccue-
TPeHHBIM Bbllle NyTeM 3aMeHB LBETOB Ha NPOTHBOMO.JOXKIible. Beern
noayyaeM 1+41+42+42+24-1+41=10 cnoco6oB pacKpacku.

311. Ilycte Tenmepp oOKpammuBaioTcs Beplluubl Ky6a. Toraa ecms
1 cnoco6 packpacku 6Ge3 Genbix BepuiuH, 1 cmoco6 ¢ onuo#t 6Genofi Eep-
mupo#t, 3 —c¢ AByMs GenblMH BeplinHaMmi (Gesnble BepLIHHBI JeXaT 2
oAHOM pe6pe, Ha OJHON AHAroHaJu TPaHH HJAM Ha OJHOH JAHaAroHa.
Kyb6a), 3 crnoco6a ¢ TpeMms GeqblMH BeplUMHAMH (TP BepUIiNbl JIEH 57
Ha OJHOH rpaHH, auGO [Be JeXaT Ha OAHOM pefpe, a TpeTbs — Ha
O/HON AHMAroHaTH rpaHH ¢ KAaKO#-TO H3 3THX ABYX BepIlH, AHGO Tpw
BepUIHHBl MOMApHO JeXaT Ha OHOH AMarosaju rpaHd, cM. pHc. 39}
C yeTbippMsi GenBIMH BepIUHHAMH ecTh 5 CNOCOGOB pacKpacku (Ece
ueThpe BePUIMHBI JeKaT Ha OAHON rpaid, AHGO TpH BepwHuu A, B, €
JeXaT Ha OAHOM rpanu, a yeTBepTas — Ha OAHOM peGpe C BepIUHHOR
A, nu6o ¢ BepwuHO# B, 1M60 AHaMeTpPanbHO NPOTHBOMOJAOMKHA Bep-
wuile B; nn6o ABe BepLUMHBI JeXKAaT Ha OLHOM pe6pe, a ABe ApYyrue —
Ha JAHaMeTpajbHO MpPOTHBOMOJOXKIOM eMy pebpe). Cayuan 5, 6, 7 n &
6enbix BeplLIMH CBOAATCA K Pa30o6paHHbIM Bbillle 3aMelod LBeTOB Ha
nporusononoxuble. Bcero umeem 1+1+3+3+5+3+3+1+1=21 cno-
co6 pacKpackH.

312. Ky6 umeer 11 passeprok (puc. 40). IllecTb mepBblX peltenu#
HalT Te Pa3BepTKH, B KOTOPBIX ueThipe TPaHH Kyba pacHONOXKeHbl B
onHoft nosjoce pasBepTku. Ilocaenymwlune yeTbipe pasBepTKH — 3TO Te, y
KOTOpBIX €CThb TPH TPaud B OAHOM MNOJOCE, HO HET ueThipeX TpaHel.
WU HaxoHen, B TmoCJelHeM pelleHMH HM B OJHOH NOJMOCC HET Tpex
rpaHefi.

313. Ectb smuip 4 cnoco6a Takoit okpackH, OTHOCHTENBbHO [0Ka3a-
TeNbCTBA 9TOrO YTBepXK/eHHs OTChlaaeM uutatens K kuure I'. IlUrefin-
raysa «Cro sanaus, ®uamartrus, 1959, sagaua Ne 40.
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314. Cm. ynomsauytyio xumury [. lllTefiuraysa, sanaua Ne 44.

315. JJokaxeM cHauana, YTO Yepe3 2™ eAMHHIl BPEMEHH OCTalOTCH
To/IbKO fBe YacTHIbl, PACMONOMKEHHbie COOTBETCTBEHHO B TOYUKaX ¢ KO-
opauuatamu 27 u —2%. Tlpu n=1 3To yTBepxkaeHHe OueBHaHO. [lpen-
MOMOXKHM, YTO OHO N0Ka3aHO npu n=*k. Ha npoTsAKEHHH clenYIOLIHX
2k — 1 waros 3TH YaCTHUE! He B3aUMOAEHCTBYIOT, H 1O MPEANOJOKEBHIO
HIAYKUHH Yepe3 2% mlaroB KaXkias M3 IIMX JacT JHIIb JBe HaCTHLBI,
yAajeHHble OT HHX BJeBO H BNpaBo Ha 2%, MHBIMH cJ0BaMH, Mbl MOJY-
YHM OAHY 4YacTHUy B Touke 2*t! nBe—B TOuke O M ogHy — B TOukKe
w—2%+1, YacTuupl B Touke O B3aMMUIO YIMYTOKATCA, M OCTAHYTCA JABE
yacTHUbl. YTBepKAeHHe A0KA3aHO.

Taxum o6pasom, uepes 128 IlaroB OcTaHyTcs ABe YacTHUH B TOY-
Kax ¢ xoopauHatamu 128 u —128. A uepes 129 1waroe moayuuM yeTbipe
qacTHUL B Toukax 129, 127, —127 u —129.

’ k k
Ecan n=2"14-2"24 ... 275 by >k, > ... > kg, TO MBITOIY-

2 (3
gaeM 2° uacTHU, KOOPAHHATbI KOTOPHIX MMetoT BHA +£2 '+2%x,,,+2°F
{nonyckalotcs mo6ble KOMGHHAUMM 3HAKOB). DTO YTBepXK/IEHHE Jerko
JlOKa3blBaeTcsl HHAYKLUMeRi mo s: NMPH s=1 oHO YyXe AokasaHo. ITycTs

OHO ye J1OKasaHo npH s<m, nn=2'42"24 2™ Toraa
nocne (n—2k”‘)-ro Iara Mbl HOJAYYMM 27-! qacTHI, PacnosoKEeHHbIX
B TOYKaX ¢ KoopAuHaTaMH +2 !£272x...£2"™-), PaccrostHHe Me-
KAy OnvKaMIIMMKM YacTHLAMH He MeHbIle, YeM 2k"‘“‘+ . Hosromy B
Teuenne 2 ~!—1 1MaroB uacTHUB, NOPOXKAaeMble pPa3HBIMH «IEH-

TpaMu», He B3aHMOJEHCTBYIOT APYr ¢ ADYroM, H uepes 2 ™ uiaros Ka-
MABIA LEHTP AACT [Be UYaCTHIbI, HAXOASLIHECH OT Hero 1a PacCTOAHHH

+2™, HHbMH CJI0BaMH, Mbl TNOJAVYHM YacTHUM B TOYKax BHAA

22514, 2", Hame YTBepXK/JeHHe 0Ka3aHo.

316. Urto6bl packoa¥poBaThL CJ0BO, MAOCTATOYHO YKA3aTb MpOMe-
XKYTKH MeX/Jy 3HaKaMH, SBJA0IIHeCs HauyaJbHLIMH Aas GYKB, KOAU~-
pyeMBlX ABYMs 3HAKaMH. DTH NPOMEXYTKH Hal0 BHGHpaTh cpean 11,
DpHUeM HHKaKHe [Ba M3 HHX He MOTYT CTOSITb PAAOM (Mbl MMeeM BCero
13 npoMexyTKOB, CUHTas Haya/JbHBIE H KOHeYHHIl, HO H3 YCJIOBHA
SICHO, YTO HEJb3st 6paTh HH KOHEYHBIl NPOMEXKYTOK, HH CTOSLIMH mepen
#um). Ecsid c0BO COAEPKHUT p «IBY3HAUYHHMX» GYKB, TO Haj0 BHIGpaTh p

npoMexyTKoB. D10 MoxHo caenath Cfy_, cnocoGamu. IMostomy umeew
0 1 2 3 ~4 5 6
Cio+Ciy + Cro+ €0+ T3+ C7+ Cg=233

cnocoGoB NPOUYHTAThL JalHOE CJOBO.
317. KonnuecTBO p-3HAYHBIX YHCEs, 3aMHCh KOTOPBIX He COMEpKHT
enuHuubl, paBHO 8.97-1, 3nauut, mMexay 1 « 10000000 umeeTcs

B(1 494949494 95496 =97 | = 4782968

upcesl, 3amHch KOTOPbIX He coZepXut l. DTo MeHpllle YeM M0.I0-
BHHa 107,

318. PaccMOTpHM mepBble TPH 3HaKa KamJAOrO CJoBa. ITH 3Hakd
o6pasyloT He 6ojee ueM - 28=8 roMm6uuanui. [TokaxKeM, uTo KaxAoH
KOMGHHANHH 3THX BHAKOB COOTBETCTBYeT He Gosee AByx ciaoB. Huummu
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C0BaMH, MOKaXXeM, YTO €CAM TpPH C/A0BAa HMEIT OfLe TPH fepBHIX
3HaKa, TO XOTs Gbl ABAa M3 HHX HMEIOT ellle ABa OGIUMX 3HaKa. B ca-
MOM JeJje, BbifiMlieM TalJHly, COCTOSIUYIO M3 YeTbipeX NOCAEAHHX 3Ha«
KOB KaxXjJoro H3 3THX Tpex cJ0B. B KaxaoM c¢Toa6le coBmajalwT no
KpafiHeli Mepe ABa 3HakKa. Tak Kak YMCJAO Nap, COCTABJEHHBIX H3 Tpex
C710B, paBHO 3, a YHCAO CTONOLOB — YeThipeM, TO XOTA 6H AJ8 ABYX
C/IOB COBHAJieHHe HMeeT MECTO B ABYX CTOJ6Lax. A 3TO M 3HAUHT, uTo

C/I0Ba HMEWT elile ABa COBNAJAAIOLIMX
A A 3HaKa, a BCero 5 copmaialolUnuX 3HAKOB,
Y4TO NPOTHBOPEYHT YCJOBHIO.

L ] L ) L ) _ e wm 9 o
‘TakuM obpa3oM, Kaxzaol KoMOHHa-
=, = = = == == = MK MNepPBHX TPeX 3HAKOB COOTBET-
we em == o o o o= CTByeT He Gosee ABYX ci0B. IlosTomy
ofliee YHCLO CJIOB He mpewlllaer 16.
S o m e = Ha puc. 41 wusobpaxeunl 16 cJ0B,
¢ = e s e e o YAOB/ETBOPSAIOLINX NOCTaBJEHHOMY YC-
JIOBHIO. _
- & == ¢ = 319. Tak kax p — mpocToe YHCJO,
e o o o ¢ osw = TO NPH MOBOPOTAX OKPYXKHOCTH B ce6s
nepexofAT JHIIb OKPAacKH, CAeJaHHbIe
T D oaHuM uBeToM. UHCio TakuMx oOkpa-
_— t me cm o= s e cok paBHO n. OcTabHble cnocoGbl pac-
KpackH (MX YHCI0 paBHO nP —n) pac-
¢ == & == = o = q[ajal0TCA Ha KJacch [0 p pacKkpa-
e == ® o o e= = COK B KamAOM KJacce, NpH4YeM pac-
Kpackn OJHOro Kjacca mepexoasT Apyr
= T Em as B Jpyra npu BpalleHHH OKPYXHOCTH.
—— e S == e . . nt —
TTosToMy oHu fnalT ———— cnoco6oB
* L] -~ [ 3 — -— — p
. . nP—n
== == & & e=  packpacku. Bcero HmeeM ——7———+n
Puc. 41. cnoco6os. Ilo xoay pemenus 3a-

Aadyd Mbl JAOKa3aAH Tak Has3blBaemylo
manyio Teopemy Pepma: ecilH p — NPOCTOe HHCIO, TO A8 MmobOro ue-
JI0r0 1 UUCA0 n? —n feuTca Ha p.

320, Tak Kak | — HauMeHblllee M3 3aJaHHBLIX YHCEJ, TO OHO AOJXK-
10 CTOSATh B YIJay, NpHYeM 2 [OMXKHO CTOATL DAAOM C HHM B OHLHOM
BepPTHKaAM HJH ropu3onTanu. Toraa uucaa 1, 2, ..., n nomaayr B oxHy
M Ty JXe BepTHKajab WIH Tropu3oHTanb. HaunMeHblluM H3 oCTaBIIMXcs
umces apaserca n+-1. OHO A01XKHO 3aHATH MecTo psagoM c¢ 1. IIponoa-
Kas 3TO paccyxkjenne, yGexaaeMcsi, uTO YHCJA PACHOJAraleTCs OAI0-
3HQUHO onpejejeHHbIM o6pasoM. Ho Mbl MoxeM mocTaBuTh BHauase |
B J1060ft M3 YrJoB JOCKH M BbIGpaTh JHO6O BepTHKaJbHOE, JHGO TOpH-
30HTaAbHOe HanpaBjeHHe A8 nocaefoBaTtenpHocTh 1, 2, ..., n. Ilo-
3TOMy uMeeM 8 pacnosnoxeHui.

321. B npoTtHsHOoM cayuae Haceaenve MOCKBH HPEBOCXOANTO Gl
greso 9300 000.

322. Ecin Mbl  BbI6panu HEueTHOE YHCAO MPEJMETOB, TO YHCAO
OCTaBILUMXCS MPEAMETOB HeTIIO.

323. Yucno cnoco6oB pasuensiTe 1 py6. MoleTaMu B 2 u 5 KoIL
paBIl0 YHCAY LenblX HeOTPHLATeNbHLIX pellleyuii ypaBHeHHs 2x--5y=
=100. SlcHo, 4To y MoXXeT mpunuMarth J060e yeTHoe 3HayeHue oT 0 A0
20. Ilpu pasmene Ha MoHeT® B 5 M 3 KON Haf0 pelllaTh YpaBHEIlHe
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3x+5y=100. 3nech y npuuuMaeT JHWb 3HayeHus 2, 5, 8, 11, 14, 17,
20, uHc/I0 KOTOPBIX Menblle 21.

324. Hano HafiTH 4HCMO LeNbIX HEOTPHLATENbHBIX pellleHHH ypaB-
ueHns x+2y+-52=20, unu, 4TOTO Ke caMoe, HepaBencTBa 2y+52<20,
slciio, yTo 2 MOXeT MpHHMMAaTh Julllb 0, 1, 2, 3 U 4 3HaueHHH, KOTOPbIM
cootBeTcTByloT 11, 8 6, 3 ¥ 21 BO3MOXHHX 3layeHuit Yy, a Bcero no-
nydyaeM 49 pellieHuit.

325. Tak kak 3=2+1, 4=242, 6=5+1, 7=5+2, 8=5+2+1, 9=
=5+42+42, TO ¢ NOMOILIO YKa3aHHBIX DPa3HOBECOK MOXHO COCTaBHTb
mo6oi uenblit Bec oT 1 o 9 me. TouHo Tak Ke COCTABAAWTCA Beca,
BhIpaXKaeMble JeCATKAMH, COTHAMH MHJJIHIPAMMOB H T. A.

326. Cpennee 3HayeHHe mnocheduell Ludpel paBuo 2, BTOPOH H
Tpetbeil —2, 5 H nepBofl =3. OO6llee KOJHYECTBO YHCea PaBIIO
5.6.6-3=540. TlosroMy ux cyMMa pasHa 540(3000--250+25+2)=
=1 769 580.

327. YTBepxAeHHe OYEBHAHO MpH r=1 — MOCTe MepBOro Illara Kap-
Ta, HaxoAuMBIIascs Ha p-M MecTe, npu p<{n nomajaer 1a Mecto 2p, a
npu p>n—mua Mecto 2p—2n—1. B o6orx caydasx 1oMep I[10BOTO
MecTa — OCTaTOK OoT Jenennsa 2p Ha 2n+1. Ilyctb yTBepXAeHHe YxKe
JI0Ka3aHo AJs 7, TO ecTb NYCTh MOCje 7 IaroB KapTa ¢ HOMepoM p 3a-
najka Mecto x, rae 2'p=£k(2n-1)+x Ha caeayomeM wmary oua 3ai-
MeT MecTo Y, rae 2x=[(2n+1)+y, {=0 uau 1. Ho Toraa

Hp=2k @n+1) 425 =@k +1) @+ 1)+,

rae y<2+lp. 3T0 3HAYMT, YTO Y — OCTATOK OT AedeHHs 27*p ua
2n+1. B cuay npuHuUMna MaTeMaTHYecKOH HHAYKLHH Hallle YTBepXxie-
HHe J0Kas3auo. )

328. HenocpencTBeHHO BBbITeKaeT M3 pe3yabTata 3agauu 327.

329, CneayeT u3 pesy/abrarta 3ajayu 327.

330. B caMom fene, B 3TOM cAyuae OCTaTOK OT JejdeHHa 2%p Ha
2n+1 paBeH p.

331. B camoM aene, nmocje KapThl ¢ HOMepoM 2n uayt 2n—1 xapt
¢ YeTHBIMH HOMepaMH, KOTOpbleé M JATYT Bbille KapThl 2n.

332. YTBepaMAeHHe OTHOCUTENbHO KapTH 8 BbITeKaeT U3 pe3ysabTaTa
3anaun 331. OcTasibible NPOBEPSIOTCA HeNOCPEACTBEHHO.

333. 3annuleM noj HOMEPOM KaM0H KapThl HOMep, KOTOpBIHi OHa
nojayuaeT nocje YKa3aHHOH TaCOBKU

12 34 56 78 910111213141516

*
9810711612513 414 315 216 1 )
H3 stoft Tabaullel BHAHO, 4TO, HampHMcp, HpH NepBOX TacoBKe | mepe-
xoautr B 9, nmpu BTopo# 9 mepexomutr B 13, motoM 13 —B 15, 3aTeM
15— B-16 K, HakoHeu, 16 mepexoaut B 1. 3TO MOXHO H306pa3HTb B
Bufe wukaa (1, 9, 13, 15, 16, 1). Bca nepectaHoBKa pacmajaeTcd Ha
TaKde UMKAbl. Kpome yKasaHHoro Bpillle, uMeeM elle LHKAn (2, 8, 5,
11, 14, 2), (3, 10, 4, 7, 12, 3) u uuxa, cocTosAwHi TOMBKO U3 uHcaa 6.
Kaxaplft LMKA COCTOHT H3 OAHOTO MAM 5 DPaslHYyHBIX YHCEN, H MOTOMY
nocie nNATH pa3 Bce KapThl 3afiMyT mnepBoHauasnbHoe nojoxeHue. Oc-
TaJbHBle cyuad pa3GHPAIOTCH TOYHO TaK XKe.
334. B nepBoii CTPOKe MBI MOXEM pacloJiOXKUTb LBeTa B J0GOM
nopsake (24 cnocoGa), mocie 4ero B MEPBOM CTOJI6LEe MOXKEM JHOGLIM
006pa3oM pacnmojioXUThb TPH LBETa, OTJAMYHHE OT LBeTa YIJOBOro

303



kBaapata (6 cnocoGos). [Tpeanonoxum, 4to BHIGpaHBI LBETA, YKasaHHble
B Tabaule. Tak KaK B BePTHUKAJIbHHIX M TOPH3OHTANBHBIX PAAAX AOJK-
Hbl GHITh HpeACTaBjeHbl- BCe 1BeTa, TO BO BTOPOM psAAY MOXeT GHTh
O/Ma H3 cJeAYIIUHX KOMOGHHALMfl LBETOB: 4epHbi, Genblfl, cHHHE, Kpac-
HBIfl; uepHbIfl, KpacHHIft, CHHUA, Oeblll; YepHBbIN, cHHHIL, Geabllt, KpacHHIIl.
B nepsoM u3 3THX BapHaHTOB OAHO3HAU-
HO oOmpeAensieTCs OKpacka KJIETOK BTO-
6 | u K ¢ poro BePTHFAJBHOTO PfAAa H OCTANOTCA JBE
BO3MOXXHOCTH OKPACKH OCTaBIIMXCA 4 KJae-
Tok. Kaxamift u3 octanbHbIX ABYX BapHaH-
TOB TOXEe NpPHBOIAHT K [BYM BO3MOMXHO-
cTamM okpacku. Bcero nosnyuaem 4!.3!X
X2-3=144 cnoco6a OKpacKH.
335. Paso6beM IUKO/JbHHKOB Ha TpOH-
K ¢ 6 1 KH Kakum-HHGYAb cnocob6om. M3 xaxaoh
TpOHKH MOXHO BbIGpPaTL TPH Heynopsano-
yeHHBle napbl (HanpuMep, W3 TpoHkH abc
c K q 6 MOXHO BbIOpaTh mapel ab, ac, bc). Bcero
nauuoMy cnoco6y pasbueHHS  COOTBET-
= - cTBy!OT 15 map, HH OfHa M3 KOTOpHIX He
JOM:KHA BCTpeyaThcsl NpH ngymx cnoco-
Gax pas6uenns. Ho u3 15 WKoMbHEKOB MOXHO cocTaBuThCyys =105 nap.
IMTosTomMy uucA0 pa3nMyHBIX CHOCOGOB pa3GHEHHs He MOXKET MpeBbllIaTh
105: 15=7. Cneaywowas ta6nuua NOKa3blBaeT, YTO 3HayeHHe 7 NOCTH-
raercd, TO eCThb 4TO IIKOJBHHKOB MOXHO pa36uBaTb Ha TpPOMKH € BbI-
MOJHEeHHeM YKa3aHHOTO YC/IOBHSl B TeueHHe 7 AHefl:

-klo ino Jmo ilm Jin ijk kmn
iab jac lad nae kaf mag  oah
ned  ‘mdb kb ‘ocg  mch  lce icf
mef keg ieh Jjfb obe ofd jde
jgh  Ihf nfg khd  idg nhb lbg

(n2)1
(nl)'”'l
MeTOB N HeynopsAOYeHHHX Tpynnm no n npenMeTo(B B KaXJAofi M mno-

mn) !
TOMY — Lenoe uucao. LlenblM siBasieTcs M uHCAO _(TnT”)ﬁT_aTO qHCT0

336. Uncno paBHO 4YHCaAy cnocaGoB BHOpaTb M3 n2 mpef-

cnoco60B pa3buTb Mmn TNPeAMETOB Ha n HEYNOPSAAOYEHHHX rpynnm no
m npeAiMeToB B Kaxaoft rpynne. [To Toli e mpHuMHe LieabiM sBjsercs
(mn)! (mn)! 2

. Ho Ttorpa — Lenoe 4HCIO0  Kak

n+1 m+1
(m) % (ny ®
npousBeicHile  ABYX UeJblX 4YHCeN. ITockonbKy m M n HeueTHbl, TO

(mn)!

I_lil m+1
(m) % (nY) ?
4qHUCI0. 3Haqm‘, H CaMoO 3TO YHCIO — Llefnoe.

337. Cm. cTp. 80.
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338, Oto uwHcho paBHO KO3)OHUHEHTY NMPH X™ B MHOTOYMeHe
(x4 x) = P (1 — P (1 — x)—P.

IMpumenss copmyny Gunoma Hbiworona, nodyuaem, 4T0 3TOT K03dhdHU-
LIHEHT DaBeH

m 2 2(—-n~
Cre-1yp—1— ChCmit " My o—ty—n—1 - CoCm oY) o 1+

339, OGosHauuM uyepes X, Y, 2 KOMMUECTBO KHUT MEPBOro, BTODOro
H TpeTbero BMAA, MOJYYeHHBIX NepBBIM YyyacTHukoM. Ilo yenoBuio 3a-
naun uMeeM x+y+z2=12, npuueM O0<Cx <C7, 0<Cy <8, 0<Ca << Y. Une-
JIO IefblX pelieHUH ypaBHeHHs, YAOBJETBOPSIOLIMX A4aHHBIM HePaBeH-
cTBaM, paBHO KO3dpdHUMeHTY npu 12 B Pa3/oKEHHH MPOU3BEAEHHS

A+t oo VA Ft4 oo +BYAFE4 ... +8),
STO npousBeaeyHe MO)KHO nepenncartp Tak:

A=00=00=09 (o miiry

W (1 3¢ 662410684 1584 4 ... 91812 .,.).

$IcHO, UTO TOC/E PAcKPHITHS CKOGOK Mbl NMOJY4uHM npu 2 Koaduuxenr
60. ITostomy pasmen Moxer 6uiTh coBepuien 60 cnocoGamu,
340, Uncno Bcex n-coueTaHufi ¢ NMOBTOPEHHSMH H3 n GYKB paBHO

C?,_1, cnenoBatenbuo, B Hux Bxomur nC3, | 6ykB. Tak Kak Bee

6YKBL BXOAAT ONMHAKOBOe YHCAO0 pa3, To Kamnaa Bxomur CF, i pas.

341. Cymma uncen, HanucauHbix Ha crosnbue, paBHa 999, ITostomy
ecan o6a uHcsla TPeX3HauHble W OAHO M3 HHX HMeeT BuA abc, To Apy-
roe HMeer BHL 9—a, 9—b, 9—c. Ecin Xe OAHO H3 YHcea OAHO-
BHAYHO WJH /BY3HAYHO, TO BTOPOE HauMHaeTcsl ¢ WHGPHI 9, npuuem na
Takux cTonbax Hamucauwo &, 99(9 —a) uau ab, 9(9-«(1) (9—b). Tax
Kak Ha cronbax JOJIXKHBI 6LITH TOMBKO JBe pasjuuHble UHEDH, TO JHGO
a=b=c, qu6o ABa uucaa u3 @, b, ¢ cOBNAAANQT, a TPeTbe ABJSETCS J0-
nonneHueM 3THX uucen Ao 9. KosmuecTBo umces mepBOro BHAA DPaBHO
10 (111, 222, ..., 999 u eme 0). Kaxaoe xe uyuc/0O BTOpOro BHAA
onpejensieTcs BblIGODOM Naphl pasaHYNbIX LH$DP TpPEeXx3HAYHOrO YHCTa,
B K0T0p02e BXOASAT 06e 3TH uudpol. Ilapy pasauudsix LHID MOXKHO Bbl-
6path Cjg=45 cnoco6amu. Kaxao#t nape cootsercTBylOT 6 Tpex-
3HayHelx yHcen (Hampumep, 221, 212, 122, 112, 121, 211). ITostomy
ofluee KOJHYECTBO UYHCea BTOpOro poja pasHo 6-45=270, a scero
uMeeM 280 cTon60B, Ha KOTOPbIX HAMHCAHBl TOJBKO [ABE pPa3IHYHbLIE
uHPpLI.

m n
342, HMckoMOe UHCIO ecTb 2 2 P(p, ¢y —1. {Mua or6pachi-
p=0 g=0

n
BaeM mnycToe pasMelnenue.) Tak Kak Z“P(p. ¢)=P(p+1, q). 10
q=0 .
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HMeeM ,
. m n m

S P g—1=X P(p+1, n)—1=P(m+1, n+1)—2
p=0¢=0 p=0 .

343. B cuny npeAbaylledl 3ajayl YHCAO pasMenleHnfl, colepiKa-
IUxX pOBHO k& Genbix Wwapos, pasuo P(k+1, n+1) — P(k, n+1). Tlo-
m

sToMy Genne Wapni Bxoasr Xy k[P (k41, n1)— P (&, n41)]
k=1

pa3. OTo BeIpaxKellHe NMpeoGpasyeTcs TaK:

m m~1
M kP (1, n+1)— N k+DP(k+1, nf1)=
k=1 . k=0 _

m-1
=mP(m—+1, nt1)— D Pk+1, nt1)=
k=0

=mP(m—+1, nd-1)—P(m n}2)+1=

=1+'"Lj‘_[__’"2__1p(m+1. n4-1).

AHanoruuHO [0OKasbiBaeTcsi YTBepXK/IelHe O YepHbIX Liapax.
344, HcxoMoe uncaI0 paBHO CYMMe

S X @+e+D)P@, 9.

p=0¢q=0
Ho

Zo(p+q—l—1)P(p. =@+ ZOP(p. q)+21qP @ 9=
g= q= q=

=(p—l—1)[P(p+1» n)—l—ZlP(p+1,q—1)]=
q:
=@+ DPE+1lL n4Ppd-2n—)]=@4+1)P(P+2 n).

ITosToMy cymMMa paBHa

m

D@+ P (P42 n)=
p=y

=2 @+2)P(p+2n)— ZOP<p+2. n)=
p=

p=0
=@n+1)Pm+1, nt)—Pm+2 nf1)41=

=1+%P(m+2 N9,

345. CyMMHDYsi pe3y/abTaThl, NMOJyyeHHble B 3ajauax 342 u 344,
HPUXOAHM K TpeGyeMOMY pe3ysbTaTy,
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- 346. 06Luee SHCI0 nap, KOTOpPble MOXHO COCTaBHTb H3 7 uesoBeK,
paBHO C =21. B xaxayw Tpohiry (a, b, ¢) Bxoasr 3 mapn ((a, &),

(a, ¢) u (b, c)). TloaToMy B Teueuue 7 nHeR Bce mapbl GYAyT Hpea-
cTaBjeHbl mo oAHOMY pa3y. Ilockonbky B Teyetime 7 nueli GyayT oGe-
Aatbh 21 4enoBeK, TO KaXAblil ApYr moceTHT MeHs 3 pasa, TO eCTb 6y-
ZeT y4aCTBOBATb B TPEX TPOMKax.

BriGepem cuaqaqa TPOHKH, B KOTOphie BXOIHAT ﬂepBbIPl apyr. dto

MOXIIO c¢ienaTh W cnoco6aMK (uuca0 crmocoGoB pa3butb 6 ueso-

Bek na 3 napei). Koraa 3Tu TPoAKH BLIGPaHbl, OCTAlOTCS ABe BO3MOX-

HOCTH BbIGOpa TPOEK, B KOTOpre BXOJHT BTOPOH rocTh (Hampuvep,

ecqu mepBuifi BXoAuT B Tpohku 1, 2, 3; 1, 4, 5; 1, 6, 7, T0 BTOpO#Hl BXO-

AuT 1u6o B Tpohku 2, 4, 6; 2, 5 7, 6o B TPOHKH 2 4,7, 2, 5, 6).

[Tocne atoro pacnpesiesieHue OCTANBHBIX TOCTel onpejensieTest OAHO-

3Ha4YHO. YYHTBHIBASl BOMOXHOCTb MepeCcTalloBOK TPOEK TIOCTel, mosaydaeM
6!

-(—2T)3—3!- «2.71=151200 cnoco6oB.

347. M3 7 uesoBek MOXHO cocTaButs C3 =35 Tpoek, H3 6 uenosex
—C3=20, u3s naru—C3=10 u u3 vetpex C3=4 Ttpoiiku. Ilo-
8TOMy oOfliee UMCIO BAPHAHTOB MpPHULJAlIEHHS DPAaBHO Ags. B .7A;0

Cyyasx OAMH APYr OKa)KeTCsl IIenpHriallenHbiM, a B 21AZO cayuasix —

nBa apyra. [Ipumensia ¢opmyny BkaIwyelufi ¥ HCKIOUYENHH, MOJyuaem
TpeGyeMblil pe3yabTar.
348. Ecan opun us npyseu NPHXOAHT KaxXJblfl AeHb, TO M3 OCTaJb-

HBIX MOXHO COCT@BHTb C6— 15 nap, ITostomy ofliee uucjao KoMmaHwmii,
B KOTOPHX YUAaCTBYET OJHIl H TOT Xe UenoBek, paBHo 7A[;Octaeres

Al —7Al; cnoco6os npurmamenns.

349. PasMelleHus MOTYT cocTosTh u3 1, 2, ..., n npeameros. [To-
9TOMY MOJIHOE YHCJIO pasMellleHHH paBHO -

AP Ari 4 +Al—”'+11+2'+""+(ﬂ—1)'=
=n![2+2—!+ et 71——1)_']

C apyro#t croporbl,

1 1
en!—1=ﬂ![2+‘2—!+ +(_n:_i)—']+

1 1 )
+[ n+1 TaFvaFa T T (nF2) nF3) +] =

Ho npu q060om HaTypaJbHOM 72 2> 2

e <

1 1 1
n+1+(n+1)(n+2>+(n+1)(n+2>(n+3>+- .

n+1+(n+1)2+ (n-{—l)a + n .
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[MostomMy BIpaXKeHue, crosilliee B opMyne (*) B KBaApaTHHX' CKOGKaXx,
MeHbllC 7. IATuM I0Ka3aHO Hallle YTBepXKACHHE.
350. O6iwee uucio mpeAMeTOB BO BCeX pasMelllellHAX PaBHO

nA 4 (n—1) Ag“+...+A},=n![n+lﬁ—l+---+(711—),]=
=(n_1)n1[(1+1+2i!+ ek 77—'17)—!')"'

1 1 2 n—2
+n—1(1__2_!_§_ _(n—l)!)]'
Jlerko mpoBeputsb, 4TO
1__1___2___1_ o n—2 1
2T 31T 41— ' T m=D1 @=Dn1"

Tak xak Bce nmpeaMeTH BXOAAT OAHO H TO K€ YHCIAO Pa3, TO KaXAHM
M3 HUX BORAET )

N=(n—1)(n—1)'[(1+1+21—!+ e "'(n—ll)l]'.*'1

pas.
C apyrofi cTOpoHHL,
n—D@E—NHle=@r—1)@nr—1IX
; 1 1 1 1 :
><[1+1+2—!+ eyt tarmt ]=
=(n—1)(n—1)![1+1+—21—!+ "'+(71-—1?1—)!]+

+(n—1)[71+~;1—(m+ ]

H NOTOMY

N—(n—l)(n—l)!e:1—(n—’1)[—}l—+-h-(Tl_Fﬂ+ ]_—.
_ i1 1 1
‘*7{[ TTaF1T T nFDH@RF T “']<'2"

3nauut, N — Gamxaiilllee lej0e YHCIO K (n—'l)(n—l)!e.
351. Cm, crp. 83.
352. OpuH M3 TpeXx NOJYYaeT N KHHL. DTH £ KIIMT MOXHO BHIGPaTh

Cg,, cmoco6amu. OcTajbHbe 2n KHUF pacnpejelseM MexXAy ocCTaplli-

MHcs AByMs JaxuaMu. Kaxjgas u3 KHHT MOXET MOnNacTb JuGO K 01-
HOMY, MO0 K ADPYroMy, a MOTOMY UHCIO CMOCOGOB DacmpeieseHHs ITHX
knur paslo 227, [TOCKONBKY 1 KHHT MOXHO OTAaTh JIOGOMY M3 Tpex,

To nomyuaem 3 - 22*C%, cnocoGos pacnpereneltus.

353. UHcao pasiuyHBIX YNOPAAOUHBAHHH, B KOTOPHIX - ¢ paspl-
BalOTcs AaHHbe R map OyKs, paBHO 2*(2n—k)!. Otu k map MOXHO

BHIGPATh Cﬁ cnoco6amu. [IpuMensss ¢opMyay BKIIOUEHHH H HCKJIOUE-
HHM, TPHXOAUM K Tpe6YeMOMY pe3yJbTaTy,
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354, Yucao cnocoGoB pas3gena, Mpu KOTOPHX AaHHble 2 ueloBeK He
NOJyuaT HH OANOR Belud, paBHo (n+p—k)". [lpumenss dopmyny
BKJIOUEHHH H MCKJIIOYEHHH, MPHXOAUM K Tpe6yeMOMY pe3yJbTaTy.

3855+ r 1 11, paBHo uncny cnocoGoB PasiOXKHThb 7l PA3MUTHLIX MpeMes

TOB MO 7 siiHKaM. JTO YHCHO paBHO Ko3(dHuUHEHTY NpH X™ B pasio-
xKenuu (e* — 1)7, yMuoxenHomy ua n! Orcioga ciaeayet, 4To

[l —I5 42115 — 31 - ...]
AIBJISIETCST KOIpPHUUEHTOM npH X™ B Pa3NOXKEHHH CYMMbi Psiia
(@ —1) =5 (@ — Db g @ — 1P — @ — 1) ...

Tak kak

x'_lez_i_%xs..%xq_ ver =In(14-x). *)

10 cymma 37Toro psga paBHa In[1+ (e* —1)]=x. Ilostomy mpu n>1
BolpaxeHue (*) paBHO HYJIO.

356. M3 nepsoii AuefikM — OAHUM cmocoGoM, us Bropoil Chy, ...y

us k- Cp, cnoco6amu. Beero umeem
' n rn n __ (mn)!
) C2n 3ncee Cmn - (nh™
cnoco6os. _
357, Ham namo AokasaTh HepaBeHCTBO

2n+1Cnr < (CLo)

Ero MOXHO nepenucath B BHje

@ndr)@ndr—1)...@n41) _2n@n—1)...2e—r+1)

TENGFr=0 ... D < n@—0D...—rFD *
) | _ \
To HePaBEHCTBO BBITEKAET M3 TOTO, WTo npu 0 < k<n umeem :_i_i__kk <
2n—k '
n—k"

358, CocuntaeM CYMMy YrJOB BCeX MOJYYHBIIHXCSA TPEYrOJbHHKOB,
CyMMa YrJoB, HMEIOUIHX BepUIMHY B OLHOH W3 BHYTDEHHHX TOYEK, paB-
na 360°. Tak kak umeerca 500 Takux ToueK, TO HM COOTBETCTBYWOT yr-
Jbl, cyMMa Korophix paBHa 360°-500. Temepp paccMOTpHM YIVIBI, Bep-
IIHHH KOTOpHIX coBnajaior ¢ Bepmunamu 1000-yroabnuka. Mx cymma
paBHa cyMMe BHYTpeHHuX yraoB 1000-yronbHHKa, TO ecTb paBHa
180°-998. Bcero moayuaem 180°-1998. Tak xak cymMMa YIioB Kaxjoro
TpeyrosbHika pasna 180° To noayumin 1998 TpeyrosbHHKOB.

359, Kaxami M3 HIDOKOB CHIrpaeT 4 mapTHH, a Bcero GYAET Chl-
rpano 5 naptuit. [IpeanmomoxkuM, utro B nepBoit mapruu napa (a, ¢)
urpana npotus napw (b, d). Torga B Tpex ciAeAywIUX Hrpax 4 HOJ-
’KeH HMCTb MAapTHEPAMB COOTBETCTBEHIO ‘b, d, e, a B NATOH HE MPHHH-
Math yuacrusi, HIrpok e pomkeH nNpHHATb yyacTHe BO BCEX Hrpax,
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KpoMe MepBoH, mpuyeM BO BTOPOH U TpeTbelt OR GyAeT NPOTHBHUKOM 4.
Ha cBoGoanoe MecTo BO BTOpOfi mapTHH MOXHO B3STh HJIM HIPOKa ¢,
uaM urpoka d, a B TpeThelt mapTuu — urpoxa b nam ¢, Ho ecan BbHI-
6paTh BO BTOpOH mapTuh Hrpoka d, TO B TpeTbelt NMpHAETCS BHIGPATh
urpoxa ¢ (uHaye HrpoK ¢ MPOMYCTHT ABe MapTuM), a TOrAa B YeTBep-
TOH MapTuH ROJKEH OTCYTCTBOBATb HIPOK d, a b uc 6yayr naprHe-
pamu. Ho Torza B msato napTHW MapTHepaMu G6YAyT b u e, ¢ oxmo#h
cTopoHsf, # ¢ u d— c gpyroi. Ecan e BbI6paTh BO BTOPOH MapTHH
WIpOKa ¢, TO W B TPeTbeH MPHAETCS BLIGpaTh MIPOKa ¢ (nHave e W ¢
ABaXAw GYAYyT mapTHepaMu), B u4eTBepTOH — ¢ u d, a B NATOH HIPOKH
b n ¢ 6yayr Wrpath MNpOTHB d u e. TakuM o6pa3od, KaXiabll BbIGOD
AJsL MTPOKOB MEPBOH NapTHH OMpefeNsieT ABA BO3MOMNKHBIX pasGueHus
HIPOKOB B JaibHefilleM. Tak KaK MOPAAOK cjaeAyiowux 4 napmﬁ MOX-
HO MeHATb 24 cmoco6aMH, To Bcero noayuaem 48 BoamoxuocTelr. Jlas
nepsofi MapTHH MOXHO BhIGpaTh MrpoKos 15 cmocoGamu (uHca0 CHoco-
60B pas6uTh 5 YeJOoBeK Ha 2 mapel M 3amacHoro irpoka). Kaxnabit us
8THX CMoco6oB omnpefesseT 48 BO3MOXHOCTeH X04a MaTya B HalbHed-
meM, a Bcero 720 BosMOXuocTell, Ecan He Y4MTHBATh nopsaka nap-
TH#, ocTaeTcs 6 BO3MOXHOCTEH.

360. UYncao 3aMKHYTHIX JIOMalblX PaBHO (C2n) (em. ctp. 147).

361. Kaxpas nomaHass 3ajgaercss KOOPAHHATAMH CBOMX BepLIMH.
DTH KOOPAHNATH 06Pa3yIOT KOHEYHYI0 MOCIedOBaTeJNbHOCTb BHAA

(ay, ;). (ay. by), (az b3), (@z. by), ..0s (ap 8))
HIH
(ay, by), (an b)), (az b2), (as b)), ..., (2 by).

ODTH  nmoCaeNOBATENbHOCTH OMpeAedsioTCA  3aiaHleM  MePecTaHOBOK
(@, .... az) u (b, ..., by) u yKazaHueM, KakKoMy U3 ABYX BHIOB
NPHHAAJIENKHT NOCJHEeZOBaTeNbHOCTh, Tak Kak HuK/AHYECKas MnepecTaHoB-

(n1)?
on °

Ka KOOpAHHAT He MelsdeT JIOMAHOH, TO YHCIO JOMAHBIX paBHO

362, Paso6beM morpeMylIKu Ha KJacchl, OTHeCS K m-MY KJaaccy mo-
IDeMYIUKH, A5 KOTOPbIX HauMellbllee YHC/IO CUHHX LIADHKOB MeEX1Y
OBYMa KpaciieiMy paBHo m. [Ipu '‘n=0 umeeM 4 Buga mnorpemyulex
(TpeTuit Kpacnblfi IapHK NMPHMBIKaeT K ABYM ADYTHM HJIH OTZeNeH OT
HHX ONHHM, ABYMS WJH TpeMsl CHHMMu wiapuxami). [Ipu m=1 umeem
ABa KpacHbIX Illapuka, pasfeieHHHx cuuuM, Tperufti KpacHblif Wapuk
MOXET OTAEeAsATbCA OT OsmxKaillero Kpaclioro OgHHM, ABYMs WIH TpeMms
cuHuMHu Wapukamu. [Toatomy mpu m=1 ecTp 3 Buga norpemyilek. [Tpu
m=2 HMeeM TOJbKO OJHMH BHJA MNorpeMyitiek. Bcero — 8 BugoB.

363. ITycTe kTo-TO 13 cOGpaBIIMXCS — Ha30BeM ero X — uMeer m
3HAKOMBIX 1, ..., Gm. [10 YCJIOBHIO HHKAKNe [OBa YeJOBeKa M3 uHCia
Qi ..., G OPYr C APYroM He 311aKOMH (MOCKOJBbKY OHH 3HAKOMH C
X). TMosrtomy ans a06blIXx ABYX YeJOBEK Q;, @; AOKEH HaATHCh elie
ONMH OOLIME 3HAKOMBI, KpoMe X. ITOT uesOBeK He MOXeTr GbITb 3Ha-
koM ¢ X, a pasHbIM mapaM COOTBETCTBYIOT pasHHe JIOAH (ecau Gbl
KTO- Huﬁynb Obli1 OGLIMM 3HAKOMBIM AJS JABYX Da3IHYHBIX map (ai, a;)
" (dp, @), To OH umen 6ul ¢ X mo KpafiHell Mepe Tpex OOLIMX 3HAKO-
Mbix). TakuM o6pa3oM, uucao Beex Jiofefl, He 3HaKOMbIX ¢ X, He MeHb-
e, yeMm !mcno Bcex Nap Jwoje# u3 uucaa ar, ..., dm, TO €CTb He

Melibllle, YyeM C
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C apyrofi cTOpoHBl, KaXAuf deJl0BeK, He 3HAKOMBIF ¢ X, uMeer
€ UM POBHO ABYX OOLIMX 3HAKOMBIX, Pa3yMeercs, M3 HICAd dy, ..
...y Gm. [Ipu 3TOM pasHbIM JIOASM COOTBETCTBYIOT pasHble Mapbl (ecau
6ol omlla mapa (ai, @;) COOTBETCTBOBAJa ABYM DAasHbIM JIOAAM, TO &g
B a; uMeau 6w GoJbllle ABYX OGLIMX 3HAKOMBIX, MOCKOJLKY OHH SHa-
KoMbl # ¢ X). Otrciona BhITeKaeT, YTO YHMCJO Jiofell, He 3HAKOMBIX C X,
2 2 __ m(m—1)

*» a notouy pasuo Cp, = ———=. Ho torza

m(n—1)
9

H He Gosblle, yem C

ofllee uYHCaIO N MpHCYTCTBYlowux pasio 1-4-m- + Pac-

cMaTtpuBas paaeucmon=1~{r-m-i——’l-(—m—2—i K3K KBajpaTHOe ypas
BHEHHE OTHOCHTEJBHO f1l, MBI BUAHM, UTO OHO HMeeT TOJIBKO OJHH MOJO«
JKHTeJbHbLIH KOpeHb, @ 3TO M O3HauaeT, YTo AJAA Bcex JI0Jell 4HCIO m
HX 3HAKOMBIX OZHO M TO Xe.

364. ITpoBepra nOKa3wBaeT, YTO MNEpeCTallOBKA ABYX DAAOM CTOS~
wux O6ykB A u B He u3MeHsleT Npou3Befenus: (ZOCTATOYHO paccMo-
Tpeth KomGuHauuu AABA, BABB u AABB). [10o3TOMy MOXHO CHH-
TaTh, YTO CHauaja MAYT Bce 6ykBu A, a norom — Bce 6yksnl B. Ho
TOrAa yTBEpXKAEHHE CTAHOBHTCA OUYEBHAHBIM. .

365. Ha xaxaoli BepTHKanum M KaXXZO# TOPH30HTAMH CTOMT OAHA
aagpsi. [TosToMy Kaxpmoe u3 uucen g, b, c, d, e, f, g, h, paBuo xak u
Kaxgoe u3 uucen 1, 2, 3, 4, 5, 6, 7, 8, BofilleT B npousBeieHHe POBHO
onuH pas. ITostomy npoussenenue 8labcdefgh.

366. ITycty co6panuck 5 uneHoB oprkomurtera. [lo ycnosuro 3a-
Jaud Y HHUX. HeT KJloya N[O KpaiiHefi Mepe K OJHOMY 3aMKy, NpuueM
KJI0Y K 9TOMY 3aMKy HMeeTCs Y KaXJAOrO H3 OCTAJbHBIX IIECTH YJje-
noB, [TocKOMBKY 3TO MPOUCXOAHMT mpH JI0Go# KOMOGHHALMH 5 uy/neloB, TO
oflllee YHCIO 3aMKOB paBHO Cfl=462. Tak Kak K KaXZAOMY 3aMKy
HMeeTcst llecThb Kuouel, To obllee yucao KJoueli paBHO 462 -6=2772,
a KaXABlt wieH OPrKoMuTera Hmeer 2772 :11=252 kmoua.

Ecian 60 4HCAO YJEHOB OPTKOMHTETa DaBHAJIOCH 7, a YHCJIO 4Je-
HOB, HeOGXOAHMOEe H AOCTATOYHOE AJA TOTO, YTOGHl OTKPHTH cefih, Ghl«

JIO m, TO YHCJIO 3aMKOB 6blI0 Gol Cf"l, a YHCJIO KJwouefi Yy Kaxiaoro
n—m--1 cm-1

n L

367. BoisacHuM cHauaja, KakosBa uzauboJsbllass AJMHA Uenmu Takoil,
YTOo mMocJe PacKOBBIBAHHS £ 3BeHbeB MOXHO MOJYYHTh JIOGOH Bec OT
1 mo n. PaccmoTpuM aasi 3TOro, KakoBo HauGoJjee BHITOAHOE Dacmoso-
JeHHe DPAacKOBAaHHEIX 3BeHbeB. Tax Kak YHCJIO DAacKOBAHHHIX 3BeHbEB
paBHO k, TO ¢ HX MOMOLUILIO MOXHO HOJYWHTb JiIoGoft Bec oT 1 m@o k.
Ho Bec 2+1 MBI yxe He cMOXxeM NMOJYYHTb, €C/IM Y HAc He GYyAer ewie
ogHoO# wacTH. §ICHO, 4TO BHITOJAHee BCero, UTOGHl 3TAa YacTb COCTOSIA U3
k+1 3BeHbeB, TOrZa MB CMOxKeM MNOIyuuThb Ji06Goil Bec oT 1 go 2k+1,
Lanee nam nosanobsitcst yactu BecoB 2(k+1), 4(k+1), ..., 28(k+1),
C ux nmoMolLIbI0O MOXHO GyZeT noayyutb Jwo6o#t Bec oT 1 jo

n=k+[k+1)+20k+D+4¢E+D)+ .0 F2F RS- =
=k E+1E—1)=21 41 —1.

Hrag, ecnmu 2tk <n< 28+ (k4+1), To MOXHO 0GOHTHCH R DacKOBHI-
BaHHAMH, HO Henb3s OGoiTHCh 2 — 1 packoBmiBaHusMH. B uacrHoCTH,
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nockosibky 23-3<L60<C24-4 — 1, To past uenu u3 60 3BenLeB wAKO pace
KozaTb 3 3Belia, NOJNYYUB KYcKH 4, 8, 16 u 29 2.

Ecnn nosb3oBaTbCsi ABYXYAILIEUHHIMH BeCaMH, TO K 2 pacKOBaHHHIM
3BeHbsIM HafO NMPHCOCAHHHTb KYCOK BecoM 2R+1 (Knams ero ua omny
YallKy BecoB, a OCTa/lbHLIE 3BelbS — Ha APYTYIO, Mbl MOXeM MOJYUHTb
Jo6olt Bec oT 21 10 2k, a Knags ero BMeCcTe ¢ APYrHMH 3BelbMH —
JoGoit Bec or 2k4+1 go 3k-+1). Crepyiouue KYCKH JOKHB HMETD BeC
3(2k+1), 9(2k+1), ..., 3*(2k+1). C ux MOMOWIELI MOXKIIO MOJYYHTH
moGoi Bec ot 1 no '

B (R 1) 43 QR 1) ... 3 Qb+ 1)]=
= lerpnsi—].

B vactnocry, ans uenu B 60 2 Hago pacKoBaTh ABA 3BeHa H NOJYHHTh
KYyCcKH BecoM 5, 15 u 38 2,

368. Ecin ¥ npu genenun Ha 7 jpaer ocratku 0, 1, 2. 3, 4, 5, 6,
To x2 gaeT cooTBeTcTBeHHO ocTaTku 0, 1, 4, 2, 2, 4, 1. [TosToMy x2-+y°
Jenutcs Ha 7 (a TeM Gosee Ha 49) Jmib B cjayyae, Koria X U y Oe-
aarca Ha 7. TlosTomy wncao map (¢ ydyeroM NOpsiAKa) paBHO

1000 \72
[E( )] =1422=20164. Ecin ne yuuTHBAaTb NOpPAAKA, NOJYYHM

7
C}, = 10153 napm.

369. Ecnn manHoe uncao paBHO 10a+b, To, CIOMKHB ero ¢ ‘HC/IOM,
3anucaHHBIM Temu ke LudpaMu B 06paTHOM NODsAAKe, MOJYYHM
11(a+b). Tak Kak 3To — NMOJNHHIA KBajpar, a 2<<a-+b <18, 10 a+b=
=11, [onyuaem 8 Bo3MoxHocTeil: 29, 38, 47, 56, 65, 74, 83, 92.

370, Tlepsple Tpu uUMODH YHCAA NPOH3BOMBHE, 4 MOCHEAHAA MpH-
HHMaeT OJHO W3 ABYX 3HaueHH (ompejiessieMblXx OCTATKOM. OT AeJeHnst
¢yMMbl nepBuix Tpex uwudp na 3J). [losTomy ecau Ha KaKoM-TO Me-
cTe 3ajaTh uudpy, To ocTajbHHe UHPPH MOMKHO BHGpaTh 62 2=72 cno-
cdGamjr. CrenoBartensilo, cyMma uugp nepBoro paspsiia paBHa 72 (1+
+243+44+5+6)=1512, a cymma Bcex uucen paBHa 1512415120+
#1561 200+1512000=1 679 832.

371. Ha nocnemneM MecTe MoxeT O6uTh omHa 3 uudp 0, 2, 4.
Ecmu 3amaHa ogHa u3 3THX uH(p, TO BTOpOe H TpeThe MeCTa MOKET
3aHuMaThp JMo6as M3 WlecTH Uudp, a nepBoe — mobast M3 NATH HUpp
1, 3, 3, 4, 5. Beero moayuaeMm 3-5-6:6=180 Bo3MOxHOCTe#l. 3HAUKT,
cyMMa uudp nepBoro paspsga paBHa (2+4)-180=1080. Touno Tak xe
HaxomMM, 4TOo cymmMa uudp BToporo paspsama pasna (1+2+43+44
+5)900=13 500, Tpernero — 135000, a uerBepTOro — 1620 000. Bcero
noayuaeM cymmy 1769 580.

372. YpapHenne x+y=~k umeeT R— 1 uLeJOUUCICHHBIX pellIEHHA,
yaosaeTBopsiolux ycaosuio 1< x, 1<<y. Flosromy HepaBencTso x|+
+1y< 1000 umeer

1009
4 3 (k—1)=1998000
" R=2
© pemenuit, Aas Kotopeix |x|==0 u |yl 0. Kpome Toro, oHo uMeeT
3996 peileHuil, A/ KOTOPHIX OJHO M3 AEH3BECTHHIX DABHO HYJIO H OAHO

pemenne Buga x=0, y=0. Beero 2 001 997 pewenui.
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373. Ecau po6aBHTb K BeplLIMHaM JI060r0 MHOTOYTOJBHHKA, He €O+
Aepxailero Touky A, 3Ty TOUKY, NOJNYYHM MHOTOYTOJBHHK, cOJepiKa-
wuit A;. TeM caMbIM YCTaHOBJEHO B3aMMHO ONHO3HAYHOE COOTBETCTBHE
MEX/y MHOXeCTBOM BC€X MHOTOYrOJbHHKOB, He cogepxawux A;,
YacTbI0 MHOXECTBA MHOTOYTOJBHHKOB, cofepxawux A;. [Ipu 3tom co-
OTBETCTBHH I1I€T MHOTOYTOJIbHHKOB, COOTBETCTBYIO-

UWEX TPEeYroJbHHKAM, OXHOM H3 BEpUIMH KOTO- « o o .
phx aBasercst A;. [109TOMY MHOFOYLOJBHHKOB, .
COZepIKaumx Touky A;, Godblie. e s 0O

374, 3a YeTHOE YHCIO XOJAOB KOHb MOXKCT ¢ ¢ o & o o @
nonacib Ha KIASTKH TOro e LBeTa, YTO U Ta, rie -
OH CTOMT Bhawane. Ham Gvaer ymoGHee mosep- ®* © ° @ ¢ o e
HYTL HOCKY Ha 45° u u306pa)KaTh JUIID KICTKH o o o o o o o
3TOr0 UBeTa, 3aMEHAA KaXAYI0 KJETKY ee LeHT-

o e O o o
poM. Toraa kJaeTKu, Ha KOTODHE KOHb MOXET
nomactb 3a 2 Xoja, u306pa3ATCA CXeMoll Ha T e o @
puc. 42. Uucio atux k/eTok pasHo 33. Kaxpas
U3 KJETOK sBJAETCA UEHTPOM Takoit Xe uryp, Puc. 42.

MOKasblBawueR, KyAa MOXeT MNOMmacTb KOHb 3a
caenywouue asa xoga. OObeauHss 3TH urypsl,
noiayyum ¢yrypy, usolpaxenHyio Ha puc. 43. Ona pacmajaercs Ha
KBagpat, codepxauwui 92=81 Touky H 4YeThlpe TpameluH, Kaxjaas u3

Pre. 43.

KOTOPHX CORePKHT No 7+5=12 rtouek. Beero monyuaem 81+4-12=
=129 rouex. .

IMocne 2n xouos moaydyuM ¢GUrypy, pacnafaollyrocs Ha KBagpat O
cTopoHOll 4n, KoTopmit comepxur (4n+1)? Touek M 4 TpanenuH, Ka-
XKAash U3 KOTODHX COAEDPKHT

Un—1)4@n—3 + ... + Qo 1)=3n2
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Touex. Beero monyuaeM : -
12n2 4 (4n -+ 1)2 =28n2 - 8n 1

Togex, Htak, 3a 2n, n>1, XomoB KOHb MOXeT NOMacTb Ha OAHY H3
28n%4-8n+1 KueTok.

375. Ecin B3ATb TpOfKM, comep)alllHe ONHH M TOT Ke 3JeMeHT,
CKaX<eM 4, TO OHH YAOBJETBOPAIOT NOCTABJIEHHOMY YCJOBHIO, MPHUEM HX

YHCJIO pPaBHO C%954=1907 481. TlokaxeM, yTO Hesnb3sl BHIGPATb GOJIb-
1lero uueaa TPOeK, MOMApHO uMeloWHXx ofwuft saeMeHt. [1peanosoxum,
uto MH Bei6pamu N > C¥954 TAKHX TPoeK H (@, b, ¢) —oOmHa H3 HuX.

Tax xak mo6as u3 N— 1 ocTaBuuxcs TPOeK HMeeT XOTs GH OAMH 06-
ufi 3JeMeHT ¢ BHIGpAHHON, TO MO KpafiHe#l Mepe AJs OJHOrQ H3- 3Je-

MeHTOB &, b, ¢, ckaXeM a, uahgercs 3 cozepKalliX ero Tpoex,

npudeM N-3—1 > 635808. He Gomee ueM 3906 Tpoek comepiar, KpoMe

a, onuH u3 aaeMentoB b, c. [TosToMy HafigeTcsa Tpofika Buaa (q, d, e),
rae d H e otnHuuH OT b W ¢. TouHo Tak Ke HalAyTcA TPOAKH Buia
(&, |, g) u }a, h, j), npuueM [ u g orTauunn ot b, ¢, d, e, a h, j—
or b, c d, e[ g

Jlio6as u3 3agangeix N Tpoek uMeeT XOTs1 Obl Ofuu O6WIui e-
MEeHT ¢ KaXpao#t M3 ueThipex Tpoek (a, b, ¢), (a, d, e), (a, |, &), (a,
h, j). SlcHO, 4TO OAHUM H3 ITHX OOIIHX 3JEMEHTOB AOJKEH GHTb 3Jje-
MeIT @, TaK Kak HHaue TpolKa cojepKaja Obl uYeTbIpe PasJMYHEIX 3Jje-
MeHTa, YTO HeBO3MOXKHO. MTak, Bce TpOHKH cOJepXKAaT 3JeMeHT a, a

NOTOMY HX YHCIO He npeBhimaer Ciys; BONMDEKH NPELNOJONKEHHIO.

376. Taunasi noclefoBaTeNbHOCTb comepxur 9+42-.90+3-900+ ...
o +8.900000004+9 uudp, [TomcuntaeM uucno Hysneli B mociaefOBa-
TensHocT 1, 2, ., ., 10% 3anumeM Bce uucaa or 1 no 10°—1 B Buae
JAeBATH3HAUHBIX 4YHCeJ, JOGABHB BNepeiH HYXHOe YHC/IO HyJefl (Hanpu-
mep, 000000 003), a uucao 10° samenum Ha 000 000000. B pesyasrate
noayuum 9. 10° undp, npuueM Kaxzas nudpa BXOAUT CTONBKO Xe pas,
ckoabko u Jsobas Apyras. [Mostomy umeem 9-10% uynelr, Ho cpenu
9THX HYJecll wacTt sBasieTcs po6GaBieHHoft Hamu: 8.9 Hynelt Ans ojHo-
3HAYHBIX uuces, 7+90 AAA ABy3HayHBIX M T. A. ECaM ux oTGpOCHTS,
octaercss 9-10—8:9—7:90—.,.—9-10? uyneit. Jlerko BHAeTh, UTO
Ta cymMMa pasuna 2-9+42:90+...+8:9-107, 10 ecTb uucay uugp
nepBoit Moc/NeAOBATENbHOCTH. :

377, Ecnn cyMMa mepBmx JABYx Nudp paBHa kR To mpn & <9
uMeeM (B+1)? yucen ¢ ykasaHHHIM cBofcTBOM, a npu R>9 (19— k)2
Takux yuces. Bcero noayuaem

2124 ... +92) 4102 =670 uncen.

378, OG03HaYHM MHOXECTBO NPeAMETOB, 10 KOTODHBIM YYEHHK &
yuuTcs Ha 5, uepes A,. Bce Takue MHOXeCTBa COCTOAT He Gojee yeM
H3 2n 3]eMEeHTOB, MpUuYeM MO YCJAOBHIO 3afayd HH OJHO M3 HHX He siB-
JsieTcst yacTbio Apyroro. PasoGbeM 3TH MHOXeCTBa Ha KJAacCH, OTHeCs
K R-My KAacCy MHOXeCTBa, cOCTosiluse u3 R aneMeHTOR. [lycTe Ham-
Meliblllee YHCJO 3JEMEHTOB B MHOXeCTBax Halllefi cosokynnocTu r. [lo-
KaxeM, 4To ecau r<n, TO MOXHO SaMEHHTb AAHHYI0 COBOKYMHOCTb
MHOXeCTB APYroH, TaK, YTOGh
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a) HH OJHO MHOXeCTBO HOBON COBOKYNHOCTH He GHIJIO MacThbIO APy«
roro;

6) 4HCN0 MHOXECTB B HOBOH COBOKYNHOCTH GbIIO Gosbllle, ueM B
nepBOHAYAJbHOH;

B) HauMeHblllee YHCJIO 3JIEMEHTOB B MHOXECTBAX HOBOH COBOKYM-
HOCTH paBHO r+1.

Ias 3aToro BO3bMeM BCe MHOXECTBA, COCTOSLIME U3 I 3JEMEHTOB,

U MPHCOEJMHHM K KaXJAOMY H3 HHX BCEBO3MOXHLIMH cnmoco6aMu Mo OA-
HOMY He NpHHajanexaulemy um 3jeMeHTy. OcTajbHble Xe MHOXeCTBA
Halleli COBOKYMHOCTH OCTaBHUM HeU3MEHHBIMH. $lcllo, YTO mnoche 3Tof
-‘onepaluu Mbl NOJYYUM COBOKYNHOCTb, B KOTOPOH HaiMehbllee HYHCI0
5/eMeHTOB MHOXecTB paBHO r+1. [Ipu aTOM HH OZIIO MHOXeCTBO HO-
BOH COBOKYMIIOCTH HEe SBJSIETCS 4AacTbIO APYroro — eClu Gbl MHOXECTBO
B conepxano HoBoe MHOXecTBO A’, TO OHO cozmep)ano 6ul H TG MHO-
XectBo A r-ro- Knacca, H3 KOTOporo A’ mMoJyuuJoch NpPHCOEAHHENHEM
OJHOTQ 3JIEMEHTa, a 3TO MPOTHBOPEYUT ycjaoBuio. OTMeTHM, KpoMe TOTO,
YTO HH OZHO U3 HOBHIX MHOXECTB Ile COBmajaeT ¢ NMepBOHAYaJbHO 3a-
JaHIBIMH MHOXecTBaMu. Hampumep, nmycTb HOBOe MHOXECTBO NOAYYH-
JIOChb NyTeM NPHCOeAHHeHHS K MHOXecTBY A 3jeMeHTa ¥. Ecau 6ml ono
COBMaJio ¢ MEPBOHAYaJbHO 3aJaHHBIM MHOXeCTBOM B, TO 3TO 3HAUM10
Gbl, 4TO B conepxuT A BOMpEKH YCIOBUIO.

Ham ocTajioch mokasaTh, YTO YHMCJO HOBBIX MHOXKECTB GoJblle, YeM
YHCJO MepBOHAYaJbHHIX. [lisi 3TOro 3aMeTHM, YTO M3 KaXKAOro MHOMKe+
ctBa A r-ro Knacca ecTb 2n—r He NpHHAAJEXalHX eMY 3JEMEHTOB,
2 MOTOMY M3 Hero moJydaercsi 2n — r HOBbIX MHOXKecTB. Ho HekoTopbie
H3 3THX MHOXECTB COBMAjaloT ApYr ¢ Apyrom -(HampHMeD, H3 MHO-
xkectB (@, b) u (b, ¢) MOXHO MOJYYHTb NyTeM NPHCOEAHMHEHHS OLHOrO
3JIeMeHTa OAHO H TO Xe MHOxecTBo (@, b, ¢)). Ho nanmoe MHOXecTBO
u3 r+1 snemeHToB JHUL (r+1)-M cnoco6om MoxeT 6biTb MOMYYEHO 13
MHOXECTB, COAEpXKallUX r 3JeMeHTOB. [103TOMY eC/H UHCJO MHOMKECTB
r-ro Kjacca paBHAJOCH M W M3 HHX MOJYYMJOCH p Pa3dHYHBIX HOBBIX
MHOXecTB, To m(2n—r)<<p(r+1). [lockonbky mpu r<n HMeeM
2n —r>r+1, To oTCIOAa BBITEKaeT, YTO M< P, TO €CTh YTO YHCJIO MHO<
JKECTB YBEJUYHIOCH.

[ToBTOpsifn onmucaHHEI mnpHeM, Mbl MOXKeM 3aMeHHTb Bce MHOXe-
CTBa, COAepIKall(ie MEHblLie 4YeM 71 3JEeMeHTOB, MHOXECTBAaMH H3 71 3je«
MEHTOB, COXPAlHB YCJIOBHE a) H MOJAYYMB GoJibllie MHOXeCTB, 4eM Iep-
BOHayaJbHO. TakHM 3xe 06pa3oM MOXKHO 3aMeHHTb BCe MHOKECTBa, CO-
JepxKalllie Gosiee 7 3JEMEHTOB (OHH MOC/NEAOBaTEJbHO 3aMEHSIOTCS
MHOKECTBaMH, MOJYyYaeMbIMM OTGpachiBaHHeM OZHOro 3JjeMeHTa). B pe-
3yJbTaTe MBI MOJYYHM COBOKYMHOCTb MHOXKECTB, COCTOSIUHX M3 71 3Jje-
MEHTOB M COLepKalLlylo 6ojblle MHOMKECTB, YeM NepPBOHAYaJbHO 3ajaH-

Has. Ho u3 2n 51eMeHTOB MOXHO cocTaBuTh vullb CJ); MHOXeCTB no
N 3MEMEHTOB. 3HAUHT, YHCJO MHOXecTB 6bl10 ne Gombwe Cf,, MHBIMH

c0BaMy, B WKose Gbl1o He Gonee Cj, YUEHHKOB.

379. ByneM Ha3piBaThb NepBbie M 3,1eMEHTOB 3JeMENTaMH nepBoro
copTa, a BTOpBle # 3JEMEHTOB — 3JeMeHTaMH BToporo copTa. Pa3ofbem
Bce pasMeIlleHHs M3 m-+n 37eMeHTOB MO 7 Ha KJacchl, OTHecs K R-my
KJaccy pa3MelleHHs, B KOTOpPbleé BXOAHMT POBHO R 3/1€MEHTOB NEPBOro

copra. Toraa k-ii kKnacc cOmepXHT CfAan;'k pasMelllennit. B camom
k
Aene, Mbl MoxeM C, crnoco6amu BeiGpaThb MecTa, Ha KOTOPBIX CTOAT

315



9JIEMEHThl MepBOro copTa, MOCJE Yero Afn croco6aMyu 3amoJIHHTL 3TH

MecTa 3JeMeHTaMHu MepBOro copTa, H A;'k croco6amyu 3anmoJIHHTL OC-

TaBUIMecs r — R MecT 3JieMEHTaMH BTOpOro copTa. _
Takum o6pasom, yHcIO pa3MmellteHufi U3 m-+Nn 3JIEMEHTOB MO r paB-
r r

HoO 20 CPAR A% ymu, B npunsthix 0603H'aqe‘nnﬁx,--kzv(~) CEM N
he= =

Ho 310 He uTO MHOe, KaK pe3yJbTaT PacKPHITHS CKOGOK B BbIPaXKEHHH
(M+N)" u nocnenywoluieli 3aMeHbl NOKasaTeeli HHIEKCAMH.

OTMeTHM, 4TO YHCJO pa3MElieHHH R-r0 Kjiacca MOXKHO COCYHTATh
I Tak: Mbl BbIGMpaeM Xk 37eMeHTOB NEPBOro copTa, r — R 3JeMeHTOB
BTOPOrO COPTa M BCEBO3MOXHBIMH CNOCOGAMHM NEDECTaBJAEM 3TH 3Je-
MeHTH. 3To MoXHO ocymecTsuts P (k, r— k) AR ATk — CEAR g7k
cnocoGamy. _ )

380. [MokasaTenb crenmeHH 8 MOXeT GBHITh C/AEAYIOUMMH crnoco6aMH
COCTaB/leH M3 MOKasatesieRl 2 u 3: 8=2+424-242=2+43+43. 310 03Ha-
yaer, yTo €ciu 0603HAUHTL x2 yepes Y, a X uyepe3d 2, TO HCKOMBIl KO-
sQOUIHEHT paBeH cyMMe KO3(GHIHEHTOB npH y* M Y22 B Pas/OKeHHH
(14+y —2)° IMo ¢opmyne BO3BeAEHHs MHOrOY/NeHa B CTeNeHb 3TOT KO-
s¢pdunuent pasen P(2, 2, 2, 2, )+P(3, 3, 2, 1)=378. :

381. Mbl umeem

A48 4 .o (0= 0" — 140"

X

TosTomy Kosuument npu x™ pasen C™H —CP*Y, ectn m<k, u

CcmHl, ecan m> k.

382, Mbl uMeem 17=7+545, a 18 He pa3baBaeTcs Ha CYMMY mo-
JIOXKHTENbHBIX cJaragMbix, KpaTHhix 5 u 7. [Tosromy x!7 Bxoaut ¢ Ko-

apunyesTOM C;QC"I’9=3420. a x'8— ¢ K03(pOUIHEHTOM HYJIb.

383. Mbi umeem 17=2+42+42+42+2+4242+4+3=2+2+2+424+3+3+
+3=243434+3+343, INosTomy B pasnoxenun (l-4-x2— x%)1000 yrey
¢ x17 uMeeT KO3 unUEHT :

7 ol 4 3 1 5
— C1000C993 — C1o00C095 — C1000C 300
a B paanoxennn (1 — x24x%)1900 — gosppuusent
' 7l 4 3 1 5
— CloooCo93 -+ C1000C 005 — C1000C 305

$lcHo, uto BTOpo#i Ko3dduuuenT Gosblie.
384. Ham nawo, uto

A4 x4+ 1) =ag-+arx + apx? -+ ... + aypx?™ (*)
1
TokaxkeM cHauala, 9TO @y=qn—s. I8 3TOr0 MOJONKHM X = v H YM-
HOXHM o06e 4YacTH paBeHcTBA Ha y2". Mml nonyuuM, yTO _
Pty =ay? a4 ... 4 as (s+)
CpasuuBas pasnoxenus (*) @ (**), mojyuaeM, 9TO dp=dzn—p.
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3aMenuM Tenepb X Ha —x. Mbl monyyuM. yro -
(I —x-+x)=ay—a;x 1 ax2 — ... -+ ayx" (+2+)
[Mepemuoxas pasnox(emm (*) u (***), BuiBOOMM, YTO

(14 224 x4)r= E (—1)* (apar — ayan_ -~ ... - apag) x% (vxer)

k=0

Slciio, 4TO pasJioKeHue JIEBOfi YacTH PaBEHCTBA CONEPAKHUT JHIIL WIEHbI
C YeTHHMM CTemelaMH X, a NOTOMy Ko3dduuumeHT npu x2*~1 paBen
Hymo, Ho B npaBo#i uacTu Kosdpduumenrom npu x27-! gpasercs

—(@g@3p1 — @183n—2-F Qalgp—3— ..o — Agp_18) =
=— (@e@; — @ 1@y A58 — ... — A3 18s).
Tem caMBIM JOKa3aHO pPaBeHCTBO a).

3aMeTHM Tenepb, YTO paanomelme (****) MOXHO TpEACTaBHTb MO
tdopmyne (*) B Buze

(1+x2+x4)”=ao+a,x2+a2x4 o+ agpxtt

Orciona cnepyer, uto Kod¢pullueHT npu x2" B STOM DA3NOXKEHHH pa-
BeH an. C Apyroii cropousl, no ¢opmyne (****) om paBen

Qyapp — Ay -t @olzp_y— ... +a2,,a° =
=20, — 24} + 245 — ... +(—1)*dl.

Otcioga HenmocpeJCTBEHHO BBHITEKAeT PaBeHCTBO 6).
Flepennmem papeHcTBO (*) B BHIe

(A —x3)"= (1 —x)* (ag}+ a;x -+ ayx2 -} ... + agpx?).
OTCIOAa BBITEKaeT, YTo
1—ClB L — . (=)™ =
=(1—-Clx+CAP— ... + (D" Cix")X
Y@+ ax -+ agx? - ... 4 ayati)

Ecnu r He pgenuTes Ha 3, To KO3(QMIHEHT npH X" B JeBON YacTH pa-
BeH HyJio, B mnpaBofi e uactu koadduuneHT npu x” pabeH

a,— Cnar—l + Cnar—2 .+ (“‘1) c %o

3HayuT, a-ro mpameﬂue paBHO HYJIIO, ec/li r He JelHTCS Ha 3, u paB-
HO (—1) C,,, ecmt r=3k TeM caMbiM HOKa3daHO cOOTHOLIEHHe B).
- Moaaras B pasaoxenuu (*) x==1, noayyaem, uTo

ata+a+ ... fay=3%
Moaaras x=1 B pasgoxenuu (**), nonyuyaey, uro
O_al+a2'— e +a2,,=1.
CkiajpiBasi H BbIMHTas 3TH PABEHCTBA, NPUXOAHM K COOTHOILEHMAM T).
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385. Wmeem C) umenos Buna %, 2C% —Buna x2xk, IET N
C — BHIA XX ;Xp, I ], ik, j#k, a Beero Cl --1—2C2 +C3 YJI¢HOB.
386. Mbt 1MeeM
(" —1)2

A4x+ ... +x"“) _—m=(x”_1)2(x_l)_2=
=x2—2xr 1) (1 4 2x-F3x2-F ... -Fmxm=1 L, ).

[TosToMy koadduuvent npu x* pasen k+1, ecmn 0<<hASn—1, u
2n—k—1, ecnn n<<KR<C2n — 2. OTBeT MOXKHO 3amHCaTh CJIEAYIOLWHM
o6pasoM: n —|ln—k— 1},

387. Tak kak C7*} =n—+1C', Ch=— C , TO JIeBYIO 4acThb
n+1 ,-__|_1 n n— l

paBeHCTBA MOXKHO 3aflHCaTb B BHIE
n{n-1 nn—r)

Atz S [ =

(22_ (n"l)n)(cr—l)2— n(h—r)

e AETD

388. Unciio - pasMellleHHiI ¢ NMOBTOPEHHSIMH H3 7l 3JIeMEHTOB no 3
paBHo n%, Pa3o6beM 3TH pa3MellleHMsl Ha KJacchl, OTHecs K k-My Kuaac-
Cy pasMellleHHs, COAepiKalllie POBHO K pa3/MYHLIX THIOB 3JCMEHTOB.

2
Uucno pasMelienuii nepBoro kaacca pasio C,, BTOporo —6C%,
(uMeeTcs n cnocoGoB BEIGOpa 3JeMEHTa, BXOJfLIEro ABa pa3a B pas-
MellleHHe, 71— ] CNOCOGOR — OJI 3JeMeHTa, BXOAAILEro OJMII pa3, H
nocje 3TOro — TPH nepec-rauomm a-mx anemeu‘roa) a lmc.no paameme-
HUfl TpeThbero KJjacca paBHoA —6C Beero nmeem C! +6C -1—6C3
pasMewtenuii, OTcioga BBITeKaeT MepBOE COOTIIOLIEHHeE. Ll-r06b1 JOKa3aTh
BTOPOe COOTHOLIEHHe, aHAJOTHYHBIM O06PA3OM pa3GHBaeM Ha KJacchl
pasMellleHHsl ¢ NOBTODEHHSAMH, colepXKallxe XOTs Obl OOMH 3JeMeHT
¢ukcnposansoro Tuna, Mul moayuaeM, yTo

(n++1)*—n*=146CL-+6C2,

OTKYZA@ H cJefyeT JeKa3biBaeMOe COOTHOLIeHHE.
389. loka3biBaeTcsi TOUIO TaK e, Kak yTBepxkaeHHe 388, Ho pac-
CMaTpHBAalOTCA Da3MellleHusl ¢ MOBTOPEHHSIMH H3 3JEMENTOB 7 THIOB MO
4 3neMeHTa B KaX[OM.
390. PaccMoTpuM paBeHCTBO

.

Y3\ 2 ., . 2n\" 2n . . 2nn
(——+z =(cos—3—+zsm—3—) = cos —3—+zsm—3—.
fTo popmyne 6unoma HeloTona nMeeM

14— VU= VI (= iV ) =
= 1—scfoch— ... —1¥B[Ch—8C3 4 ..])

anpaBHHBaﬁ NeAcTBUTENbHBE U MHHMMBIE YacTH B 06eHX yacTax noJy-
YeHHOIr'0 DaBeHCTBa, MOJy4vaeM J0Ka3piBaeMble COOTHOULIEHH S,
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391. PaccMoTpHM TOXIECTBO
A4+ x)"=C0FClxt-Cl+Cx3F ... J-Clx"

2n . . 2n
¥ MOJIOXKHM B HeM NOc/eloBaTeNbHo x=1, &, &2, raee=Ccos -§—+z sin—3~ s

u notomy e2+¢&+1=0, [Tonyyaem
2=Co+C+Cot ... +Ch
(1+a)"=C0+Cla+C2a2+ es - Clem,
(14-62)" = CO - CLe? - C2e -t ... - Clen,

Ho 1+4ek+4e2k=0, eciu k He peantcs Ha 3, u l1+ek4e2% =3, ecsin &
neautca Ha 3. CreloBaTeNbHO,

2"+ (1) (143" =3(C) + C5+CS+ ...).

Tak kak

. n 2nn\ _ "o T

l4+e=—c¢ ——(cos———+zsi —3— ) =¢0s 3 4 isinz,
2 == COS - — iSin =

1-}¢ e=Cos isin =z,

TO
27 (1 &) 4 (1 &2 = 212 cos SF
Orciona u cieiyer, uro

O C4Co ... =—( +2cos—’—13£)

JlBa .Apyrve paBeHcTBa MNOJYualOTcA aHAJOIHYIIO TNPEABIAYILEMY MpH
PacCMOTDPEHHH CYMM

2 te(l4-e)t4e2(1-4¢2)? 2%} &2 (1-4¢e)* e (142

PaBeHCTBO r) BBIBOAMTCH AHATOTHYIILIM O6Pa30M M3 DACCMOTPEHHS BhI-
paxeuus (140"
392. Mpr umeeM

(2

2
(40" (1—x"=2 3 CPi*
k=0

KoahduumneHTs! 3TOr0 MHOrou/NeHa NOJNOXKNTE1bHbL. [103TOMY HauGoablree
8Hayeliie MHOrowjern NMpuHHMaer mpH x=1. JTo 3Hauenne paBHO 27,
393. Ml nmeeM

i:n!(m—x)! _ 1 icm-"=cz;f+l= m+1
dml(n—x)t  Cp - mox cn m—n-+1
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c cicr, _ n!Ch i (xFr1@r—x—r) _
2 C -

&t T Qo) & x1(n— x)!
_ (nl)? —r D2 ngr 201
©@n)! d x+r n—x r= (2n)! 2n+1 'n_+ 1
X= _

394. CymMa B JeBOHM 4acTH paBeHCTBa CBOJHMTCA K

E Cm+k 1= Z+n—1‘

ToMy xe 3HaueHHIO paBHa CyMMa, CTOslllag B NIPaBOf YacTH.
395. Hmeem

q CEl (=1 < x@—x—D! _
»

(2n—1)

- Ci s o (n—x)!

=1
a2
cr
(2n—1)cg,,_l 2{ 2 2n-x =
2nc2" 1 C” 1 _ 2
\ T en—pcr T ol T
396. Hmeem .
2" CiZl  (—D! 2'3: x(rtqg—x!
- C‘,f+q n-+ ! - (n— x)!
_ (g +)(r—1)g!
o 3 i
X=1
n
— 1t N
~ = (n")+‘—(3')+'1' al EICZ-H)I: x+1 =
X=
D(n—11q! ~po1 (n=1!(g-+D!
R e T e (e T

_ndg4l ndqg41_ ntq+1
g+l 7+2 ~ @FhHE@+d’

397. Vimeem
2": Ci5  (n—9! Ex(x—l)(n+q—x)!
- Cﬁw (n-+g)! (n—x)!
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llanee. HCNOAb3Y A TOXKIEeCTBO
x(x—)=@+qg—x4+)(+qg—x+2)-
+@ntqg+)ntg—2(n-+g—x-+1)

nosiyyaeM, 4TO Halla cyMMa paBHa

21
(n+q;! [(q+2)!2 n+q —x2

—2(n+q+1>(q+1>'), e ent

x=l

+(n+q)(n+qJ—l)q!26n+q x]

x=1

—2)1q!
= (’(ln+‘)ll);l [(q+1)(q+2) Cn+q+2
—2(4+q+ D)@+ CI7L 0+ () (- g+ 1) CE7L

MoncraBasa 3HayeHHs C,,+q+2‘ cr-l Tg+r C2+q H mpeo6pasys, mo-
ayuaem TpeGyeMmyio dopmyay.
398. Mu 3naem, uro C%~1 = Ck. Tak kak

(1+x) =14Clx ... FClEL . C, (=)
TO OTCciona cjaenyert. uTto

A(l4x)* " =CLq ... FRCELR L nClAPTT (54)
(uuTaTesb, 3HaKOMbIA c AH(GepeHNHANIBHEIM HCUHCJIEHHEM, MOXKeT IO-
JNYYUTD :->'ry ¢opmyny, nowieHHO npoaubdepeHIHpOBaB ofe uacTH pa-

BercTBa (*)).
MepeMuoxuM pasgoxenus (*) u (**). Mbl nosayuaem, uTo

n(4 0" T=14Clx+ ... +Co")(CL+ ... +nChsx1).

CpaBuuB KosdduuuenTs npy x"~! B o6eux 4acTAX DpaBencTBa, MPHXO-
IHM K JOKa3biBaeMOMY COOTHOLIEHHIO.
399, PaccMOTpHM Bce N COYETAHHA ¢ MOBTOPEHHAMH 13 3JIeMEHTOB

n tunos. Ux yncno pasro Cj,_;. Pa3ofbeM 5TH COUETaHHA Ha KJaccH,
OTHecsi K k-MY Kjaccy cOYETaHHus, B KOTOpbie BXOLAT S/IEMEHTH POBHO
k panqublx thnos. B k-t kaacc Bxomar CEC=F coueramnit (i

BoIGHpaeM C,, €noco6aMy k THNOB 3/1E€MEHTOB, BXOAALIHX B CcOYeTaHHA
:->'roro Kjacca, a M3 3JeMeHTOB JAHHBIX R THNOB MOXHO COCTaBUTh
C" Z1 n-coueTaHMfi C MOBTOPEHUAMH, B KOTOpble BXOJAT 3J€MeNTH BceX

k tunos). Takum o6paszom, umeenm Cj, ;= Z CﬁC;,':l
k=1
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Bupaxas uicia Cf,_;, C¥ CP~% uepes aktopuansi, mnpuxo:
MM K JIOKa3biIBaeMOMY COOTHOLIEHHIO.
400, Joxa3biBaeMoe PaBeHCTBO MOXKHO 3amHMcaTh TakK:

c ., —Ccr2_cicrt . =Cl,

n4r- n~ntr— a+r=5""

Jina pokasaTeiibcTBa BO3bMeM BCE€ 7-COUETAHHMA ¢ NMOBTOPEHHSAIMH M3
3JIEMEHTOB 1 THNOB H HaiueM IBYMSi Ccnoco6aMHM 4YMCJIO BCeX TaKHX
COYeTaHU#H, COCTOALUMX JIHIIb M3 SJieMelTOB PasJIMYHBIX COPTOB. C on-

HOA CTOPOHBI, 3TO YHCJIO DPaBHO C;,. C npyroit cTOpOHBI, uYMCNO r-cO-

YeTaHHHi C MOBTODEHHAMM M3 3JeMelTOB 7 COPTOB, B KOTOPBIE MO
KpafiHel Mepe [BaKIbl BXOIAT 3JEMEHTbl JaHHHIX Kk COPTOB, paBHO

-2k 2
C;l+2;_2k_l- Tak kak 3TH k copToB MoxHo BmEpaTe C) crocoGamw,

TO, MpHMeHsAs (OPMYJY BKJIOYEHHH M HCKIIOYEHHH, NPHXOAHM K 10~
Ka3biBaeMOMY COOTHOIIEHHIO.

401. a) Monoxum S,=C! }-2C2 1 3C3 | ... +nC% B cuny
pasenctBa C¥ = C"~* ymeem S, =nCl+4(n—1)CL+ ... C27L,
CkJazapiBasi, moJayyaeM

25, =n[COHCh+ ... +-Co] =2,

u notoMy S,=27"n, 6) Takum e o06pa3oM YCTaHAaBJIMBAaeM, 4TO
Sa=(n+1)27"1, B) Sp=(n—2)27"1+1, r) Sp=(n+1)2" 1) S.=0.
e) Mebl umeem

S,,=4(C},—|—2Ci+ ses -|—nCZ)—
: —(C 4+Ct . 4 C)=2"T—2" 1.
%) Mnbl umeem C,’f:Cﬁ:}-{—Cﬁ_l. Hostomy .

S,,=C?,_l+C},_l—2(C},_l+Ci_l)+
+8(Cror+Chop)— -oo ()P IACE T =
=C0_, —C'_ +C_— ... +(=D"TCrl
Dra cymma pasHa | npu n=1 u 0 npu n>1. 3) JT1a cymMma pasHa
1 17 2%t
S, = m[% +C+ ..+ = T

_ 241 Ch+2

) Tak kak Cﬁ—— m)— ni2 TO 3Ta CyMMa DaBHa
-, -

Trer 8 ot
.

, .
Sn=m(Ci+2+2ci+2+ sen +(n+1)C¢li% =

1
=TTy [Crot2Ciat o +e+2 ) —
—(Chsat oo +CRED]
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TIpuMenss pesy/bTaThi 3agay a) M 6), moayuaem, uTo
- 1 27ty 11

Sp= - 12"+ ) — 2 | =,
= EENGFD 2 0= = ey

K) [lepenumem cymmy B Buze
‘ 1 1 2 . 1 1
So= 77 [Cha—Cant - + VG =2

TaK Kak BhIpaXKeHne B KBaJPATHHIX CKOGKax paBHO I.

a) Ecan n uewernno, 10 S, =0, a ecaum n=2k duetHo, TO S,=
=(—1)k Cgk. i noKasaTeabcTBa HAAO MNePeMITONXHTE pasJoxe-
uua (14+x)" u (1—x)*, nocne uvero HaiTH KoadduumeHT mpu x™.

402, HauGoabuiuM Ko3(HLIMEHTOM B NEPBOM pAa3JiOXKeHUH §B-
aserca  Kospduument npu a%bdct (uam  a®bicd, a'b®®). Ou pasen
P(3, 3, 4)=4200. Bo BTOpOM pa3JiO:KeHHH HAMOOJBIIUM SABIAETCA KO-
spduunent P(4, 4, 3, 3) npu a*bicidt.

403. ITo dopMyne Grrnoma HbloTona nmeem

1 3 1
1§ AR e
-7 2 2/ 2
A—40) T=14 ), — (— 40" ()
n=1
[Tostomy koadduument Y, npu x* paBeH
1.3...(2n—1).27 (2n)!
Y= = = an.

nt T (nh)?
1 A |
HOna (1 —4x)? uveem no dQopmyne 6Gunoma HbioToHa pasio-

xeiue

(1—4x)%=1+i %(_17)(_%) (_%_’HLI) (— 4x)" =

n!
n=1
" Y
— n n
=1+ Y "
n=1
Ho
Y, c3, 2nf
T—2n-  2Zn—=1" " (@hrEn=1
__2 @ _ 2,
T nn—0NE = aeh
[Tostomy
, 1 ®
2 -
(1 — 4x) =1—22"T‘x”, (++)
n=1

rae nonoxeno Yp=1,
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404. a) IlepemuoxuM pasnogenus (+) M (++). Mbl noayumm, uto

o o
1= {14+ Yy | (1 —2 ) Lot o ) =

n=1 n=1

\ ) 1 L1
= 1+2 [Y,,—? (Y,,_,+§Y,,_2Y1+.,.+FY,,_,)] X",

n=1
Otciona cpa3y BhITeKaeT JOKa3biBaeMoe PaBelicTBO,
6) BosBepem pasnoxeHue (*) B KBanpar. Mb nonyunM, uTO
2

1—40" 1= 1+2Y,,xn =

n=1
=14V YY) x4 (Vo oV Y YY) a2 4 L.
v F YV o4 s FVRV) £

Tak kak
(1 —4x) P=14dxf 4224 .., F4004 ..,

TO cpasy Mo/IyYaeM [0Ka3biBaeMOe DaBEHCTBO.
B) BosBecTn B KBaapaT pa3noxeHHe (*¥).
405. Byznem 0603HauaTh yeTHBIE YHcJa 6ykBofi U, a HeueTHmle — Gyk-

Boit H. [lepBrie 4 snemenTta TpeTbefi cTpoky umeror 3amuce HUHY, ver-

Beproft — HHYH. natoit — HUYYY, wecrot — HHHY u cenpmot HUHY.

[Tocne storo uuka noBropsieTcs (mepBhie 4 37eMeHTa KaXAOR CTPOKH

OnpefesioTCs NepBLIMH YETBIPbMST 3JeMEHTaMH MNpeiblayllefl CTPOKH).

[TosToMy B kaxnoit cTtpoke OyAeT XoTsl .Obl OJHO UYETHOE YMCJO.

406. ITokaxeM, YTO KaXKAas CTPOKa TpeyroibHUKa fBJsieTCS apu(-
METHYeCKOl TNporpeccHei, MPHYEM CcyMMa DPaBHOYIA/eHHBIX OT KOHILOB
3JeMENTOB CTPOKH JnenuTcss Ha 1958. IlokaszaTenbcTBO npoBelseM ¢ Mo-
"MOILBI0 MHIAYKUHH N[O HOMepy cTpOKH. [lis nepBofl CTPOKM YTBEpH-
lenue ouyeBuaHO. [lycTh OHO noKasaHo aas f-ii cTpoxH. BoseMeM Tpu
cocelHux 3.aeMeHTa a, a+d, a+2d, n-ii ctpokd. B cTpoke n+1 uwm
COOTBCTCTBYIOT 3JeMeHTwl 2a-+d, 2a+-3d. pasuocTe KOTOpHIX paBHa 2d.
3uaunt, B CTpoKe n-+1 umeeM nporpeccuio ¢ pasHocTeio 2d. YroGhl
HafTH cyMMy paBHOYIaJennblX OT KOHIOB 3.1€MeHTOB 3TOH CTPOKH, JO-
CTaTouil0 HafiTH cYMMY MepBOro h moc.efHero dnementa. Ho ecan mep-
Bhle ABa 3/€MenTa n-#l CTPOKM DaBHB @ 4 b, a ee NOCJeXHHe OBa 3Je-
MenuTa PaBHBI ¢ I d, TO CyMMa NEPBOro I MNOCJHeNHEero 3JiCMeHTOB M-I
cTpoku paBHa (a-+b)+ (c+d)=2(a+d) u 10TOMYy NO mnpeanoJoxe-
HHI0 HMHAYKHHN HeauTess Ha 1958. 3nauut, ans mo6Of CTPOKH cymMma
nepBOro M MNOcNelHero 3JeMeHTOB neanTcss Ha 1958, a Torma sTum
CBOficTBOM 006JaaeT H CYMMa [BYX 37eMeHTOB MpeAnociejHeli cTpo-
KH, TO €CTb MOCJEIHHI 3;1eMeHT TalJHIlb.

407. a) JlokaxkeM paBeHCTBO ¢ IIOMOWIBIO HUAYKHUHN 10 n-m,
Tlyete nast Bcex B M s Takux, yTo R-+s<n-+m, 1OKa3ano paBencTBO
a). Torna nveeM

Upim=Upim—1+ Uptmeg=
. =Uy_ By Ul U i T Bl -y =
=1, @my o) + g (@ A+ i) = g B - UnBems oo (+)
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[Mockombky mpu im+n=1 paBenctBo (*) [ENOCPeACTBEIHO NpOBE-
psieTCsl, OHO CHpaBeAJHBO AJs JoOLIX M1 K 1.

6) TposeneM [0OKAa3aTeJbCTBO C MOMOIUBIO HHAYKHMH no R. [lpu
k=1 yrtBepxnenne TpuBuaiabHo, [lycTb Yyxe [0Ka3aHo, YTO Urpm He-
JIUTCS HA Un. [T paBenctBy (*) HMeeM

Upg1y m=Uemim = Urm —1Um -+ vrmblm i

H TOTOMY U ynm TAKKE AEJHTCS A Um, [10 MHAYKIHH BHIBOAMM,
YTO BCE Upp NENATCA HA Um.

B) IlycTb Un M Uny; DeanTea na k==l, Torda M upn—1=Unit—Un
nenunoch 6bi Ha k. [Ipononxkasi 3TO paccyXIeHHE, MBI MOAYYHJH Obl,
uTo ;=1 peqnTes ua B, a 5TO HEBO3MOXKHO,

408. Bynem o0603HauaTb HauGOJBLIMH OOGIUUH JeJHTeldb Yucen 4@
u b uepes (a,b), U3 paBeHCTBA Upin=Un—1lm+Unlmt) CIELYET, UTO
(Umgn, Un) 9ABASETCS [EJHUTENEM Up—iUm H, TOCKOJBKY Un H Un_g
B3aHMHO MNpOCTHI, AENHTeNeM Un. OGpaTHo, (Um,Un) sBAAETCA JeNH-
TeNeM Umyn, [103TOMY (Um, Un) = (Um+n, Us). Ho TOraa ecan n=
=km+q, T0 (Um,Un)=(Um,uy). Npumenss amropurm Eskauna, yGe-
xpaemes, uUTO (Um, Un) =U(m,n)» B YacTnocTH, (Uigoo, U770) = U10=55,

409. PaccMOTpuM NOCJEAOBaTENbHOCTb, COCTAaBJEHNYI0O H3 MOC/el-
HUX  yYeThipex Hupp wuucen Pubonayyn, Tak Kak KOJHYECTBO
YeTbIpeX3HauHbIX yucen Bupa 0000, 0001, ..., 9999 pasHo 10% TO KoJH-
UecTBO Map TaKHX uuces paBHo 108, 3uauut, cpepu mepsnix 100000 001
unces ®ubonayyu najinyres Ase napel (Um, Um+1) H (Un,Un+1), B>M,
TaKHe, YTO Um H Up, PABHO KAK Um4] M Unyl, HMEIOT OJMHAKOBbIE MO-
cnenHHe derbipe nuppel, Ho Torma uMena un —um M Unii— Um+t
OKAQHYMBAIOTCS YeTBIPbMS ryasaMHu. Tak kak

Uy 1 —Um_ ;= (Bpt1— Bmt1) — (B — Um),

TO M Un_]— Um—y TAKXKe OKaHUMBaerTcsi ueThipbMsi Hynsmu. [Ipogon-
asi yMeHbIIaTh HHAEKC H YUMTHIBAs, uTo dpy=~0, moayyaem, 4TO YHCJ]O
Up—m OKAHUYMBAETCS YeTHIPbMS HYJSIMH,

410. [TycTo BbIGpambl YMCHA Uyn, Un+4l, Un42 +.» Uni7, BHIPA3UM
HX Yepe3 Un H Unyi: -
Uptg=Up-tUpyys Uniy==tin—+ 2yt Upts =20y 3upir

Upis=3Up-+50pt, Bprg=5u,+8upt),  Upi7=28u,-13u,,,

CnenoBartesbHO, cyMMa 3THX uHces paBHa 21U, +33un+;. Ho unis=
=13un+2lunyy,  Unt9=2lup+34uny. W3 HepaBencTBa  Unis<
<L2lun+33unt 1 <Unte CHO, UTO 2lup+33un4+y He ABJISETCA UHCIOM
dubonayuu,

411. YTBepxienue a) NoKasbiBaeTcs no nuAykuuu. Ilpu n=1 ono
ouesuano. [lycte OHO cnpaBeaJsuBO Ans 1

Uttt o g =1tgpy, — 1.

[MpuGaBum k 06eUM UACTAM PaBencTBa Ugn+g TaK KaK Ugnio-+Usn+1=
=Ugnt3, TONYYAEM Uy -l e Fgpra=Uopis— 1. Tem cambin
Hallle yTBepXKAeHHe N0Ka3aHO, TOUHO TaK Ke AOKA3biBAETCS yTBepKie-
uHe 6).

YTBep:KAeHHe B) Takxe [JOKa3blBaeTcsl C MNOMOIIBIC MaTeMarHuye-
CKOH HNAYKIIHH.
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I.s 10Ka3aTeILCTBA YTBEPIKICUHS T') 3aMETHM, uTO

2 P 2
Vppl — Upllppo=U, g — By — Ul 1=
2
=U, 41 (un+l_u )_u =U, yp1—
Nostonry u ,,+1 an o =(—1)" [u1 — u0u2] = (="

YTBepxpennss a) M e) OviaeM [A0Ka3bBaTh coBMecTHO. [lpu n=1|
oy oueBHAHB. IlycTh OHHM Yyie nokasaunl npu n=k. Ilo yTBepkae-
HHIO T) HMeeM TOria
Uy oty 4 oo A Usllop 4y - Bok 4 1Bok b2 =

2 2
=ugpp1— LA typ iop g0 = Ugpy1topgs — 1 = Ugpyo
n

Uity ooi - ap g lopt o oy olishis =

= ”gk+2 - o 4 allop 43 = Usp pollop 44 = ”gk+3— L
CrenoBaTenbHO, 3TH YTBEpXKIEHHS BepHH # NIpH n=~k41, a notomy H
NPH BCEX N.
~ Jlas pokasaTesnCTBa PaBeHCTBA K) 3aMeTHM, YTO B CHay a) H 6)
u Fu, 4 ... Fuypy=uy;—1. IosToMy ecinm HMeeT MeCTO pa-
BEHCTBO XK), TO

Do Fnu,+ .. F2u,Fu =
=ty y— (43t upps— 1 =tpys— (014
Tak Kak paBeHCTBO XK) BepHO NpH n=1, TO OHO BEPHO NPH BCEX N.
CooTHolleHHe 3) 6e3 Tpyaa BbITEKaeT M3 TOTO, 4TO
Usptz—1 Ugpys — 1
— +u3p43= —
el
Ias noxasarenbcTBa COOTHOUIEHHS H) TNOJOXKHM m=n B (opMyJe
Unim=Un-Um+Unlmst. Mbl TOAYUHM, UTO Uy, ==U, (U, U8, 1=
2 2
= ufH_l — ”2;*1- Touno TakK JKe NOKa3bIBAETCs, UTO Ug, 1 == Uy Uy .
ITonaras B Toit ke dopmyne m=2n, noay4aeM, uTo
Usn = Uy lop -+ Upllony | =
_ 2 2 2 2 \_,3 3 3
=U,_1 (uﬂ+l - un—l)+ Uy, (un+un+l) =Up 41 + bp—Up_ 10
412. Myere 4 , < N<un41. Torna 0KN—up<up-1 H TNOTOMY
Haligercss Takoe s<n —1, uto Uy KN — upn<u;4y. Ho torpa OKN —
— Un — Us<Us-1, NpUueM § — 1<<n—2. Uepe3a HeCKOJBKO INAroB Mbl
noayuuM, uto N=u,+u,+up+ ... +u,, npuuyeM cOCeIHHE HHIEKCH A,
S, p. ..., r OTJHUAIOTC APYr OT apyra mo KpafHe#l Mepe Ha 2.
413. 210 uucao cnocofoB paBHO KO3(hQHLUIEHTY APH X° B pasjo-
JKelHH BbIPaKEHHS

Adxd . 420 AFxh oo F2) Qx4 oo F2)=
=(1—x"N1—*)1— )1 —n"1=
=1 -t — (14 8x 4642+ ...

+C w2+ )
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Tak Kak p<qg+r, 10 p<s, <8, r<s, B 3T0T KO3DPHUHEHT HMeeT BHJ

Cs+2 Cs —-p+1 Cg-q+1 Cs—r+l_
6+ (s—p+DNG—p (—9F+DE—q)
2 2 2

_G—rthH(s—n
2 -

PackpoeM cKko6KH M TNpHMeM BO BHHMaHHe, 4T0 p+4q+4r=2s. Ilocae
npeo6pasosanufl moayuum §2-4 8§41~ 5 2+ 92+ r2).
414. Ecnn g+r<p, 10 g<s, r<§, HO p>$ H NOTOMY KO3bbH-

2 2
unent pasen C2,  — Cigs1— Cs_;41- Otciona BuTeKaer name yt-

BePXKJEHHUE.
415. Bce npeAMeTH MOXKHO mepecTaBHTb (pg-+r)! cnocoGamu. ITocae

5TOro BLIGEPEM 7 yeJOBEK H3 p, KOTOpPHe moayuaT g+1 mpeameros (C;,

cnocoGoB) W pasjanuM MM TNpeAMeTH MO AOPANKY, BHAABasf COOTBET-
CTBEHHO ¢ Hau ¢+ 1 npeaMeroB. Tak Kak pe3ysbTaT ile 3aBHCHT OT MO«

pANKa SJEMEHTOB B Trpynmax, ToO C;,(pq—{—r)l Hajo pasjeNHuTbh Ha
(@) e l(g+N)r= (q!)P(q+l)' .

416. Tak Kak El—il—Cl, .02 21——2C t,+1-
fy= Gl fgml =1
iy l,
Dlance, uMeeMm Xy ) 2 l= 2 Ct = t+2' Otcioaa sCHO, 4TO
=1 =1 ig=l . :
BHUHCJIsieMas CyMMa paBHa Cﬁ'm

417. Paso6beM Bce nepec‘raﬂosxu U3 m GeJblX ¥ 71 UepPHbIX MIapoB
Ha kaacchl, K kmaccy (&, ..., k) OTHeceM mepecTaloBKH, B KOTOPBIX
ecTb ki H30JHPOBAHHO croamufi Gebil map, kg nap, k3 TpoeK, ..., Rm
PSAOM CTOAIHX m Gesbix IMapos. fIcHO, uto k,+2k2+ e +mRy=m.
CocuuTaeM 4YHCJIO TMepecTaHOBOK kjaacca (R, ..., Bm). Ecanm n uepHHX
IapoB NOCTaBJIEHH MO MOPSIAKY, TO Y HAc ecThb n4+1 MecT, Kyaa MOX-
HO cTaBHTb Gejble mapbl. M3 3THX MecT %y MeCT OKaXYTCS 3aHATH O1-
HUM OenblM IIapoM, Ry — OBYMSA, ..., Bm MeCT —m GeabIMH IapaMH
nn—~k —...—kn+l Mect ocranyTcs cBOGoAHBbIMH, [lo3TOMY uHCIO
€nocoGoB pacmpeienuTb MecTa AJf Gesbix INApoB, TO €CTh YHMCJO Tepe-
cranoBok Kaacca (ky, ..., Bm), pasHo P(k v hmy, A—Ri— ...
..— km-1). TlockoabKky oOfliee 4YHCJIO Te TaHOBOK m GeJblx H n

YepHBIX 1IapoB paBHO C;,n+m, noJiy4aeM JOKas3bpiBaeMo€ COOTHOMICIINE.

418. a) Pemas xapakrepucTHueckoe ypaBuenue r?— 7r+412=0, na-
X0uHUM KopHH ri=3, r=4. [loaTomy o6ilee pellieHHE HMEET BHI On=
=C1374+C4". 6) Touno Tak ke mnosayuaeM an=C2"4Cy(—5)n.
B) UmeeM an=C{(243))*4+C2(2—3i)". 1) an=C(3)»+Co(—3i)".
n) ry=ry=—2. [lostoMy a,=(—2)"(C;+Con). e) XapaxTepuUCTHUECKOE
ypaBHenue TakoBo: r®—9r2426r —24=0. Ero kopum r =2, r,=3,
rs=4. MostoMy an=C2"4+C:3"+4+Cs4"*. x) ri=rz=ry=—I1. [lostomy
an=(—1)"(Ci+Con+4Csn?). 3) XapaKTepHCTHYECKOE ypaBHEHHE HMeEeT
Bug r*+4=0. Ero xopHH: 1y, g=1=i, 73, s=—1%i,
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Bunenxkms Haym fkoBneBwu (popf.
B 1920 ropy). Aoxkrop M3MKO-
maremaTHHECKMX HayK, npodec-
cop. astop okono 100 wayumbix
pabor B obnactw Tononormue-
cxom anrebpbl, TeopHm DYHKLMH
FEHCTBMTENLHOTO MNEPEMEHHOro
M TeOpwk NpencTaBneHMi rpynn.
Kpome TOro, wm Hanmucano 6o-
nee 50 Hay4yHO-nonynspHbLIX M
resaro MyeCkmux CTareM.

Ero nonynspuble kuMru «Paccka-
3 0 MHOXKecTBaxn M uMertop
nocnepos2renbHbix  npmMGnmike-
HuM» nNepeBefeHbl Ha MHorMe
AHOCTPaHHBIE R3bIKM.



[Tostomy
=20 [C (140" Co (1 — '+ Cy (— 14"+ C, (— 1 — 7.

419. a) Pemas xapakTepucTHuecKOe ypaBuenue r2— 5r46=0, no-
JydaeM, 4To r1=2, ro=3, U NOTOMY a,=C12"+C,3". Ilonarags n=1 u
n=2, nonyyaem AJs oTeickauusg C; u Co cucTeMy YypaBueHui

2C,4-3C, =1, 4C,4+9C,=—7.
U3 Hee maxoaum C,=5, Cp=—13, H MOTOMY @n=>5-27 — 31+,
6) Hmeem an= 2"((,1+an) [Tonarass n=1, n=2, nojayiaeMm CH-

ctremy ypasHernit C,--C,=1, C,4+2C,=1, u3 KOTOpOi BHIBOJHM,
urc Cy=1, Co=0, u notomy a,=2".

D @y 1V (- 1— D))

r) a,=2"-+3" — 4", _
420. XapakTepHCTHUECKOE YypaBlieHHE HMeeT BUL r?—2rcosatl=
=0. Ero KopHAMMW sfBASIOTCH rig=cosatisina. I[lostomy a,=
-=Cy(cos a-isina) "+Cg(cos e —isina)®. Ilomaras n=1, 2, noay«
aeM CHCTeMY YypaBHeHHil
{ A(CFCcosa+(C, —Cy)islna ==cosa,
(C,+Cy)cos 204 (C, — C,) i sin 2.0 =cos 2a.

Orciona C,=C, = %, na, = 1 [(cosa+t sin a)” 4 (cos @ —isin a)"]

B cuny dopmyas Myaspa an—cos na.
421. BuiTekaer M3 TOro, uTO xapaK-repucmqecxoe ypaBHeHue

P CLAT L O L (=1 =D

MOXKHO 3anucaTh B Bulle (r — 1)5—0 Ono uMeeT Kopelib r=1 KPATHO-
ctH k. TlosTOoMy OHHM H3 pellieHHHl DeKYPPEHTHOrO YpaBHEHHS ABJfET«
el ap=nk* (cM. c-rp 178).

422, a,= V] 220 Cy (—H)" 4 Cy2~
423. Mut wweeM
(427 =1 Cox4-Cox’ ... 4 CPx" 4 ... 4 ChxP, (3)
A+ =1-C Cha*+Chyo— oot +(=1)° Ck+s i TR
. (»+)
(A+xPF =1-C,_, x4 ... +(=D"Ch_,_ 1"+ ...
[Tepemuoxkum pasioxeuns (*) # (**) U Hafigem Koa(b(puuueﬂ'r npH

x". Ou pasen Z( HrsCiis € 2(—-1) C;.+sCp*.Otciona

cpasy BmeKaeT ILOKa3bBaeMoe TO)Kﬂ.eCTBO OcTa’bHble TOXIECTBA IO
3aj1auH 438 BK/JIOUHTEILHO HOKA3LIBAIOTCS AalaJOTHUHO,
439. IlorasbiBaeTcsl ¢ HOMOLUBIO HEAYKIHMH U0 7l



